
6HW Fourier :OÆ({�, ^�P��PIicI, ���cI/\ y$QGPIicIf}P�. \�vz!$ek, a�^�vz�{�QG$PIicI.

§1 Fourier @KPI�
1, cos x, sin x, cos 2x, sin 2x, · · · , cos nx, sin nx, · · ·�\8pPI_, �fR

a0 +

n
∑

k=1

(ak cos kx + bk sin kx)�\8p0iA, 1oAR
a0 +

∞
∑

k=1

(ak cos kx + bk sin kx)�\8pcI, %� a0, ak, bk %�\=8pcI$_I.8pPI+C!$\ 2π $PI. {@)1$]SC, 5M f C{@!$\ 2π $PI,  9�8p0iA.�yN? \�P��{]S, }a^�g)
f *C Riemann �^\5��/�^$PI.7S (Fourier PK) ; f \ [−π, π] 9$ Riemann �^PI, !$\ 2π.�

a0 =
1

n

∫ π

−π

f(x)dx,

ak =
1

π

∫ π

−π

f(x) cos kxdx, bk =
1

π

∫ π

−π

f(x) sin kxdx, k = 1, 2, · · ·

a0, ak, bk �\ f $ Fourier _I, oAR
a0

2
+

∞
∑

k=1

(ak cos kx + bk sin kx)
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�\ f $ Fourier cI\ Fourier ��, e\
f(x) ∼ a0

2
+

∞
∑

k=1

(ak cos kx + bk sin kx).Y (1) 5M f(x) =
a0

2
+

∞
∑

k=1

(ak cos kx + bk sin kx) {�E�, ��"i^8�#
∫ π

−π

f(x)dx = a0π +
∞
∑

k=1

(

ak

∫ π

−π

cos kxdx + bk

∫ π

−π

sin bxdx

)

= a0πW	,

∫ π

−π

f(x) cos kxdx =

∫ π

−π

a0

2
cos kxdx +

∞
∑

m=1

(

am

∫ π

−π

cos kx cos mxdx + bm

∫ π

−π

cos kx sin mxdx

)

= 0 + ak ·
∫ π

−π

cos2 kxdx + 0 = akπ/� bk ��LuM, �{C\>�^�yk(��x)� Fourier _I.

(2) i�$I�	�, 5M f \&PI, � ak = 0 (k ≥ 0), �=$ Fourier ���\�ccI; 5M f \!PI, � bk = 0 (k ≥ 1), �=$ Fourier ���\	ccI$.C 1 ; f \ 2π !$PI, )
f(x) =























1

2
, 0 < x < π,

0, x = 0,±π,

−1

2
, −π < x < 0+ f $ Fourier ��.A f \&PI, �� ak = 0. 1

bk =
1

π

∫ π

−π

f(x) sin kx =
1

π
· 1

2

[
∫ π

0
sin kxdx −

∫ 0

−π

sin kxdx

]

=
1

kπ
[1 − (−1)k]
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��{#"� f $ Fourier ��:

f(x) ∼ 2

π

∞
∑

k=0

sin(2k + 1)x

2k + 1
.C 2 ; f \ 2π !$PI, ) f(x) = x2,−π ≤ x ≤ π, + f $ Fourier ��.A f \!PI, G bk = 0, 1

ak =
2

π

∫ T1

0
x2 cos kxdx =

2

π

∫ π

0

2

k
x sin kxdx (8Æ^8)

= (−1)k
4

k2
(k > 0)

a0 =
1

π

∫ π

−π

x2dx =
2

3
π2�{#"� f $ Fourier ��:

x2 ∼ π2

3
+ 4

∞
∑

k=1

cos kx

k2
(−1)k.\�vz Fourier ��$E�p, ^�qy/_I ak, bk .{mFd.7B 1 (Riemann-Lebesgue) ; f Æ [a, b] 9 Riemann �^\5��/�^, �

lim
λ→∞

∫ b

a

f(x) cos λxdx = lim
λ→+∞

∫ b

a

f(x) sinλxdx = 0.XF ∀ ε > 0, Riemann�^\5��/�^$PI f ��sRPI�y,b�ÆsRPI g, @#
∫ b

a

|f(x) − g(x)|dx < ε,�=,
∣

∣

∣

∣

∫ b

a

f(x) cos λxdx −
∫ b

a

g(x) cos λxdx

∣

∣

∣

∣

≤
∫ b

a

|f(x) − g(x)|dx < ε.��, �y/sRPI��u�b�, x1�y/ [c, d] ⊂ [a, b] 9$��PI��b�: 5M f = µ, �
∣

∣

∣

∣

∫ d

c

µ cos λxdx

∣

∣

∣

∣

=

∣

∣

∣

∣

µ ·
∫ d

c

cos λddx

∣

∣

∣

∣

=

∣

∣

∣

∣

µ · 1

λ
(sin λd − sin λc)

