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ABSTRACT. We collect here various conjectures on congruences made by
the author in a series of papers, some of which involve binary quadratic
forms and other advanced theories. Part A consists of 72 unsolved con-
jectures of the author while conjectures in Part B have been recently con-
firmed. We hope that this material will interest number theorists and
stimulate further research. Number theorists are welcome to work on those
open conjectures.

INTRODUCTION

Congruences modulo primes have been widely investigated since the
time of Fermat. However, we find that there are still lots of new challenging
congruences that cannot be easily solved. They appeal for new powerful
tools or advanced theory.

Here we collect various conjectures of the author on congruences, which
can be found in the author’s papers available from arxiv or his home-
page. We use two sections to state conjectures and related remarks. Part
A contains 72 unsolved conjectures of the author while Part B consists of
conjectures that have been recently confirmed. Most of the congruences
here are super congruences in the sense that they happen to hold modulo
some higher power of p. The topic of super congruences is related to the
p-adic I'-function, Gauss and Jacobi sums, hypergeometric series, mod-
ular forms, Calabi-Yau manifolds, and some sophisticated combinatorial
identities involving harmonic numbers (cf. Ken Ono’s book [O]).
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For clarity, we often state the prime version of a conjecture instead of
the general version. The reader should consult the original papers for more
detailed information and related results.

Now we introduce some basic notations in this paper. As usual, we set

N={0,1,2,...} and Z* =1{1,2,3,...}.

The Kronecker symbol 6y, ,, takes 1 or 0 according as m = n or not. The
rising factorial (x),, is defined by (z),, = Z;S (x+k), and ()¢ is regarded
as 1. For an integer m and a positive odd number n, the notation ()
stands for the Jacobi symbol. For an odd prime p, we use g,(2) to denote
the Fermat quotient (2P~ — 1)/p. For a prime p and a rational number

x, the p-adic valuation of x is given by

vp(x) =sup{a € N: =0 (mod p*)}.

For ki,...,k, € N, we define the multinomial coefficient
ki+--+k, ‘_(]{;14_...4_]{;”)!
ki,.... ko ) kleook,!

Harmonic numbers are given by

"1
Hy =0 and Hn:;E (n=1,2,3,...).

For n € N by C,, we mean the Catalan number %H(Q:) = (2:) — (anl).
Note that if p is an odd prime then

k)T 2 2

Bernoulli numbers By, By, Bs, ... are rational numbers given by

2k 2k)! 1
( ):on(modp) foreveryk:]i,---yp—l-

"L n+1
By =1 and I;)( " )Bkzo forn € Zt =1{1,2,3,...}.

It is well known that Bg, 1 = 0 for all n € Z* and

e n
x X
n=0

e.’E

Euler numbers Ey, E1, Es, ... are integers defined by

Ey=1 and Z <n)En_k =0 forneZ"={1,2,3,...}.
k
k=0
2|k
It is well known that Es,+; =0 for all n € N and

0 2n

secr = Z(—l)"Egn én)' <|x\ < g) .

n=0
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PART A. CONJECTURES THAT REMAIN UNSOLVED

Conjecture Al ([S09¢]). Let p be an odd prime. Then

p—1 (2]{7)3

k=0

{43:2—2]9 (mod p?) if (8) = 1 & p =22+ Ty? with z,y € Z,
0 (mod p?) if (8) = —1, i.e., p=3,5,6 (mod 7).

Also,

p—1 3
2%k
3§:k<k>
k=0
:{ 7(3p—4a?) = 32y° - Zp (mod p?) if () =1 & p=2"+Ty* (2,y € Z),
p (mod p?) if (8) =—1.

Remark. (a) Marie Jameson and Ken Ono (at Wisconsin Univ.) are
working on this conjecture but they have not yet proved it fully.

(b) Let p be an odd prime with (£) = 1. It is well known that p =
2 + Ty? for some z,y € Z. We ever wrote that the author was unable to

guess > p_ (2”3)3 mod p in the case (£) = 1 though we conjectured the
first Congruence in Conj. Al on November 13, 2009. After reading this
remark, on Nov. 28, 2009 Bilgin Ali and Bruno Mishutka guessed that

pilk(%:)?’_{ 11y2/3 — 22 (mod p) if 3|y,
- 2 2 :
— \k 4(y* —x°)/3 (mod p) if 3ty.

Since 22 = —7y? (mod p), we can simplify the congruence as follows:
p—1 3
2k 32 32
k = T2 = 02 d p).
g; (k) 5120 = 5 v’ (mod p)

Note that the second congruence in Conj. Al is now a congruence mod p?.
By [S10, Theorem 1.3], this congruence follows from the first congruence
in Conj. Al.

Conjecture A2 ([S10]). For any prime p > 3 we have
(p—1)/2

2K\ ®
E:(ﬂk+&<k) =8p+ (—1)P~V/232p3F, 5 (mod p*),
k=0
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where Ey, B, o, ... are Fuler numbers. If p is a prime and a is a positive
integer with p® = 1 (mod 3), then

2k ’ a a+54+(—1)?
Z (21k + 8) L) = 8p® (mod p ).
k=0

Also, for each prime p > 5 we have

p—1
2k—8 p—1 H, 12
3 = ;2 L(15p — 6) + —p?B,_5 (mod p?).

5

Remark. (a) By [S10] the first congruence in Conj. A2 has the following
equivalent form:

(p—1)/2 2Nk — 8

el I CON

= (—1)P*V/24F, 3 (mod p) (for any prime p > 3).

Note that 32°°, (21k — 8)/(k*(**)°) = ¢(2) = x2/6 by [Z] or [PP, (7).
(b) The author [S10] proved that for any prime p and positive integer
a we have

1 %= 2%\ °
— > (21k +8) ( k) =8+ 16p°B,_3 (mod p*),
P" =0
where B_; is regarded as zero, and By, By, Bs, ... are Bernoulli numbers.

(When p > 5, the congruence even holds mod p® if we replace 16p3Bp_3 by
—48pH,_1.) See Conj. Al for our guess on Zz;é (2:)3 and Zz;é k(Qkk)g
mod p?. We also conjecture that any integer n > 1 satisfying the congru-
ence ZZ;& (21k + 8) (zkk)3 = 8n (mod n?*) must be a prime; this has been
verified for n < 10%.

Conjecture A3 ([S09¢, S10]). (i) Set

n—1

1 4k

a, 1= § (35k +8 81"k forn e zt.
dn(2n + 1) (3" k_o( )(k, k, k, k) f

n

(Note that a1 = 1/3 and (4n + 6)a,+1 = 81na, + (35n + 8) (2"51)% for
n=1,2,3,....) Then a, € Z unless 2n + 1 is a power of 3 in which case
3a, € Z\ 37.
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(ii) Let p be a prime. If p > 3 then

"35k+8( 4k _ ) .
_Z TR (k,k,k,k)zg(modp) for all a € Z*.

If(2)=1,14e,p

1,2,4 (mod 7), then

k) ’ _ Lk (kljl;ck)
k

p—

S (mod p3)

1(2
k
k=0
and
p—1

kkkk 3
3z_:k<k) _52 TERER (1m0d )
If () = =1 and p # 3, then

pil (k,lf,l?c,k) =0 (mod 2>
81k P
k=0
(iii) We have
oo k
Z (S’ik—8)81 — 1272
=k (k:k:k:k:)

Conjecture A4 ([S09e, S10]). (i) Set

n—1 2

1 2k\ ° /3k
= 11k + 3 641k A
“ n(2n +1)(*") Z( )<k> <k> form

k=0

(Note that a1 = 1/2 and (2n + 3)an+1 = 32na, + (11n + 3) (2”7;1)07(?)

for n=1273,. . where C( ) denotes the second-order Catalan number
( )/(2n+1) ( )—2( ")). Then a, € Z for everyn =2,3,4,....
(ii) Let p be an odd prime. Then

> € €

:{ 22 — 2p (mod p?) if(%):1&4p:x2+11y2 (x,y € Z),
= P

0 (mod p?) if () = —1, i.e., p=2,6,7,8,10 (mod 11).

