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ABSTRACT. We collect here various conjectures on congruences made by
the author in a series of papers, some of which involve binary quadratic
forms and other advanced theories. Part A consists of 100 unsolved con-
jectures of the author while conjectures in Part B have been recently con-
firmed. We hope that this material will interest number theorists and
stimulate further research. Number theorists are welcome to work on those
open conjectures.

INTRODUCTION

Congruences modulo primes have been widely investigated since the
time of Fermat. However, we find that there are still lots of new challenging
congruences that cannot be easily solved. They appeal for new powerful
tools or advanced theory.

Here we collect various conjectures of the author on congruences, most
of which can be found in the author’s papers available from arxiv or
his homepage. We use two sections to state conjectures and related re-
marks. Part A contains 100 unsolved conjectures of the author while Part
B consists of conjectures that have been recently confirmed. Most of the
congruences here are super congruences in the sense that they happen to
hold modulo some higher power of p. The topic of super congruences is
related to the p-adic I'-function, Gauss and Jacobi sums, hypergeomet-
ric series, modular forms, Calabi-Yau manifolds, and some sophisticated
combinatorial identities involving harmonic numbers (cf. K. Ono’s book
[O]). The recent theory of super congruences also involves Bernoulli and
Euler numbers (see [S10]) and various series related to m (cf. [Zu]). Many
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congruences collected here are about Zz;é ar/m* modulo powers of a
prime p, where m is an integer not divisible by p and the quantity aj is a
sum or a product of some binomial coefficients which usually arises from
enumerative combinatorics.

For clarity, we often state the prime version of a conjecture instead of
the general version. The reader should consult the original papers for more
detailed information and related results.

Now we introduce some basic notations in this paper.

As usual, we set

N={0,1,2,...} and Z* =1{1,2,3,...}.

The Kronecker symbol 6,, , takes 1 or 0 according as m = n or not. The
rising factorial (z),, is defined by (x),, = Z;é (z+k), and (x)q is regarded
as 1. For an integer m and a positive odd number n, the notation ()
stands for the Jacobi symbol. For an odd prime p, we use ¢,(2) to denote
the Fermat quotient (2P~ — 1)/p. For a prime p and a rational number

x, the p-adic valuation of x is given by
vp(x) =sup{a € N: =0 (mod p*)}.

For a polynomial or a power series P(z), we write [x"]P(z) for the coef-
ficient of ™ in the expansion of P(zx). For kq,...,k, € N, we define the
multinomial coefficient

ki+---+k, . (k1+...+kn>!
Kiyoooskn ) kaleoky!

Harmonic numbers are given by

(n=1,2,3,...).

| =

Hy=0 and H, = Z
k=1

For n € N, C,, denotes the Catalan number n%rl(zr’f) = (2:) — (nzfl) and

07(12) stands for the (first kind) second-order Catalan number ﬁ(gg) =
(3") — 2(n3f1). Note that if p is an odd prime then

n

2k (2k)! p+1
(k):(k!>220(modp) foreveryk:T,---yp_l-

Bernoulli numbers By, B1, Bs, ... are rational numbers given by

& 1
By =1 and E <n+ )Bk:O forn € Zt ={1,2,3,...}.
k=0 k
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It is well known that B, 1 = 0 for all n € Z™ and

T > z"
i ;Bnm (Jz| < 27).

Euler numbers Ey, E1, Es, ... are integers defined by

Ey=1 and Z <Z)En_k =0 forneZ" ={1,2,3,...}.
2[k
It is well known that Es, 11 =0 for all n € N and

o0 2n

secx = nz_%(—l)"Egn (Zn)' (|a:| < g) .

For A, B € Z we define the Lucas sequences u,, = u,(A,B) (n € N)
and v, = v, (A, B) (n € N) as follows:

uo =0, uy =1, and u,y1 = Auy, — Buy—1 (n=1,2,3,...);
vo =0, v =1, and v,41 = Av, — Bu,—1 (n=1,2,3,...).

PART A. CONJECTURES THAT REMAIN UNSOLVED

Conjecture A1l ([S09¢|). Let p be an odd prime. Then

p—1 2%\ 3
(1)
422 — 2p (mod p?) if (
{O(modp if (

)=1& p=2a?+Ty? with z,y € Z,
) =—1, i.e, p=3,56 (mod 7).

RSN §S]

Also,

p—1 3
2k
s k(%)
k=0
:{ 8(3p — 42?) = 32y% — 8p (mod p?) if (2) =1 & p=2®+ Ty (v,y € 2),
p (mod p?) if (8) =-1.