∣

∣

∣

∣

≤ 2|µ|
λ

→ 0, (λ → +∞).
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/ sin λx �Z/�L$��.LE f $ Fourier _I ak → 0, bk → 0 (k → +∞). �J�, !$PI/
Fourier ��=, %?#8�$�:CUl$.5M f �CQ$JXp, �%_I�CQ$Fd. �5, ; f ∈ C1[−π, π],) f(−π) = f(π), �

an =
1

π

∫ π

−π

f(x) cos nxdx

=
1

π

[

f(x) · 1

n
sinnx

∣

∣

∣

∣

π
−π − 1

n

∫ π

−π

f ′(x) sin nxdx

]

= − 1

n
· 1

π

∫ π

−π

f ′(x) sin nxdx = o(
1

n
), (Riemann − Lebesgue)W	, bn = o(

1

n
). {�', ; f ∈ Ck([−π, π]), f (i)(−π) = f (i)(π), i ≤ k − 1, �

an = o(
1

nk
), bn = o(

1

nk
).

§2 Fourier @K4JDQÆ({t^�|�", 5M f ∈ C2[−π, π], f(−π) = f(π), f ′(−π) = f ′(+π),�% Fourier _I�+Fd an = o(
1

n2
), bn = o(

1

n2
), �1 Fourier ��{�E�.�tvz{�*oa Fourier cI$E�p.e

σn(x) =
1

2
+ cos x + cos 2x + · · · + cos nx.��

sin
1

2
x cos kx =

1

2

[

sin(k +
1

2
)x − sin(k − 1

2
)x

]^�#"a�$%A
σn(x) =

sin(π + 1
2 )x

2 sin 1
2x

, x 6= 2kπ. x = 2kπ =, L) σn(x) = n +
1

2
, �x#"$ σ \ÆuPI, )

∫ π

0

sin(n + 1
2)x

2 sin 1
2x

dx =

∫ π

0
(
1

2
+ cos x + cos 2x + · · · + cos nx)dx =

π

2
.
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UV ∫ +∞

0

sin x

x
dx =

π

2
.Fb, �^8CE�$, ^��� Cauchy %�".5a: ; B > A, �

∣

∣

∣

∣

∫ B

A

sin x

x
dx

∣

∣

∣

∣

= |− cos x

x
|BA +

∫ B

A

cos x

x2
dx|

≤ 1

A
+

1

B
+

∫ B

A

dx

x2

=
2

A
→ 0, A → +∞.e I =

∫ +∞

0
sinx

x
dx, �
I = lim

A→+∞

∫ A

0

sin x

x
dx

= lim
n→+∞

∫ (n+ 1

2
)π

0

sin x

x
dx

= lim
n→+∞

∫ π

0

sin(n + 1
2)x

x
dx (x → (n +

1

2
)x)

=
π

2
+ lim

n→+∞

∫ π

0
(
1

x
− 1

2 sin x
2

) · sin(n +
1

2
)xdx

=
π

2
. (Riemann − Lebesgue)%�, �\

lim
x→0

(
1

x
− 1

2 sin x
2

) = lim
x→0

2 sin x
2 − x

2x · sin x
2

= 0,G 1

x
− 1

2 sin x
2

∈ C0[0, π], �1�}�� Riemann-Lebesgue �	.; f $ Fourier cIÆ8R\ Sn(x), �
Sn(x) =

a0

2
+

n
∑

K=1

(ak cos kx + bk sin kx)

=
1

2π

∫ π

−π

f(t)dt +
1

π

n
∑

K=1

(
∫ π

−π

f(t) cos kt cos kxdt +

∫ π

−π

f(t) sin kt sin kxdt

)

=
1

π

∫ π

−π

f(t)

[

1

2
+

n
∑

K=1

(cos kt cos kx + sin kt sin kx)

]

dt

=
1

π

∫ π

−π

f(t)

[

1

2
+

n
∑

K=1

cos k(t − x)

]

dt

=
1

π

∫ π

−π

f(x + u)σn(u)du
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%�,W{@%A�"����[ u = t − x, �)����^PI$!$p,bÆ [−π − x, π − x] 9$^8%�Æ [−π, π] 9$^8. ^��}x{
>n\
Sn(x) =

1

π

∫ π

0

f(x + u) + f(x − u)

2
· sin(n + 1

2)u

sin u
2

du$�", ∀ δ > 0, � Riemann-Lebesgue �	,

lim
n→∞

Sn(x) =
1

π
lim

n→∞

∫ δ

0

f(x + u) + f(x − u)

2
· sin(n + 1

2)u

sin u
2

du

+ lim
n→∞

1

π

∫ π

δ

f(x + u) + (f − u)

2 sin u
2

=
1

π
lim

n→∞

∫ δ

0

f(x + u) + f(x − u)