Furthermore,

11k +3 (26\2 (3K . 7, ) .
_Z YO ( )(k)=3+§PBp—3(m0dp) for all a € 7.

—
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(iii) We have
. (11K — 3)64F
3 6 = 872,

k=1 (k)

Also, if p> 3 is a prime then

(p—1)/2

Py
k=1

where q,(2) = (2P~ — 1) /p.

(11k — 3 64~ 64
1k — 3)647 = 32¢,(2) — —p*B,_3 (mod p?),
B G () ’

Remark. 1t is well-known that the quadratic field Q(v/—11) has class
number one and hence for any odd prime p with ({5) = 1 we can write
4p = 224+ 11y? with z,y € Z. The only known result about the parameters
in the representation 4p = x? 4+ 1132 is the following one due to Jacobi
(see, e.g., [HW]): If p = 11f + 1 is a prime and 4p = 2% + 11y? with

x =2 (mod 11), then z = (g;) (3;[)/(;1;) (mod p).

Conjecture A5 ([S09e, S10]). (i) For n € Z* set
n—1 2
1 2k 3k
ni= 5~ 10k + 3 gn—i=k,
¢ n(2n +1)(*") kZ:O< )<k) (k)

(Note that a; = 1/2 and (2n + 3)an+1 = 4na, + (10n + 3)(2"51)07(12) for
n=123,....) Then a, € Z for alln=2,3,4,....
(ii) Let p be an odd prime. Then

Y

|k
k=0
422 — 2p (mod p?) if(%z) =1&p=2a?+2y% (z,y €Z),
~ 1 0 (mod p?) if (52) = -1

Also, for any a € Z* we have

10]{7 3 (2k 3k 49
—Z + ( ) (k)53+§p33p_3 (mod p*).

(iii) We have
i (10k —3)8" =2
=GN
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Conjecture A6 ([S10]). (i) Forn € Z" set
1 — 2k\? [ 3k N
n(2n+1)(27?) kZ:O(5k+1)<k) (k)<_192) '

(Note that a; = 1/6 and (2n + 3)an+1 + 96na, = (5n + 1)(2”7:1)01(12) for
ne€Zt.) Then a, € Z forn =2,3,4,... unless 2n+ 1 is a power of 3 in
which case 3a, € Z \ 3Z.

(ii) Let p > 3 be a prime. Then

1p“—1 Skl /2% 2 /3L o

2 =\3 d p? z+.

pakZ_O(—192)k(k) (k) (3) (mod p°) for any a €
We also have

TGN

22 (~192)F
_{ 2?2 —2p (mod p?) ifp=1 (mod 3) & 4p = z* + 27y* (z,y € Z),
~ | 0 (mod p?) if p=2 (mod 3).

Remark. Tt is well known that for any prime p = 1 (mod 3) there are unique
x,y € Z7 such that 4p = 22 + 27y? (see, e.g., [C]). Also, Ramanujan [R]
found that

i@ml)( 16) (1/2)x (Z;agk@/?))k :g%@k)z@k) _ 4%3

k=0 k

Conjecture A7 ([S09e, S10]). (i) For n € Z* set

sy B o () ()

k=0

(Note that a1 = 1/3 and (4n + 6)an+1 + 27Tna, = (15n + 4) (2"11_1)07(12)
forn € Z%.) Then a, € Z unless 2n + 1 is a power of 3 in which case
3a, € 7\ 37.

(ii) Let p > 3 be a prime. Then

p—l (3k)
k=0
422 — 2p (mod p?)  if p=1,4 (mod 15) & p = 2% + 1592 (z,y € Z),
2022 — 2p (mod p?) if p=2,8 (mod 15) & p = 522 + 3y? (v,y € Z),
(mod p?) if () = —1.
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Also, for any a € Z* we have

FE R ) (5) e

k

Remark. Let p > 5 be a prime. By the theory of binary quadratic forms
(cf. [Q]), if p = 1,4 (mod 15) then p = 2% + 15y for some z,y € Z; if
p = 2,8 (mod 15) then p = 522 + 3y? for some x,y € Z.

Conjecture A8 ([S09e, S10]). (i) For n € Z* set

T en +1 1)) ”i(% 1) (2:) 2 (3:) 631

and

1 nt Ak
b, = 8k + 1 482(n—1-k)
2n(2n + 1) (") ;0( )(k, k. k, k)

n

(Note that a1 = 1/6 and by = 1/12. Also, (2n + 3)an+1 = 108na, +
(6n+1)(*"" 1)C<2> and (2n 4 3)by11 = 1152nb,, + (8n + 1) (") S22 for
alln € ZT.) Given an integer n > 1, we have a,,b, € Z unless 2n + 1 1s
a power of 3 in which case 3ay,3b, € Z \ 37.

(ii) Let p > 3 be a prime. Then

p—l (Bk)
Z 63k
k=0

422 — 2p (mod p?) if p=1,7 (mod 24) & p = 2% + 6y* (z,y € Z),
8x2 — 2p modp ) ifp=05,11 (mod 24) & p = 222 + 3y? (z,y € Z),
(mod p?) if (52) = —1i.e, p=13,17,19,23 (mod 24);

’S (i)
— 482k
422 — 2p (mod p?) ifp=1,7 (mod 24) & p = 22 + 6y? (v,y € Z),
={ 2p—42? (mod p?) ifp=>5,11 (mod 24) & p = 222 + 3y? (v,y € 7Z),
0 (mod p?) if (52) = —1i.e, p=13,17,19,23 (mod 24).

(£) ot

Also, for any a € Z™ we have

TN
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and

i(pa§/28k+1 Ak
pr 2 A8 \kkkk

Sk+1/ 4k \ _ (p° )
_Z T48% <kkkk>_<3) (mod p7).

Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if p = 1,7 (mod 24) then p = 22 + 6y? for some
x,y € Z; if p= 5,11 (mod 24) then p = 222 + 3y? for some x,y € Z.

(b) Ramanujan [R] found that

> (1/2)s(1/3)5(2/3)r =6k +1 (2k\?(3k\ 3v3
Son e R -5 S (3) (1) -5

and

= (1/2)k(1/4)k(3/4)r  ~~8k+1( 4k 2V
;(8k+ D 9k(1)3 =2 482k (k:k:k:k:) T

Conjecture A9 ([S10]). Forn € Z" set

k=0

(Note that a1 = 7/6 and (2n+ 3)an+41 +864na, = (51n+7) (2n7:1)CT(L2) for
n € Z*.) Given an integer n > 1, we have (—1)""La, € Z* unless 2n + 1
is a power of 3 in which case 3a,, € Z \ 3Z.

(ii) Let p > 3 be a prime. Then

_ ) )
pi Z (- I;Qt)? <2kk> <3kk> -7 <%> (mod p*) for any a € Z*.

We also have

p—l (3k)
123
k=0

{x—2p (mod p?)  if (B) =1& 4p = 2% + 5192 (x,y € Z),

= —1 & 4p = 322 + 172 (x,y € Z),

I
—~
s Sk
N—

2p — 322 (mod p?) if (
(mod p?) if (

wie wie wik
N
I
—~
—
I
s ~—

~—
||
/\
=i
IN|
~—
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Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if (§) = (&) = 1 then 4p = 22 + 51y for some

z,y € Z; if (§) = (&) = —1 then 4p = 3z + 17y for some z,y € Z. (b)

Ramanujan [R] obtained that

> (1/2)6(1/3)k(2/3)r o= 51k +7 (2k\?(3k\ 12V3
;::0(51/44#) —16)F (1)} 2 (—123)k<k) (k)_ —.

Conjecture A10 ([S10]). (i) For n € Z*t set

n—1
1 4k
= 20k + 3 —ol0yn—1-k
T anEn+ 1) () kz_o( ><k, k. k, k)( )

(Note that a; = 1/4 and (2n+ 3)an+41 + 512na,, = (20n + 3) (2”7:1) % for
n € Z*.) Then (—1)""ta, € ZT for alln =2,3,4,....
(ii) Let p be an odd prime. Then

p—1

20k + 3 4k -1 s ,
k:O( 210 (k7k7k7k) p( p ) op p=3 (mo p )7
and

(p—1)/2
20k + 3 4k -1 _ _
B ) () a0

k=0
provided p > 3. We also have
pRRE
k=0
422 — 2p (mod p?)  ifp=1,9 (mod 20) & p = 22 + 5y (x,y € Z),
={ 2(p—2?) (mod p?) if p=3,7 (mod 20) & 2p = x? + 5y* (v,y € Z),
0 (mod p?) z'f(—75) = —1, e, p=11,13,17,19 (mod 20).

Remark. Let p # 2,5 be a prime. By the theory of binary quadratic forms
(see, e.g., [C]), if p = 1,9 (mod 20) then p = 22 + 5y? for some x,y € Z; if
p = 3,7 (mod 20) then 2p = 22 +5y? for some z,y € Z. Note also that the
second congruence mod p3 in part (ii) has been obtained by W. Zudilin
[Zu] as a p-adic analogue of the Ramanujan series

i20k+3 4k 8
(—210)k \k, k, b, k) 7

k=0
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Conjecture A1l ([S10]). (i) For n € Z* set

n—1
1 4k
= 10k +1 124(n—1-k)
T anEn+ 1) () ;0( )<k:k:k:k;)

(Note that a; = 1/12 and (2n+ 3)ay,4+1 = 10368na, + (10n+ 1) (2"7:1) %

forn € ZT.) Given an integer n > 1, we have a, € Z unless 2n + 1 is a
power of 3 in which case 3a,, € Z\ 3Z.
(ii) Let p > 3 be a prime. Then

p—1
10k +1 4k _ —2 3

> g (kkkk) :p(?) (mod p).
k=0
We also have

1/ 4k

X (kkkk)

> on

422 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 22 + 10y? (z,y € Z),
={ 2p— 822 (mod p?) if p=17,13,23,37 (mod 40) & p = 22% + 5y? (x,y € 7Z),
0 (mod p?) if(_Tlo) =—1, die., p=3,17,21,27,29,31,33,39 (mod 40).

Remark. (a) Let p > 5 be a prime. By the theory of binary quadratic

forms (see, e.g., [ D, if (57 2) = (B) = 1 then p = z? + 10y? for some
x,y € Z; if (_72) = (%)= —1 then p = 222 + 5y for some z,y € Z.
(b) Ramanujan [R] obtained that

= (1/2)(1/4)k(3/4)r  ~~10k+1 [ 4k 92
D _(10k +1) 81k(1)3 =2 124k (k k, k, k) T 4r

k=0

Conjecture A12 ([S10]). (i) Forn € Z* set

n—1
1 4k
ap = 28k + 3 —3 x 212)n—1-k
2n(2n +1)(*") kz_o( >(k, k, k, k)( )

(Note that a; = 1/4 and (2n + 3)an11 + 6144na, = (28n + 3)(*"7") =

forn € ZT.) Then we have (=1)""La, € Zt for alln =2,3,4,....
(ii) Let p > 3 be a prime. Then

p—1
28k + 3 4k _ D 3
;;) T3 x 212)F (kkkk)_3p<§> (mod p°).
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We also have
~1
Z kkkk)
(3 x 212)k
—1)l#/6) (422 — 2p) (mod p?) if12|p—1&p=2?+y?> 4|z—1&2]|y),
—4 )zy (mod p?) if12|p—5&p=a?+y* A4|z—-1&2]y),
modp if p=3 (mod 4).

=

Remark. Ramanujan [R] obtained that

= (1/2)(1/4)k(3/4)r  ~= 28k+3 4k 16v/3
;_0(28k+3> (i48) (1)3 kz_o —3 x 212)k (k:k:k:k:) 3r

Conjecture A13 ([S10]). For any prime p > 3 we have

-1 25
()2t o)

Remark. A related conjecture of Rodriguez-Villega [RV] proved by Morten-
son [M2] states that if p > 3 is a prime then

Using the Gosper algorithm we find the identity
- 6k\ [ 3k 61\ [3n

36k +5 432" % = (6n 4+ 1)(6n+5 N
> ook + (o) (e )zt =+ v+ (50) (M) e

which implies that
1 <~ 36k +5 (6k\ (3k 18
lim =) ——° =
n=rto0 kzo 432F (3k) ( k ) T

and

p—1
k k k
Z 3?4372—;5 (gk) <3k) = 5p® (mod p®)  for any prime p > 3.
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Conjecture A14 ([S10]). Let p > 3 be a prime. When p =1 (mod 4)
and p = 2% + y? with x =1 (mod 4) and y = 0 (mod 2), we have

(]

S GNEH { (—1)#/61 (22 — p/(22)) (mod p*) if p=1 (mod 12),
k) —

=0 (%£)(2y — p/(2y)) (mod p?) if p=>5 (mod 12).

If p=3 (mod 4), then

a

p—l

Z 864’“ =0 (mod p?).

k=0

Provided that p =1 (mod 4), we have

a

p =14 (6k\ (3k
Fae) () _ ‘ "
,;:()W:O(m()dp) foralla e ZT.

Conjecture A15 ([S10]). For any prime p =1 (mod 4) we have

p—1
36k +5 (6k\ [ 3k \ _ ,
> <3k) (kkk) =0 (mod 7).

k=0

Remark. A related conjecture of Rodriguez-Villega [RV] partially con-
firmed by Mortenson [M2] states that if p > 3 is a prime then

pz_:l (SZ) (kgkkk) :pz_:l ( (6k)! 1798k
k

— 123k — 3k)!(k!)3
_{ (5)(42% = 2p) (mod p?) if4|p—1 & p=a®+y® (24, 2|y),
~ | 0 (mod p?) if p=3 (mod 4).

Conjecture A16 ([S10]). (i) Forn € Z* set

n—1
6k 3k
(154k + 15) —ol5yn—1-Fk
sy 2 (154K + 9 56) (1 o) 2

10n(2n +1)(

n

(Note that a; = 1/4 and (4n + 6)an,+1 + 32768na, = (124n+3) (6" 1)0(2)
for n € Z*.) Given an integer n > 1, we have (—1)""ta, € ZT unless
2n+ 1 is a power of 5 in which case 5a,, € Z \ 5Z.
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ii) Let p > 3 be a prime. Then
(ii) Let p »

p—1
154k +15 (6k\ [ 3k \ _ = ,
Z 215 < ) (k . k) = 15p (?) (mod p?).

k=0

We also have

o (0) ()

(_215)k
k=0
[ GH)(@® =2p) (mod p?) if ({f) =1 & dp = 2® +11y* (z,y € Z),
~ | 0 (mod p?) if (&) =-1, i.e., p=2,6,7,8,10 (mod 11).

Remark. Ramanujan [R] obtained that

N (—27)% (1/2)1(1/6)1(5/6)x <= 154k + 15 (6K [ 3k \ 322
kz_o(28k+3) 29k (1) _kz_o (—215)k <3k) (k;k;k;) oo

Conjecture A17 (The first and the second congruences were discovered
during March 13-15, 2010 while all the others were discovered during Feb.
24-26, 2010). Let p > 5 be a prime. If p > 7 then

p—1 2k p—1
2 13 1

(Lg) =-——H, |- 57 Z w3 (mod p*)

k=1 p k=1
We also have
p—1 p—1
1 H, 7 1 7 9
2K\ = 73 = __po—5 (IIlOd p )7
k=1 k4( k) p’ bdp k=1 k? 45
Byl E
ok = — p—3 mod p),
= B0
(p—1)/2
(— 1) 2k 56
> =\ &) = 15PBe-s (mod p?),
k=1
(p—1)/2 (Qkk:)Q e
> w16k = 2Hep-n2— 5P *By-3 (mod p%),
2
(%) 21

— 4
Z 16k = —?Hp_l (mod p*).
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Remark. 1t is known that H, 1/p* = —B,_3/3 (mod p) for any prime
p > 3 and Zz;i 1/k* = —8p?B,,_5 for each prime p > 5, and that

= (—1)* N
EZ;S%)=——< and }jk4 5.

k=1 (k

k
for any prime p > 5. Tauraso conJectured that Y 7_ ( ) /(k16%)
—2H(;,_1y/2 (mod p 3) for each prime p > 3. During March 6-7, 2010 the
author proved that the third, the fourth and the fifth congruences in Conj.
A17 are pairwise equivalent and that

Also, [T, Theorem 4.2] implies that > _ 1)k (zk) = ——po 3 (mod p?)