2
· sin(n + 1

2)u

sin u
2

du��, Sn(x) $E�p�R f Æ x <y$pO�H, �C Riemann $3e, �=�\ Riemann |ÆZ�	.7B 1 (Dini G18) ; f 5(. 5M ∃ δ > 0, @#
(1) f Æ x �$�_f f(x+) R-_f f(x−) �Æ;

(2) ^8
∫ δ

0

f(x + u) − f(x+)

u
du,

∫ δ

0

f(x − u) − f(x−)

u
du�/E�, � f $ Fourier cIÆ( x �E��� f(x+) + f(x−)

2
.��]�9C�� Riemann-Lebesgue�	, }a$�"PI 1

u
− 1

2 sin u
2

Æ
[0, δ] 9$Æup. a�^�}{@QG*of}��, �@*o/�0I��C+E$.7S 1 ; f C)�Æ [a, b] 9$PI, 5M�Æ [a, b] $Y8

a = t0 < t1 < · · · < tm = b,@#Æ�{@ [ti−1, ti] (i = 1, 2, · · · ,m) 9)�$PI
fi(x) =



















f(ti−1+), x = ti−1

f(x), x ∈ (ti−1, ti)

f(ti−), x = ti
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+C [ti−1, ti] 9$�[PI, �� f C8-�[PI.7B 2 ; f C!$\ 2π ${@8-�[PI, � ∀ x ∈ [−π, π], f $
Fourier cIÆ x �E�" 1

2
(f(x+) + f(x−)).XF �(�$dM}a 1

u
− 1

2 sin u
2

Æ [0, δ]9$Æu}aRiemann-Lebesgue�	�
lim

n→∞

Sn(x) = lim
n→∞

1

π

∫ π

π

f(x + u) + f(x − u)

2
· sin(n + 1

2)u

sin u
2

du

= lim
n→∞

1

π

∫ π

0

f(x + u) + f(x − u)

2u
· sin(n +

1

2
)udu

=
1

2
(f(x+) + f(x−) + lim

n→∞

1

π

∫ π

0

1

2
· f(x + u) − f(x−)

u
sin(n +

1

2
)udu

+ lim
n→∞

1

π

∫ π

0

1

2
· f(x − u) − f(x+)

u
· sin(n +

1

2
)udu

=
1

2
(f(x+) + f(x−)).,W$%AC�\, 5M f 8-�[, � f(x + u) − f(x−)

u
R f(x − u) − f(x−)

uH� u C8-Æu (�^) $, �1�}�� Riemann-Lebesgue �	.(t� 1 R� 2 +�+9H)	$Ul, ��, Æ� 1 �- x = 1 {#"
π

4
=

∞
∑

k=0

sin(2k + 1)

2k + 1
,Æ� 2 �- x = 0 {#"

π2

12
=

∞
∑

k=1

(−1)k · 1

k2
.a�r&}{m�(.C 1 +PI f(x) = cos µx, x ∈ [−π, π] $ Fourier �� (µ �C�I).A � f wY\ R 9} 2π \!$$!$PI, �C!PI, �� bk = 0.
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1
ak =

2

π

∫ π

0
cos µx · cos kxdx

=
1

π

∫ π

0
[cos(µ − k)x + cos(µ + k)x]dx

=
1

π

[

sin(µ − k)π

µ − k
+

sin(µ + k)π

µ + k

]

=
2µ(−1)k

π

sinµπ

µ2 − k2

⇒ cos µx =
2µ sin µπ

π

(

1

2µ2
+

∞
∑

n=1

(−1)n · 1

µ2 − n2
cos nx

)

⇒ cos µπ =
2µ sin µπ

π

(

1

2µ2
+

∞
∑

n=1

1

µ2 − n2

)

⇒ cot πµ =
2µ

π

(

1

2µ2
+

∞
∑

n=1

1

µ2 − n2

)

. 0 ≤ µ ≤ q < 1 =, 9AH� µ {�E�, �1�"i^8
∫ x

0
(cotπµ − 1

πµ
)dµ =

1

π

∞
∑

n=1

log(1 − x2

n2
)�{#" sin πx $a�$��A, ��K$CNR�A8v<8�L:

sin πx = πx(1 − x2

12
)(1 − x2

22
) · (1 − x2

n2
) · · ·Æ9A�� x =

1

2
{#" Wallis DA:

π

2
=

∞
∏

n=1

2n

2n − 1
· 2n

2n + 1
.C 2 �L', �

sinµx = −2 sin µπ

π

∞
∑

n=1

(−1)n−1 · n sin nx

µ2 − n2
.5M{@PIwÆ (0, π)9)�, �^��}FbnNwY\!$\ 2π $PI, 1W
/ Fourier ��. ��$wY�&wYR!wY, b8
wY\&PIR!PI.
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C 3 �PI
f(x) = x, x ∈ (0, π)8
/&wYR!wY, 1W8
+ Fourier ��.A &wY: �

f(x) = x, x ∈ (−π, 0),Æ 0 R ±π �L) f \ 0. � Fourier _I\
ak = 0, bk =

2

π

∫ π

0
x · sin kxdx

=
2

π
x · −1

k
cos kx

∣

∣

∣

∣

π
0 +

2

π

∣

∣

∣

∣

π

0

1

k
sin kxdx

= (−1)k−1 · 2

k��
x = 2

∞
∑

n=1

(−1)n−1 · sinnx

n
, 0 ≤ x < π.!wY: �

f(x) = −x, x ∈ (−π, 0),Æ 0 � f(0) = 0, Æ ±π � f \ π, �
bk = 0, a0 =

2

π

∫ π

0
xdx = π

ak =
2

π

∫ π

0
x cos kxdx =

2

k2π
[(−1)k − 1]��

x =
π

2
− 4

π

∞
∑

k=0

cos(2k + 1)x

(2k + 1)2
, 0 ≤ x ≤ π.5M{@PI!$\ 2l, �R!$ 2π $*o�L, �

an =
1

l

∫ l

−l

f(x) · cos nπ

l
xdx, n = 0, 1, 2, · · · ,

bn =
1

l

∫ l

−l

f(x) · sin nπ

l
xdx, n = 1, 2, · · · .

9



� f � Fourier ��
a0

2
+

∞
∑

n=1

(

an cos
nπ

l
x + bn sin

nπ

l
x
)VN��T[ t =

πx

l
�}�!$ 2l $PI�\!$ 2π PI, ��4~��,)	 2 /�!$ 2l $PI3�
.C 4 ; f(x) C} 2 \!$$!$PI, )

f(x) = x2, x ∈ [−1, 1]+% Fourier ��.A f \!PI, �� bk = 0. 1
a0 =

∫ 1

−1
x2dx =

2

3
,

an = 2

∫ 1

0
x2 · cos nπxdx =

4

n2π2
(−1)n, (8Æ^8)�J�

x2 =
1

3
+

4

π2

∞
∑

n=1

(−1)n

n2
cos nπx, ∀x ∈ [−1, 1].5M/��T� t = πx, �9A{C(t� 2 �$%A. 5M���R�t�

3 uT'�, {#"5a%A:

(F) x − x2

2π
=

π

3
− 2

π

∞
∑

n=1

cos nx

n2
, 0 ≤ x ≤ 2πN 1z�}VN/ f(x) = x − x2

2π
, 0 ≤ x ≤ 2π / Fourier ��#", a{t^�ny�"�@%A.

§3 Parseval =5IÆ({t^���� Fourier cI$"(E�p. �t^���^8��a$E�p, �=/PI$y+q&.
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; [a, b] \�,h, ^�)�PI`T R2[a, b] 5a: R2[a, b] �$PI f

Riemann �^, \ f K��^) f2 zK��^. d1, R2[a, b] \gp�h, )7 f, g ∈ R2[a, b], �
∫ b

a

|f · g|dx ≤
[
∫ b

a

f2(x)dx

]

1

2

·
[
∫ b

a

g2(x)dx

]

1

2

. (Cauchy − Schwarz�%A)7B 1 (Parseval 5I) ; f ∈ R2[−π, π], ) f $ Fourier ��\
f ∼ a0

2
+

∞
∑

n=1

(an cos nx + bn sin nx)�
1

π

∫ π

−π

f2(x)dx =
a2

0

2
+

∞
∑

n=1

(a2
n + b2

n). (3.1)a�^�} f Riemann �^\�A���, {�*o$���q�/>*b�.

(1) e
Sn(f) =

a0

2
+

n
∑

k=1

(ak cos kx + bk sin kx),�8pPI_$�op�, �
1

π

∫ π

−π

S2
n(f)dx =

1

π

∫ π

−π

(
a0

2
)2dx +

1

π

n
∑

k=1

a2
k

(
∫ π

−π

cos2 kxdx +

∫ π

−π

sin2 kxdx

)

=
a2

0

2
+

n
∑

k=1

(a2
k + b2

k).

(3.2)
1

π

∫ π

−π

[f − Sn(f)]2dx =
1

π

∫ π

−π

f2dx − 2

π

∫ π

−π

f · Sn(f)dx +
1

π

∫ π

−π

S2
n(f)dx

=
1

π

∫ π

−π

f2dx − 2

π

[

a0

2

∫ π

−π

fdx +

n
∑

K=1

(

ak

∫ π

−π

f(x) cos kxdx

)

+bk

∫ π

−π
f(x) sin kdx

]

+ 1
π

∫ π

−π
S2

n(f)dx

=
1

π

∫ π

−π

f2dx − 2

π

[

a2
0

2
+

n
∑

k=1

(a2
k + b2

k)

]

+
1

π

∫ π

−π

S2
n(f)dx

=
1

π

∫ π

−π

f2dx − 1

π

∫ π

−π

S2
n(f)dx

(3.3)
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��#"
∫ π

−π

S2
n(f)dx ≤

∫ π

−π

f2dx, (3.4)) (3.1) �

⇔
∫ π

−π

S2
n(f)dx →

∫ π

−π

f2dx ⇔
∫ π

−π

[f − Sn(f)]2dx → 0. (3.5)

(2) � (3.5) �, 5M (3.1) / f, g ∈ R2[a, b] �
, �/ λf + µg z�
, %�
λ, µ ∈ R:
∫ π

−π

[λf+µg−Sn(λf+µg)]2dx ≤ 2·λ2

∫ π

−π

[f−Sn(f)]2dx+2·µ2

∫ π

−π

[g−Sn(g)]2dx → 0.

(3) d1, (3.1) /��PI�
. a���PI
ϕ(x) =























0, −π < x < a,

1, a ≤ x ≤ b,

0, b < x < πn ϕ wY\ R 9!$ 2π PI, % Fourier _I\
a0 =

1

π

∫ π

−π

ϕ(x)dx =
1

π
(b − a)

ak =
1

π

∫ π

−π

ϕ(x) cos kxdx =
1

π

∫ b

a

cos kxdx =
1

π
· 1

k
(sin kb − sin ka)

bk =
1

π

∫ π

−π

ϕ(x) sin kxdx =
1

π

∫ b

a

sin kxdx =
−1

π
· 1

k
(cos kb − cos ka)��

a2
0

2
+

∞
∑

n=1

(a2
k + b2

k) =
1

2π2
(b − a)2 +

1

π2

∞
∑

k=1

1

k2

[

(sin kb − sin ka)2 + (cos kb − cos ka)2
]

=
1

2π2
(b − a)2 +

2

π2

∞
∑

n=1

1

k2
[1 − cos k(b − a)]

=
1

2π2
(b − a)2 +

1

3
− 2

π2

∞
∑

k=1

cos k(b − a)

k2

=
b − a

π
(�"({t,W$%A(F))

=
1

π

∫ π

−π

ϕ2(x)dx.
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(4) � (2), (3) � (3.1) /sRPI�
.

(5) eÆ; f �^, � ∀ ε > 0, �ÆsRPI g @#
∫ π

−π

(f − g)2dx < ε�\ (3.1) / g �
, G n �8�=
∫ π

−π

[g − Sn(g)]2dx < ε,�1
∫ π

−π

[f − Sn(f)]2dx ≤ 3

{
∫ π

−π

(f − g)2dx +

∫ π

−π

[g − Sn(g)]2dx +

∫ π

−π

[Sn(g − f)]2dx

}

≤ 3

{

ε + ε +

∫ π

−π

(g − f)2dx

}

(�(3.4))

≤ 9 · ε.�J�
∫ π

−π

[f − Sn(f)]2dx → 0, (n → ∞)b (3.1) / f �
.LE 2 (;S Parseval 5I) ; f, g ∈ R2[−π, π], �
1

π

∫ π

−π

f(x) · g(x)dx =
a0α0

2
+

∞
∑

n=1

(an · αn + bn · βn)%� an, bn C f $ Fourier _I, αn, βn C g $ Fourier _I.XF 8
/ f + g R f − g �� Parseval %A, 1W2�hjb�.LE 3 (NRQ) ; f, g \ [−π, π] 9$ÆuPI, 5M f R g $ Fourier_IhW, � f ≡ g.XF �� f − g, % Fourier _IV\ 0, � Parseval %A,
∫ π

−π

(f − g)2dx = 0.� f − g Æu� f ≡ g.LE 4 ; f Æ [−π, π] 9Æu, 5M% Fourier ��{�E�, �%R�\
f .
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XF e% Fourier ��$R\
S(x) =

a0

2
+

∞
∑

n=1

(an cos nx + bn sin nx),��{�E�p�, 9A�"i^8, ��~k S(x) $ Fourier _IR f $
Fourier _IhW. �X� 3 � S(x) ≡ f(x).C 1 � §1 � 2 a Parseval %A#

1

π

∫ π

−π

x4dx =
1

2
(
2

3
π2) +

∞
∑

n=1

(
4

k2
)2�{#"a�$%A

∞
∑

n=1

1

k4
=

π4

90
.