(p— 1)/2 8
z = (-2, (mod p?)
and
(p—1)/2 1 4
Z = (-1)?P"V22F 4 (mod p)
2k ( p—3
= ) 3

for any prime p > 3.

Conjecture A18 (Discovered during March 5-15, 2010, see [S10]). Let p
be an odd prime. Then

2 2k -1)(?)

k=1

= Epg+ (~1)*D/2 — 1 (mod p),
which is actually equivalent to

2k

G) >
g = = pEp-3 (mod p7).
v (2k+1)4

If p > 3, then

p—1 k
4 4q,(2
+ o (2) = —2q§(2) + pB,_3 (mod p?)

and
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Remark. R. Sprugnoli [Sp] proved that >~ 4% /(k? (zkk)) = 72/2 and
S 4R/ (k- 1)2(2,5)) = 72 — 4. Let p > 3 be a prime. During March
6-7, 2010 the author showed that

(p—1)/2

4k _
> e = (DO E (mod p)
k=1 k
(which is equivalent to 3~ o 4, (zkk) /(k4*) = (=1)P=1/22pF, 5 (mod p))
and
(p—3)/2 (2k)
> Gt = (D) (nod ),
k=0

where ¢,(2) denotes the Fermat quotient (2~ —1)/p. On March 9, 2010
he proved that

(p—1)/2

> e 8E 4 12(‘1)( d p)
= _3—4— — mod p
k=2 (k_1>2(2kk) ! p
and
(p—1)/2

4k -
Z W = <—p1) (4—2E,_3) —2 (mod p).
k=0

Conjecture A19 (The first, the second and the third congruences were
discovered on March 14, 2010 while the other two were discovered on
March 6, 2010). Let p > 5 be a prime and let H,_1 = Zi;i 1/k. Then

(p—3)/2 2k 4
_ H —1 3p
Z (2k _(i_kl))16k: = (_1)(10 1)/2 ( {72 + ﬁ p_5) (mod p5)

k=0
and
(p—3)/2 (2k) H 2
Z k= (—1)em1)/2 (p_—1+P_B ) (mod p?)
31k 2 p—5 Db
— (2k 4+ 1)316 4p 36

We also have

(p—3)/2 (2k) H
k — Hp—1 3
- d p%),
kZ:O @k 12(—16)F = 5p (med P
Z (Zkk) b 2
= —= B3 (mod p°)
2(_ k p )
o3k (2k +1)2(—16) 4
(p—3)/2 (zk)
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Remark. On March 6, 2010 the author proved the first congruence in
Conj. A19 mod p? and the second congruence mod p, and used some new
identities to establish the following congruences (for any prime p > 3):

(p—3)/2 2k 2
2 2k Erkl))?zxk ==t %(2) (

k=0
(p—3)/2 (zk)
1

S aithw = () 12+ (2) b mod ).

k=0

mod p),

Conjecture A20 ([S10]). Let p be an odd prime and let a € Z*. If
p=1(mod 4) ora>1, then

ir”) (2k)2
Z 1}€6k = (—1)®"=Y/2 (mod p?).
k=0

If p>3, and p=1,3 (mod 8) ora > 1, then

Lgp*] (2K\2
> (1’“61 = (-1 7Y (mod p*)  forr =5,T.
k=0

Remark. The author [S10] showed that ZEPZ/OQJ (Qkk)2/16k = (—1)P=1/2 ¢
p?E,_3 (mod p?) for any odd prime p.

Conjecture A21 ([S09¢, S10]). Let p > 3 be a prime. If p=1 (mod 6)
and p = x% + 3y? with x,y € Z, then

p—1 (2k:)3 (2k)3 A2
k _
2 6 = = 42% — 2p (mod p?) and Z o =P 3 (mod p*)
If p="5 (mod 6), then
p—1 (2k)3 p—1 k(zk)?’
- k) _ P 2
o = 0 (mod p“) and Z 6 =3 (mod p*)
k=0 k=0
Furthermore,

1 3
— Z 31?6-; < ) =1+ gprp_g (mod p*) for all a € Z7,
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and
(r—1)/2 (2k)3 1
Z (3k+1) 1ka Ep+2(—)p E,_3 (mod p*)
k=0 p
Also
il 2k
Qp = 2n(n kz_()?)k-l-l)(k) 16" 1"k ez for alln =2,3,4,.
and

i (3k — 1)16* 7r_2
st k3 ) 2

Remark. The author [S09¢] determined Y % _ (Qk) /16’“ mod p. Note that
ay = 1/4 and (2n + 1)an1 = 8na, + (3n + 1)(2" 1) forn=1,2,3,....
Conjecture A22 ([S10]). Let p be an odd prime. If p=1 (mod 4), then
(p§/24k+1 26\ _, (mod 52)
ik \ k) OO

k=0

Remark. Let p be an odd prime. Rodriguez-Villegas [RV] conjectured that

> i = alp) (mod p?),

where the sequence {a(n)},>1 is defined by

Za(n Hl—q

This was proved by many authors, see, e.g., E. Mortenson [M2]. Ishikawa
[1] pointed out that if p = 22 + y? with x odd and y even then a(p) =
422 — 2p by the Jacobi-Macdonald formula. The author [S10] showed that

D opa<k<p(dk + 1)(21161‘3)3/64’C =0 (mod p*) for any prime p = 3 (mod 4).

Conjecture A23 ([S09¢, S10]). Let p be an odd prime. If(%z) =1 (i.e.,
p=1,3 (mod 8)) and p = 2% + 2y? with z,y € Z, then

(—1)p=1)/2 (42% — 2p) (mod p?).
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If (52) = —1 (ice., p=5,7 (mod 8)), then

p—1 (2k)3
k — 2
=0 d p?).
2 —61)" (mod p7)
Also,
(p—1)/2 (2k)3 1
(4k + 1) Ep(—)—i—pE 3 (mod p*)
kzzo (—64)" p :
Moreover,
1 n—1 2%k 3
an = 2 () > (4k+ 1)(}{) (=64)" 1" € Z foralln=2,34,....
nin k=0

Remark. E. Mortenson [M4] proved the following conjecture of van Hamme
[VvH]:

(r=1)/2 —1/2 3
Z (4k + 1)( f ) = (=1)?»=Y/2p (mod p*) for any odd prime p.
k=0

Note that (_2/2)3 = (Qkk)S/(—Gél)k for k =0,1,2,.... Also, a; = 1/4 and

(2n + 1)ap4+1 + 32na,, = (4n + 1)(2"7:1)2 for n = 1,2,3,.... On March
5, 2010 the author showed that the third congruence in Conj. A23 is
equivalent to the first one in Conjecture A18. By [S10], for any odd prime

3
p we have > 5 ;. (4k + 1)(2kk) /(—64)% =0 (mod p*).
Conjecture A24 ([S10]). (i) For each n =2,3,... we have

— 2k
(6k +1) 256" 17k ¢ 7
2n( ”) Z * (k) ’

n

n—1

1 2k
- (6k + 1)( ) (=512)" =k e 7,
) 20
! nf(zm; +5) <2k)34096”—1—k cZ
2n () = k

(ii) Let p be an odd prime. We have

-1)/

L B2 (1) ()
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for alla € Z+. When p > 5 the congruence even holds mod p® if we replace
3
B-B,_3 by —%pHp_l. If p > 3, then

p—1 3

6k + 1 (2k -1
> 956k < k) =p <—) ~p°Ep—3 (mod p*),
k=0 p

(p—1)/2 3 3

6k +1 [2k 2\ p3 [2 .
S = (—= )+ (2)E,_ d
= o (x) = (5)+5 () s tmoa

p—1 3
E - =bp|( — | —p°E,_ d .
k=0 4096* <k) p( p ) p"Ep-s (mod p')

Remark. Those congruences in part (ii) mod p? are van Hamme’s conjec-
tures (cf. [vH]) which are p-adic analogues of corresponding Ramanujan
series.

Conjecture A25 ([S09¢]). If p > 5 is a prime with p =1 (mod 4), then

3

— 2a
Z k =0 (mod p**) foralla=1,2,3,....
— 64

Remark. For any prime p the author has determined > 7_, N (%) /64%
modulo p.

Conjecture A26 ([S09¢, S10]). Let p be an odd prime. Then

p—1 2k\ 3
Z(?)k-i- 1)((j8))k = (_?1) +p*E,_3 (mod p*)
k=0

and furthermore

n—1 2% 3
(3k + 1)(k) (=8)" 1R ezt foralln=23,4,....

Q
S
I
[\
3
NS _
S
~

(Note that a1 = 1/4 and (2n + 1)ay+1 + 4na, = (3n + 1)(*"~ 1) for
n=1,23,....) Ifp=1 (mod 4), then

p—1 (2k\3 1
((f8))k <1 - W) =0 (mod p*).

k=0
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If p=3 (mod 4), then

p—1 (2k)3
k/_ =0 (mod p?)
= ()
and . )
—-1 (2k
<« ()

o <1 + ﬁ) =0 (mod p?).

Conjecture A27 ([S10]). Let p be an odd prime. Then

p—1 (2k)3 _o\ Pt (2k)3
k) k 2
o= (5) X aime (o
k=0 k=0
p—1 (2k)3 (_1) p—1 (2k:)3
k) k 2
=(— (mod p*).
k k
P 16 )= 256
Moreover, if p=1 (mod 4) then
p—1 (2k)3 (2) p—1 (%)3
K)o (2 k (mod p?);
—_8)k _ k )
— (=8 p) = (=512)
if p=1 (mod 3) then
p—1 (2k)3 1\ ! (2k:)3
k) k 3
2 g = (?) oper (med 7).
k=0 k=0

Conjecture A28 (Discovered on March 2, 2010). Let p be an odd prime.
(i) If p=1 (mod 4) then

(1?—215/2 (Qkk)S Z 1 :1 (p—1)/2 (2kk)3 Z 1
: - = - .
k=0 (=8) hej<2k 2 k=0 64 hej<2k

when p = 3 (mod 4) we have

(p—1)/2 (2k)3 1 7 (p—1)/2 (2k)3 1
S Wy TS S Doy,
k=0 (=8)F kej<2k 2 k=0 64 hej<2k
(p—1)/2 (2k)3 1 9 (p—1)/2 (2k:)3 1
k e k l 2
2 G 2 5T (p) 2 oz 2 g (med#),
k=0 k<j<2k k=0 k<j<2k
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and
(p—1)/2 (2k:)3 1
Z — —~ =0 (mod p) for m = —8,64,—512 if p >3
=0 " k<j<er

If p=2 (mod 3) then

(p—1)/2 (2k)3 1 (r—1)/2 (2k)3 1
k — k _ 2
E E - =0 (mod p) and E — =0 (mod p°).
k k
- 10 k<j<2k i 290 K<j<ak

(iii) If p=5,7 (mod 8), then

(p—1)/2 (2k)3
1
k _
E — =0 (mod p)
64k
k=0 (=64) k<j<2k

Remark. Partially motivated by an observation of M. Jameson and K.
Ono which occurred during their attempt to prove Conjecture Al, we
discovered the current Conjecture A28.

Conjecture A29 (Discovered on March 3, 2010). Let p > 3 be a prime.
(i) If p=2 (mod 3), then

(P—zlf/Qk(ik)?’ Z 1: _—1 (p—zlE/Qk( ) Z 1:
16~ i \p 256+ = j_

k=0 k<j<2k k=0

(mod p).

[N

(ii) If p=3 (mod 4), then

(r—1)/2 , 2k
1 2 k 1 1
E _ = <_) E (51; E< : = _6 (mod p).

hej<2k p k=0

(p—1)/2 k (Qkk)3

k=0

(iii) If p=5,7 (mod 8) then

(p—1)/2 ; /2k\3 _

R g 1 (e
Y A Y -= (mod p).
k=0 ( ) k<g<2k] 6

Remark. For certain reasons we omit other similar observations.
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Conjecture A30 ([S09¢, S10]). Let p > 3 be a prime. Then

St S ) i) vp =1t

k=0 24 k=0 (=216)* = | 0 (mod p) if p="5 (mod 6).

Remark. In [M2] Mortenson proved the following conjecture of Rodriguez-
Villegas [RV]: For any prime p > 3 we have

p—1 (k3kkk) p—1 (2k\ (3k )
2 o =2 (k2)7(kk) = () (mod #").

Conjecture A31 ([S09¢]). Let p > 3 be a prime. Then

~ (1) (')

p

_ 2
135 = 0 (mod p*).
k=0
Ifp=1 (mod 3) and p = 2 + 3y? with x =1 (mod 3), then
p—1 (Qk:) (4k)
k)\ek) _ .. P 2
sk = 2x o (mod p?)
k=0
and )
RGO Gr) _p >
szg—x(modp)
k=0
If p=2 (mod 3), then
p—1 (zk) (4kz)
k) \2k) _
Z = 0 (mod p)

Conjecture A32 ([S09¢]). Let p > 3 be a prime. If p =1 (mod 4) and
p =22 +y? with x =1 (mod 4), then

p—1 (zk) (4k:

3 Ut = 0 () (2o )

k=0

and

S - o (2) e 2) twons)

If p=3 (mod 4), then
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Conjecture A33 ([S09¢|). Let p be an odd prime. If p = 1,3 (mod 8)
and p = 2% + 2y? with x = 1,3 (mod 8), then

p—1 5 (2k\ (4k
3 kCe) Ge) 2

and

« GG _ { (~1)@=D/EHE=D2(20 — p/(22)) (mod p?) i 8| p—1,

=0 p/(2z) — 22 (mod p?) if8]p—3.

If p=>5,7 (mod 8), then

=0 (mod p?).

Conjecture A34 ([S09¢]). Let p > 3 be a prime. If () =1 and p =
x? + Ty? with (£) =1, then

k=0
and
p—1 4 2k\ (4k
k(k)(%) _ p p 9
Lo G3E 8 <§> (% x) (mod p).
If () = —1, then
p—1 (2k) (4k) p—1 (2k) (4k)2
k) \ak) _ k) \2k) _
Gk = 0 (mod p) and Z Gk = 0 (mod p).

k=0 k=0

Conjecture A35 ([S09]). For any prime p =1 (mod 4), we have

p—1 (2k)( 2k )2 p—1 (2k)2( 2k )
k) \kyt) 2 k) \k+1) _ 2
2 . 2p (mod p*) and kE:O 61k =0 (mod p?).
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Conjecture A36 ([S09¢]). For any prime p =3 (mod 4), we have

p=lo N (2R
Z (p k )((fS))k =0 (mod p?).

k=0

Remark. When p > 3 is a prime congruent to 3 mod 4, the author proved
on March 5, 2010 that

5 (p; 1) ((_Z’gi)k = 0 (mod ?),

k=0

which is equivalent to

p—1 (2k)3 1
ke _ : _
Z Gk Hi =0 (mod p) with Hy = Z 7
k=0 0<j<k
since Y P_¢ (2153)3/64’C =0 (mod p?) and (P')(~1)* =1 — pH;, (mod p?).