§4 Fourier @K4?9<M9^�FbJ�, �^PI$ Fourier cI*C�}"i^8$.7B 1 (Reymond) ; f Æ [−π, π] 9 Riemann �^, % Fourier cI\
f(x) ∼ a0

2
+

∞
∑

n=1

(an cos nx + bn sinnx)�/ ∀ [a, b] ⊂ [−π, π], �
∫ b

a

f(x)dx =

∫ b

a

a0

2
dx +

∞
∑

n=1

∫ b

a

(an cos nx + bn sin nx)dx.XF �� §3 ��"$PI
ϕ(x) =











1, x ∈ [a, b],

0, x ∈ [−π, a) ∪ (b, π],% Fourier _Ie\ αn, βn, ��K� Parseval %A, �
1

π

∫ π

−π

f(x)ϕ(x)dx =
a0

2
· α0 +

∞
∑

n=1

(an · αn + bn · βn)
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�6
α0 =

1

π

∫ π

−π

ϕ(x)dx =
1

π
(b − a),

αn =
1

π

∫ π

−π

ϕ(x) cos nxdx =
1

π

∫ b

a

cos nxdx,

βn =
1

π

∫ π

−π

ϕ(x) sin nxdx =
1

π

∫ b

a

sin nxdx,b#���%A.\��� Fourier cI$[8, ^�b��{�E�p.7B 2 ; f C [−π, π]9ÆuPI, } 2π \!$.5M f Æ [−π, π]9"-�[, ) f ′ Riemann �^, � f(x)$ Fourier cIÆ [−π, π] 9{�E�� f(x):

f(x) =
a0

2
+

∞
∑

n=1

(an cos nx + bn sin nx), ∀ x ∈ [−π, π].XF B~({tX� 4, �y��9A��C{�E�{�}�. B?9, e f ′ $ Fourier _I8
\ a′n, b′n, �
a′n =

1

π

∫ π

−π

f ′(x) cos nxdx =
1

π

∫ π

−π

f(x)n · sin nxdx = n · bn

b′n =
1

π

∫ π

−π

f ′(x) sin nxdx =
1

π

∫ π

−π

f(x) · n cos nxdx = n · an� f ′ Riemann �^�
1

2
(a′0)

2 +
∞
∑

n=1

(a′n)2 + (b′n)2 =
1

π

∫ π

−π

(f ′)2dx�{6�, ^��Fd
|an cos nx + bn sin nx| = (|an| + |bn|)

=
1

n
|a′n| +

1

n
|b′n|

≤ 1

2

[

(
1

n2
+ |a′n|2) + (

1

n2
+ |b′n|2)

]�1 f $ Fourier ��$0C{�E�$.
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7B 3 ; f Æ [−π, π] 9 1 sÆu�[, } 2π \!$, ) f ′ Æ [−π, π] 9"-�[, f ′′ Riemann �^, � f $ Fourier ��
f(x) =

a0

2
+

∞
∑

n=1

(an cos nx + bn sinnx)�Æ [−π, π] 9"�+!:

f ′(x) =
∞
∑

n=1

(nbn cos nx − nan sin nx),)9A��$cIC{�E�$.XF ��)	 2 R “PIicI” �{� §2 )	 2 b�.��)	 2 ^��}�8p0iA.{�'�yÆuPI.7B 4 (Weierstrass) ; f C [−π, π] 9$ÆuPI, !$ 2π, � ∀ ε > 0,�Æ8p0iA T (x), @#
|f(x) − T (x)| < ε, ∀ x ∈ [−π, π].XF Fb, ÆuPI f �}�8-gpPI{��y. b�Æ!$\ 2π$8-gpPI g, @#
|f(x) − g(x)| <

ε

2
, ∀x ∈ [−π, π].%�, g �+)	 2 $Ul, G% Fourier ��{�E�� g. b n �8�=

|g(x) − Sn(g)(x)| <
ε

2
, ∀ x ∈ [−π, π]�J�

|f(x) − Sn(g)(x)| ≤ |f(x) − g(x)| + |g(x) − Sn(g)(x)| < ε.LE 5 f \ [−π, π] 9!$ 2π $ÆuPI, � ∀ ε > 0, �Æ0iA P (x),@#
|f(x) − P (x)| < ε, ∀ x ∈ [−π, π].XF �)	 4, �Æ8p0iA T (x) @#
|f(x) − T (x)| <

ε

2
, ∀ x ∈ [−π, π].
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��8pPI$ Taylor ��+C{�E�$, �1�Æ0iA P (x) @#
|T (x) − P (x)| <