Conjecture A37 (Discovered on March 11, 2010). For any k,n € Z* we

T (@) (") 2o (e (2)).

Conjecture A38 ([S09¢]). Let p be an odd prime. If p =1 (mod 3), then

(p—1)/2
kC? 5
k=0
If p=1 (mod 4), then
(p—1)/2

R _ 2

Z i 8 (mod p~)

k=0

Remark. The author [S09¢] determined Zz;é C3/64% modulo any odd
prime p.
Conjecture A39 ([S10]). Let p be an odd prime. Then
p—1 2k
Cax, _
Z (k(i% = (—1)P=1/2 _3p2E, 3 (mod p?).
k=0

Remark. Mortenson [M2] proved the following conjecture of Rodriguez-
Villegas [RV]: For any odd prime p we have

pf GG _ <_—2) (mod 7?).

K
P 64 P
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Conjecture A40 ([S09]). Let p be a prime with p = 1,3 (mod 8). Then

i
5

(2) Ci
128F

= p (mod p?).

>
Il

0

Conjecture A41 ([S09]). Let p be a prime with p = 1 (mod 3) and
hence p = 22 + 3y? for some x,y € Z. Then we have

p—1 3k: p—1 (3k
b (%) )G
kz_o 54k =0 (mod p) and Z ;4k = p (mod p*)
and
p—1 (2k)2( 3k ) p—1 k(zk) (3k) 4
k k+1) _ k) — =
2 T 0 (mod p) and kzo Togk = 9(p 2x7) (mod p*)

Remark. In [S09a] the author determined Zz;é (3:) /m* mod p for any
prime p > 3 and any m € Z with pf m. A conjecture of Rodriguez-Villegas
[RV] has the following equivalent form:

2 @ﬂ {4ﬁ—mnmmp%iu@:1&p:ﬁ+aﬁ@wezy
— 108”“ ~ | 0 (mod p?) if p=2 (mod 3).

See [M3] for related result.
Conjecture A42 ([S09¢]). Let p > 3 be a prime. Then

p—1 2k: (2) 2k\ ~(2)
C P k( )C B

k=0
oo () (3K [ 3k
k M+1  \k kE—1

is a second-order Catalan number (of the first kind). Furthermore,

where

p—1 2k\ ~(2)
Z(Zﬂc + 1)% (g) (mod p?).

k=0
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Conjecture A43 ([S09¢]). Let p > 3 be a prime. Then

-1 (2)
pz: CiCy =2 (1—9) —p (mod p?)

k
— 27 3
and . )
p— =(2
OkOk _
Z o7k = —7 (mod p),
k=0
where

~(2) 2 3k 3k 3k
= =9 —
Cr k;+1<k) (k k+1

s a second-order Catalan number of the second kind. Hence

= (k2_1€1) (kgfl) _(P\ _ 2
D ork (3) p (mod p)

and

p—1 ( 2k \( 3k
belen) =5 (%) 7 (mod ),

e
Il

1

Remark. Note that

(kQ—kl) (kg—kl) B ((2:) - C’“) M
()G = () -a) () -a).

Conjecture A44 ([S09h]). Let p > 3 be a prime. If p=7 (mod 12) and

p =2+ 3y? withy =1 (mod 4), then

pil (g) ((—Qfé; = (- (4?J - 3%) (mod p?)

k=0

and

p—1 k 2k\ 2
3 (g) (—(fa))k (=) My (mod p?).
k=0

If p=1 (mod 12), then

SRIOESE

k=0

Recall that the Pell sequence {P,},>0 and its companion {Q,, }n>0 are
defined as follows:

P():O, Plzl,and Pn+1:2pn—|—Pn_1 (n:1,2,3,...);
QOZQ, Ql :2,and Qn—l—l :2Qn+Qn—1 (n:1,2,3,)
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Conjecture A45 ([S09h]). (i) Let p be a prime with p = 1,3 (mod 8).
Write p = 22 + 2y? with z,y € Z and x = 1,3 (mod 8). Then

p-1 Py <2k)2 _ { 0 (mod p?) if p=1 (mod 8),
N (—1)(p_3)/8(p/(2a:) —2z) (mod p?) if p=3 (mod 8).

™
o
—~

> A (2’“) CDE (o4 Y (anod 52).

2
k:O

(ii) If p=5 (mod 8) is a prime, then

p—1 2
Py, <2k)

E —— =0 (mod p).
_Q)k

im0 (CBFAK

If p="7 (mod 8) is a prime, then

5L v

k=0

Conjecture A46 ([S09h]). Let p be an odd prime.
(i) If p=3 (mod 8) and p = 2 + 2y* with y = 1,3 (mod p), then

p—1 2
w ()
o 32

If p="7 (mod 8), then

(000 (2= L) (mod 7).

S 2 (%) =0 tmod )

k=0

(i) Suppose that p=1,3 (mod 8), p = 2% + 2y? with x = 1,3 (mod 8)
and also y = 1,3 (mod 8) when p =3 (mod 8). Then

p—1 i( )2 _ { (—1)(p_1)/8(p/(433) — 2/2) (mod p?) ifp=1 (mod 8),
k=0 32k a (_1)(y+1)/2y (mod p?) if p=3 (mod 8).
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Conjecture A47 ([S09h]). Let p be an odd prime.

(i) When p = 1,3 (mod 8) and p = 2% + 2y? with x,y € Z and x
1,3 (mod 8), we have

3 2 () =0 (1) o

k=0
and

p—1 kQ, <2k)2 _ { 0 (mod p?) if p=1 (mod 8),
(=8 \ k) | (-1)?=3/%2(z + p/x) (mod p?) if p=3 (mod 8).

(ii) When p =5,7 (mod 8), we have
p—1 2
Qr (2k\°
Z —sile) = 0 (mod p).
k=0
Conjecture A48 ([S09h]). Let p be an odd prime.

(i) When p = 1 (mod 8) and p = 2% + 2y? with x,y € Z and x =
1,3 (mod 8), we have

S Qi (2k)’
32k \ k
k=0

If p=>5 (mod 8), then

(—1)P—1)/8 (433 - g) (mod p?).

5 (Y =0 moa )

k=0

(i) If p= 1,3 (mod 8) and p = 2% +2y? with x = 1,3 (mod 8) and also
y = 1,3 (mod 8) when p =3 (mod 8), then

p—1

k(* Qk _ { (—=1)=V/8(p/z — 2z) (mod p?) ifp=1 (mod 8),

1)/2 2 e
k=0 3 (_1)(y+ )/ 2y (mod p*) if p=3 (mod 8).

We define the sequence {S,, },>0 and its companion {7}, },,>0 as follows:
S() = O, Sl = 1,and Sn—l—l = 4Sn — Sn—l (n = 1,2,3,. . .);

T0:2, Tl :4,and Tn+1 :4Tn—Tn_1 (n:1,2,3,)



30 ZHI-WEI SUN

Conjecture A49 ([S09h]). Letp > 3 be a prime. If p =7 (mod 12) and
p =122+ 3y? with y =1 (mod 4), then

1
Sk _ (p+1)/4 p 2
Z4<)— 1) dy -3, ) (mod p?)
and )
p— 2
kS, (2k _ p
T ( k) = (-1 <6y ~ @) (mod p?).
k=0
We also have

Zfs_k< )ZE{O(modpz) if p=1 (mod 12),

0 (mod p) if p=2 (mod 3).