ε

2
, ∀ x ∈ [−π, π].�J�

|f(x) − P (x)| ≤ |f(x) − T (x)| + |T (x) − P (x)| <
ε

2
+

ε

2
= ε.LE 6 f \ [a, b] 9$ÆuPI, � ∀ ε > 0, �Æ0iA P (x), @#

|f(x) − P (x)| ≤ ε, ∀ x ∈ [a, b].XF ��gp�[ t =
π

b − a
(x − a) � [a, b] 9$PI�\ [0, π] 9$PI. /�PI} 2π \!$/!wY, 1W��X� 5 b�, $�gp�[�0iA3��0iA.C 1 ; f Æ [a, b] 9 Riemann �^, �

lim
λ→+∞

∫ b

a

f(x)| cos λx|dx =
2

π

∫ b

a

f(x)dx.XF �!PI | cos t| / Fourier ��:

| cos t| =
2

π
+

4

π

∞
∑

n=1

(−1)n+1

4n2 − 1
cos 2nt, t ∈ R.9A{�E�, �/"i^8:

∫ b

a

f(x)| cos λx|dx =
2

π

∫ b

a

f(x)dx +
4

π

∞
∑

n=1

(−1)n+1

4n2 − 1
· un(λ).%�

un(λ) =

∫ b

a

f(x) cos 2nλxdx, n = 1, 2, · · · .� Riemann-Lebesgue �	, un(λ) → 0 (λ → +∞), )cI ∞
∑

n=1

(−1)n+1

4n2 − 1
un(λ) {�E�, G� λ → +∞, "i+_fb#

lim
λ→+∞

∫ b

a

f(x)| cos λx|dx =
2

π

∫ b

a

f(x)dx.

17



§5 Fourier 0>32
Motivation: )�Æ (−∞,+∞) 9$PI5Sj!$PI�x/��?g) f �+D $Ul, �Æ�f$,h [−l, l] 9, f ���\ Fourier cI:

f(x) =
a0

2
+

∞
∑

n=1

(an · cos nπ

l
x + bn sin

nπ

l
x)%�

an =
1

l

∫ l

−l

f(x) · cos nπ

l
xdx, (n = 0, 1, 2, · · · ),

bn =
1

l

∫ l

−l

f(x) · sin nπ

l
xdx, (n = 1, 2, · · · )�J�

f(x) =
1

2l

∫ l

−l

f(t)dt +
∞
∑

n=1

1

l

∫ l

−l

f(t) cos
nπ

l
(x − t)dt.5M f Æ (−∞,+∞) 9�^)�/�^, �� l → +∞, 9A�n\

f(x) → 1

π

∫ +∞

0

[
∫ +∞

−∞

f(t) cos λ(x − t)dt

]

dλ��, Æ{)$Ula, ^��
f(x) =

1

π

∫ +∞

0

[
∫

∞

−∞

f(t) cos λ(x − t)dt

]

dλ (5.1)\
f(x) =

1

π

∫ +∞

0
[a(λ) cos λx + b(λ) sin λx] dλ (5.2)%�

a(λ) =

∫ +∞

−∞

f(t) cos λtdt, b(λ) =

∫ +∞

−∞

f(t) sin λtdt.

(5.1) R (5.2)�\ f $ Fourier ^8DA, %�,�\ Fourier ^8, a(λ), b(λ)h � Fourier _I. 1, (5.1), (5.2) $X!�CoAX!. R Fourier cI{x, ym
 (5.1)�x$%A, �r'`��E�p. a�^�sH{mh�$uM, 1��0I$��7"}W$��.
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TB 1 5M f Æ (−∞,+∞) 9�^)�/�^, � a(λ), b(λ) H� λ ∈ R{�Æu, ) λ → ∞ =, a(λ) → 0, b(λ) → 0.XF � f $Ul�, ∀ ε > 0, ∃A > 0, @#
∫

−A

−∞

|f(t)|dt +

∫ +∞

A

|f(t)|dt < ε.e M =

∫ A

−A

|f(t)|dt + 1, �� cos x Æ x ∈ (−∞,+∞) 9{�Æu, G ∃ η > 0, @# |x′ − x′′| < η =
|cosx′ − cos x′′| <

ε

M
.�C |λ′ − λ′′| <

η

A
=,

|a(λ′) − a(λ′′)| ≤ 1

π

∫ +∞

−∞

|f(t)| · |(cos λ′t − cos λ′′(t)|dt

≤ 1

π

∫

−A

−∞

2 · |f(t)|dt +
1

π

∫ +∞

A

2 · |f(t)|dt

+
1

π

∫ A

−A

|f(t)|| cos λ′t − cos λ′′t|dt

≤ 2

π
ε +

1

π

ε

M

∫ A

−A

|f(t)|dt <
3

π
ε < ε./ g(λ) ��L$��. W=

lim sup
λ→∞

|a(λ)| ≤ ε + lim
λ→∞

1

π

∣

∣

∣

∣

∫ A

−A

f(t) cos λtdt

∣

∣

∣

∣

= ε�J� a(λ) → 0, λ → ∞. W	, b(λ) → 0, λ → ∞.TB 2 e
S(A,x) =

1

π

∫ A

0
dλ

∫ +∞

−∞

f(t) cos λ(x − t)dt,

f UlW9, �
S(A,x) =

1

π

∫ +∞

0
[f(x + t) + f(x − t)]

sin At

t
dt.
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XF Æ “O���^8” �{��n��^8�t$�o[p, eÆ^�b�2�{(, �=
S(A,x) =