Conjecture A50 ([S09h]). Let p > 3 be a prime. If p=7 (mod 12) and
p = 2% + 3y? with y = 1 (mod 4), then

p—1 2
S ok =92y — 2 (mod
k_064k<k) Y7 6y (mod p7)

and
1

p— 2
kS <2k> 9
— =y (mod p?).
= 647 \ k

If p=11 (mod 12), then

ISGM( )2 =0 (mod p).

k=0

Conjecture A51 ([S09h]). Let p =1 (mod 3) be a prime.
(i) If p=1 (mod 12) and p = 22 + 3y* with x = 1 (mod 3), then

2
— (_1\(p—1)/4+(z—1)/2 _Pp 2
k;) = (-1) (41' :z:) (mod p*)

and
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also
p—1 2
k—zkjk (2]5) = (_1>(p—1)/4+(m—|—1)/2 (41, _) (mod p2>
k=0
and .
p— 2
kjk <2k) —1)/2 b 2
— = (—1)@=Y/2 (2z (mod p©).
- (
(s (-
(ii) If p=7 (mod 12) and p = 2 + 3y? with y =1 (mod 4), then
p—1 2
T (2k
T ( k) = (—1)P=/ (12y - 1—?) (mod p?),
k=0
p—1 2
k—? (2:) = (—1)P /A <2Oy - —) (mod p?)
k=0
and

p—1 2
Ty (2
Q( k) = 4y (mod p?).

Conjecture A52 ([S09h]). Let p = 2 (mod 3) be a prime. If p =
5 (mod 12), then

p—1 2 p—-1 2
Ty (2k Ty (2k\>

k=0 k=0

If p=11 (mod 12), then

B0 (L) =ovmar

k=0

Conjecture A53 ([S09i]). Letp be a prime with p = £1 (mod 12). Then

pi (p; 1) (2:) (—1)*Sp = (-1)P~Y/25, 1 (mod p®).

k=0

Remark. The author has proved the congruence mod p?.

For A, B € Z we define the Lucas sequences u,, = u,(A, B) (n € N)
and v, = v, (A, B) (n € N) as follows:

uo =0, uy =1, and upy1 = Auy, — Buy—1 (n=1,2,3,...);

vo =0, v1 =1, and v,,41 = Av, — Bu,—1 (n=1,2,3,...).
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Conjecture A54 ([S09i]). Let p be a prime with p = +1 (mod 8). Then

k=0

Remark. The author has proved the congruence mod p?. Note that

2k/2 p, if £ is even,

uy(4,2) = { 206=3)/2Q),  if k is odd.

The author [S09h] showed that

(p—zl)/2 Ukl(g];2> (2:) (_1)L(;)—4)/8J (1 - (;)) (tmod p?)

k=0

and
(p—1)/2

> vkl(g,km (2:) — o(_1)l/8) <—?1) (mod p?).

k=0
Conjecture A55 ([S09i]). Let p > 3 be a prime. Then

2 (p; 1) (Q,f) (1) = (=3)) = (5) (877" = 1) (mod p").

Remark. The congruence mod p? follows from [SO9b].

Recall that the Fibonacci sequence {F), },>¢ is defined as follows:
F() = O, F1 = 1, and Fn_|_1 = Fn+Fn_1 (n: 1,2,3,...).

Conjecture A56 ([S09i]). For any n € Z* we have

6 (mod 25) ifn=0 (mod 5),

(—1)ln/5]-1 ”iF (2k) _ ) 4 (mod 25) ifn=1 (mod5),
(2n + 1)n2(>") — \E) T ) 1 (mod 25) ifn =2,4 (mod 5),

9 (mod 25) ifn =3 (mod 5).

Also, if a,b € ZT and a > b then the sum

57—1

1 2k
20 Z F2k+1<k)

k=0
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modulo 5° only depends on b.

Remark. In [S09i] the author proved that if p # 2,5 is a prime then

S () = 07 (1 () o
and

2k
ZFZk:—I—l( ) = (—1)lr/o <5> (mod p?).
Recall that the usual g-analogue of n € N is given by

[n]q = 1_q Z 7"

0<k<n

which tends to n as ¢ — 1. For any n, k € N with n > k,

i - <H0<5<kgf5?ﬁji]tln_k[tm

is a natural extension of the usual binomial coefficient (Z) A g-analogue
of Fibonacci numbers introduced by I. Schur [Sc| is defined as follows:

Fo(q) =0, Fi(q) =1, and F,,11(q) = Fo(q) +q"F_1(q) (n=1,2,3,...).

Conjecture A57 ([S09i|). Let a and m be positive integers. Then, in the
ring Z[q], we have the following congruence

-1

5%m
. 2% .
Z q zk(k“)[k} Fopy1(q) =0 (mod [5%]7).
k=0 q

Conjecture A58 ([S09i]). For any n € Z* we have

1 (mod 9) if n=10,2 (mod 9),

B =) 4 d9 fn=>5,6 d 9),
vy oo () = 4mt9 =50 ooa
n k= —2 (mod 9) otherwise.

Also, if a,b€ Z* and a > b — 1 then the sum

39-1

2k
32a Z Sk+1 < k)
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modulo 3° only depends on b.

Remark. In [S09i] the author proved that if p > 3 is a prime then

Lo(1)=2(8)- () e

Conjecture A59 ([S09f])

and

(p) (mod p?).
3
. For any nonnegative integer n we have

1 i (Y _ { 1 (mod 9) if3|n,

(2n+1)2(°") & 165 | 4 (mod 9) if3{n.
. Also,
1 (3*-1)/2 (2k)
3 > # = (—1)*10 (mod 27)

k=0
for everya=1,2,3,....

Conjecture A60 ([S09f]). Letp be an odd prime and let m = 4 (mod p).
Then

n  (2k
2
Vp<z %) > vy <(2n—|— 1)( n)) for anyn € 7+,
—m n
Moreover, if p > 3 then

(p*—1)/2 2k
1 Z @ = (—1)®"=Y/2 (mod p).
pe P mk

Conjecture A61 ([S09d]). Let p be an odd prime and let h € Z with
2h —1=0 (mod p). Ifa € Z* and p* > 3, then

pl:z:—:ol (hpak_ 1) (2:) (_ g)’“ — 0 (mod p*+).

Also, for any n € ZT we have

(S () (5)) 2o
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Conjecture A62 ([S09d]). Let m € Z with m =1 (mod 3). Then
n—1 2k
1 n—1 .
V3<Ekzzo < " )(—1)’“%) > min{vz(n),vs(m—1)} — 1
for every n € Z*. Furthermore,

3%-1

1 3¢ 1 o
3_(1 Z ( L )<—1)km = —T (mOd 3 5 1))

for each integer a > v3(m — 1). Also,

39-1
¢ —1 2k
Z (3 1 )(—1)k ( k) = —32°"1 (mod 3**) for everya=2,3,....

k=0

Conjecture A63 ([S09c|). For any prime p and positive integer n we

have
”(,; (%) =
and
W(8 7 () 5 i

k=0

Remark. The author [S09¢| proved that an integer p > 1 is a prime if and
only if

p

. ((p— 1)k

k,...,k) =0 (mod p).

>
Il

0

He also showed that if n € ZT is a multiple of a prime p then
n—1 ( . 1)]{3

Z (k]? ,k) =0 (mod p).

k=0

Conjecture A64 (Sun and Tauraso [ST]). Let p # 2,5 be a prime and
let a € Zt. Then

paz_l(—l)k<2kk) = (%) (1-2F,. () (mod p?),

k=0

where {F), }n>0 is the Fibonacci sequence.

Remark. The congruence mod p? was proved by the author in [S09b].
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Conjecture A65 ([S09f]). Let p be an odd prime and let a € Z*. If
p=1 (mod 3) ora > 1, then

L%paJ (2k)

£ () e

k=0

Remark. The author [S09f] proved that Z,Eio/zj (2kk)/16k = (p%) (mod p?)
for any odd prime p and a € Z*.

Conjecture A66 ([S09f]). Let p be an odd prime and let a € Z*. If
p*=1,2 (mod 5), ora>1 and p # 3 (mod 5),

L%zz)SJ(_l)k(g:) _ ( pi ) (mod p?).

k=0
If p* =1,3 (mod 5), ora > 1 and p # 2 (mod 5), then

50 ()= (2) e

Thus, if p* = 1 (mod 5) then

> () =0 mod ),

$pe<k<ipe

,_
il

Conjecture A67 ([S09a, S10]). Let p be an odd prime. Then

b= ok <3k:

" k) = —3pq§(2) (mod p?),

k=1

and
= 1 _ [0 (modp?) if p=1 (mod 4),
p; k2K () { ~3/5 (mod p?) ifp=3 (mod 4).

We also have

(p—1)/2
25k — 3 -1 2\ 5p 9
=(— | —(-)—= (mod
P2 S (51) = (2) 7 moa

p—1
25k — 3 -1
2pz o () =3 <?) + (Ep—3 — 9)p? (mod p4).

and

Remark. Gosper announced in 1974 that Y ;- (25k — 3)/(2* (3:)) =m/2.

In [ZPS] Zhao, Pan and Sun proved that Zﬁ;i %(3:) = 0 (mod p) for
any odd prime p.
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Conjecture A68 (raised on Nov. 2, 2009 via a message to Number
Theory List). Ifn > 1 is an odd integer satisfying the Morley congruence

((nn—_l)l/Q) = (1)@ V24771 (mod n?),

then n must be a prime.

Remark. In 1895 Morley [Mo] showed that ((p’i_l)l/z) = (—1)1%141"_1 (mod p?)

for any prime p > 3. The author has verified the conjecture for n < 10%.

Conjecture A69 ([S09b]). If an odd integer n > 1 satisfies the congru-
ence

then n must be a prime.

Remark. The author [S09b] proved that if p is an odd prime then

(%)
2% = (—=1)»=Y/2 (mod p?).
0

3
5

>
Il

And he verified the conjecture for n < 10* via Mathematica. On the
author’s request, Qing-Hu Hou at Nankai Univ. finished the verification
for n < 10°.

Conjecture A70 (Discovered in 2007). Let p be a prime and let I,n € N
and r € Z. If n or r is not divisible by p then we have

o2, W)

k=r (mod p)
sty (L1 DO

Remark. D. Wan [W] proved that the inequality holds if the last term on
the right-hand side is omitted (see also Sun and Wan [SW]).

Conjecture AT71 ([S09b]). Let p be any prime and let v be an integer.

For a € N define
Sr(pa) = Z Ok

0<k<p®
k=r (mod p—1)
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Then, for any a € N we have
S, (p°2) = S, (p) (mod p(+dr2)(a+D)y,
Furthermore,

Sy (pa+2> — S5:(p?)

p(IH+3,,2)(a+1) +P(3pn2 + Gpeg) mod p*

does not depend on a € Z™T.

Conjecture A72 ([S09b]). Let p be a prime, and let d € {0, ... ,p} and
r € Z. For a € N define

2k
T (p*) = :
SESERD S e
0<k<p
k=r (mod p—1)
Then, for any a € N we have
T (p*+?) = T (p") (mod p*);
furthermore
T () - T (")
pa
does not depend ona € ZT. Ifa € N and d < p = 2, then
Tﬁd) (2a—|—2) = Tﬁd) (2a) (IIlOd 22a+2+5d,0(1—5a70)).
IfaeZt, de{0,1} and p =3, then

Tr(d) (3a—|—2) = Tr(d) (30,) (mod 3a—|—1+5d,1(1_5a,1)).

mod p

PART B. CONJECTURES THAT HAVE BEEN CONFIRMED

Conjecture B1 (raised in an early version of [S10], and confirmed by
Kasper Andersen). For any positive integer n, the arithmetic mean

6 = L nf(mk +8) (2:)3

n
k=0

1 always an integer divisible by 4(2:).

Remark. On Feb. 11, 2010, Andersen proved this conjecture by noting
that ¢, := sn/(4(2”)) coincides with

n—1 +I€—12
rn;zz<” ; )

k=0
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Conjecture B2 (raised in [S09¢], and confirmed by Zhi-Hong Sun). Let
p be an odd prime. Then

—

p—

2
Z ((—2)_k — 4"“) (2:) =0 (mod p)

k=0
and . )
Pk (3k _1)+1)/2
Z ggkr) E( )4 (mod pz).
k=0

Ifp=1 (mod 4) and p = 2% +y? with x = 1 (mod 4) and y =0 (mod 2),
then

p—1 (2k:)2 p—1 (2k:)2
g = (—16)F = (-1) (233 233) (mod p*)
k=0 k=0
and
- (zkk)Q p 2
kz_;) 2R :2:::'—2— (mod p?)

If p=3 (mod 4) then

=0 (mod p?).

Remark. In [S09¢] the author proved those congruences modulo p except
the first one.

Conjecture B3 (raised in [S09¢], and confirmed by Roberto Tauraso). Let
p be an odd prime. Then

2 (p—1)/2

Z G _ 12p? — 4 (mod p®) and Z k—C’? =4 —10p* (mod p?)
— 16k — 16k '
Also,
p—1 (4k)c
2k) VK _ 2
e = P (mod p7),
k=0
and

X (;Z)Ck (p—1)/2 2 2 .
Z = (-1)" 3P (mod p*) provided p > 3.

Remark. The author [S09e] showed that Zi;é C2/16% = —3 (mod p) for
any odd prime p, and his PhD student Yong Zhang proved the first and
the second congruences mod p?.
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Conjecture B4 (raised in [S09¢], and confirmed by Roberto Tauraso). Let
p > 3 be a prime. Then

p—1 (3k)(7 (p—1)/2 (3k)(7
k) k 2 k)2k _ P (P 2
2 ok =P (mod p*) and ,;_0 ok = 3 (3) (mod p*)

Conjecture B5 (raised in [S09¢|, and confirmed by the author’s PhD
student Yong Zhang). Let p be an odd prime. Then

(p—1)/2 ( 2k )2
S L = ()02 4 (8 4+ By ) (mod ).

k=0
If p > 3, then
(p—1)/2
C,C
Z b ’;H =8 (mod p?).
— 16

If p=1 (mod 4), then

S =0 (mod p).
k=0
If p=3 (mod 4), then
p—1
CrCri1 _
16 10 (mod p).

Remark. As for the first congruence in Conjecture B5, the author [S09e]
proved the congruence mod p and then his PhD student Yong Zhang
showed the congruence mod p?. Following the author’s recent method
in [S10], Zhang confirmed the congruence with the help of the software
Sigma.

Conjecture B6 (raised in [S09c|, and confirmed by the author’s PhD
student Yong Zhang). Let m € Z with m =1 (mod 3). Then

” (% nf %)) > min{vs(n), v(m — 1) — 1}

k=0

for every n € Z*. Furthermore,

i = (2:) m—1

for any integer a > vs(m — 1).
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Conjecture B7 (raised in [S09f], and confirmed by Hao Pan and the
author). Let p be an odd prime and let a € Z*. If p = 1 (mod 4) or
a> 1, then

12p%] (2K
2
= = (2) tmar

Conjecture B8 (raised in [S09h], and confirmed by the author’s former
student Hui-Qin Cao). If p is a prime with p = 11 (mod 12), then

> (5) i =0 o

k=0

Conjecture B9 (raised in [S09g], and confirmed by the author’s former
student Li-Lu Zhao (Hong Kong University)). Let m be any positive even
integer. If p is a prime with p — 113m, then

p—1 772
Hk,m

km

=0 (mod p),
k=1

where Hy, p, = 2?21 1/5m™.

Remark. The author [S09g] proved the congruence in the case 2p/3 <
m < p. For a prime p > 3 the author [S09g] established the following
basic congruences for harmonic numbers:

p—1 H p—1 p—1
k—QIZEO(modp), H? =2p —2 (mod p?), H? =6 (mod p),
k=1 k=1 k=1
and
p—1 H2
—5 =0 (mod p) provided p > 5,
k=1

where Hj denotes the harmonic number Z?:l 1/j.
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