1

π

∫ A

0
dλ

∫

∞

−∞

f(t) cos λ(x − t)dt

=
1

π

∫

∞

−∞

dt

∫ A

0
f(t) cos λ(x − t)dλ

=
1

π

∫

∞

−∞

f(t) · sinA(x − t)

x − t
dt

=
1

π

∫ +∞

0
[f(x + t) + f(x − t)]

sin At

t
dt.TB 3 ∀ δ > 0, �

lim
A→+∞

∫ A

δ

[f(x + t) + f(x − t)]
sin At

t
dt = 0.XF R�	 1 � a(λ) → 0 $��Z/�L, G�..�	 3 J�, lim

A→+∞

S(A,x) �
 f Æ x <y$p��H. ��, 
 FouriercI�L, ^�� Dini "
4, �
�sH{@QG*o:7B 4 ; f Æ (−∞,+∞) ��^)�/�^, 5M f 8-�[, �
f(x+) + f(x−)

2
=

1

π

∫ +∞

0
dλ

∫

∞

−∞

f(t) cos λ(x − t)dt

=

∫ +∞

0
[a(λ) cos λx + b(λ) cos λx]dλ%�

a(λ =
1

π

∫ +∞

−∞

f(t) cos λtdt, b(λ) =
1

π

∫ +∞

−∞

f(t) sin λtdt.5M f �+9HUl$Æu!PI, �^8DA�n\
f(x) =

2

π

∫ +∞

0
cos λxdλ

∫ +∞

0
f(t) cos λtdt, (Foruier	cDA)�L', f \&PPI=

f(x) =
2

π

∫ +∞

0
sinλxdλ

∫ +∞

0
f(t) sin λtdt, (Fourier�cDA).
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C 1 dMPI f(x) = e−βx (β > 0, x > 0 $ Fourier 	cDAR�cDA.A
∫ +∞

0
f(t) cos λtdt =

∫ +∞

0
e−βt · cos λtdt =

β

β2 + λ2
(8Æ^8)�	cDA ⇒

e−βx =
2

π

∫ +∞

0

β

β2 + λ2
cos λxdλ, (β > 0, x ≥ 0)W	,

∫ +∞

0
f(t) sin λtdt =

∫ +∞

0
e−βt · sinλtdt =

λ

β2 + λ2
(8Æ^8)��cDA ⇒

e−βx =
2

π

∫ +∞

0

λ

β2 + λ2
sin λxdλ (β > 0, x > 0�1#"5a^8DA

∫ +∞

0

cos αt

1 + t2
dt =

π

2
e−α,

∫ +∞

0

t

1 + t2
sin αtdt =

π

2
e−α, α > 0.� i =

√
−1, � eiθ = cos θ + i sin θ, θ ∈ R.7S 1 (Fourier 0>) ; f Æ (−∞,+∞) 9�^)�/�^, �

f̂(ω) =
1√
2π

∫

∞

−∞

f(t)e−iωtdt, w ∈ R� f̂ \ f $ Fourier �[.

Fourier ^8DA�}>n�;IoA: � ∫ +∞

−∞

f(t) cos λ(x − t)dt H� λ\!PI, G Fourier ^8�n\
f(x) =

1

2π

∫ +∞

−∞

dλ

∫ +∞

−∞

f(t) cos λ(x − t)dt1 ∫ +∞

−∞

f(t) sin λ(x − t)dt H� λ \&PI, G (�:Æ#���a)

∫ +∞

−∞

dλ

∫ +∞

−∞

f(t) sin λ(x − t)dt = 0
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��
f(x) =

1

2π

∫

∞

−∞

dλ

∫ +∞

−∞

f(t)eiλ(x−t)dt

=
1

2π

∫

∞

−∞

eiλxdλ

∫ +∞

−∞

f(t)e−iλtdt

=
1√
2π

∫

∞

−∞

f̂(λ)eiλxdλ.^��f��'�} Fourier �[${mp�:

(1) |f̂(w)| ≤ 1√
2π

∫

∞

−∞

|f(t)|dt, ∀ w ∈ R; ) f̂(w) → 0, w → ∞.

(2) ̂λ · f + µ · g) = λ · f̂ + µ · ĝ, ∀ λ, µ ∈ R;

(3) f̂ \ÆuPI;

(4) f̂ ′(w) = i · w · f̂(w), ∀ w ∈ R;

(5) f̂ ∗ g(w) = f̂(w) · ĝ(w), %�
f ∗ g(x) =

1√
2π

∫ +∞

−∞

f(x − t) · g(t)dt,�\ f R g $�^.
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