Remark. (a) The first congruence modulo p can be easily deduced from
(6) in Ahlgren [A, Theorem 5]. M. Jameson and Ken Ono (at Wisconsin
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Univ.) are working on the the first congruence in Conj. A1l but they have
not yet proved it fully.

(b) Let p be an odd prime with (£) = 1. It is well known that p =
22 + Ty? for some z,y € Z. We ever wrote that the author was unable to
guess Zz;é k(%f)g mod p in the case (£) = 1 though we conjectured the
first congruence in Conj. Al on November 13, 2009. After reading this

remark, on Nov. 28, 2009 Bilgin Ali and Bruno Mishutka guessed that

P21 11y2/3 — 22 (mod p) if 3 |y,
Z ( ) {4(y ?—2?)/3 (mod p) if31y.

Since 22 = —7y? (mod p), we can simplify the congruence as follows:
— [2k\° 32 32
k =_42= 2 d p).
kz_o ( k) 5120 = Fu’ (mod p)

Note that the second congruence in Conj. Al is now a congruence mod p?.

By [S10, Theorem 1.3], this congruence follows from the first congruence
in Conj. Al.

Conjecture A2 ([S10]). For any prime p > 3 we have

(p—1)/2 2%\ 3
> (21k+8) ( k) =8p+ (—1)P~V/232p3F, 5 (mod p*).
k=0

If p is a prime and a is a positive integer with p® = 1 (mod 3), then

|.3p J 2]{3 3
Z (21k + 8) ( k) = 8p® (mod p@+>+(=D7),
k=0

Also, for each prime p > 5 we have

212114 8 p—1_ Hy,

12 , ,
kg zk » P2 (15p —6) + 5P B,_5 (mod p°).

Remark. (a) By [S10] the first congruence in Conj. A2 has the following
equivalent form:

(p—1)/2

21k — 8
2

k=1 kg(Qkk)g -

= (-1 )(p+1)/24E (mod p) (for any prime p > 3).
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Note that Y5°, (21k — 8)/ (k3 (2)") = ¢(2) = 72/6 by [Z] or [PP, (7)].

(b) The author [S10] proved that for any prime p and positive integer
a we have

1A 2%\ >
e > (21k + 8) ( i ) =8+ 16p°B,_3 (mod p*),
k=0

where B_; is regarded as zero, and By, By, Bs, ... are Bernoulli numbers.
(When p > 5, the congruence even holds mod p® if we replace 16p3 Bp 3 by
—48pH,,_1.) See Conj. Al for our guess on » ,_ ( ) and > p_ ( )
mod p?. We also conjecture that any integer n > 1 satisfying the Congru—
ence ZZ;& (21k + 8) (2}5)3 = 8n (mod n*) must be a prime; this has been
verified for n < 10%.

Conjecture A3 ([S09e, S10]). (i) Set

1 — 4k
o = (35k +8 81" 17F fornezZt.
T dnn+ 1) () kz )<kkkk) !

(Note that a1 = 1/3 and (4n + 6)a,+1 = 81na, + (351 + 8) (Q”n_l)% for
n=1,2,3,....) Then a, € Z unless 2n + 1 is a power of 3 in which case
3a, € Z\ 3Z.

(ii) Let p be a prime. If p > 3 then

—235k+8( Ak )58(m0dp3) for all a € Z7.

81k  \k,k,k, k
If (5) =1,4.e,p=1,2,4 (mod 7), then
p—1 —1 4k )
) £
k=0
and

3Zk< ) —52 kg:k (mod p?).
If (8) = =1 and p # 3, then
p—l( 4k )

kkkk) 2
kz_o L =0 (mod p“).

(iii) We have

oo

k
Z (35k —8)81" _ . 5
k=1 (k:k:k:k:)
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Conjecture A4 ([S09¢, S10]). (i) Set

n—1 2
1 2k\ ° /3k
a, = 11k + 3 64"k forn e zt.
ey o) (e s

k=0

(Note that a1y = 1/2 and (2n + 3)an4+1 = 32na, + (11n + 3) (2”71_1)0,(@2) for
n=1,2,3,....) Then a,, € Z for everyn =2,3,4,....
(ii) Let p be an odd prime. Then

’S ) ()
64k
_{ 2?2 — 2p (mod p?) zf(%)—l & 4p = 2% + 1132 (z,y € Z),

0 (mod p?) if (&) =—1, i.e., p=2,6,7,8,10 (mod 11).

=

Furthermore,

11k + 3 [ 2k 3k 7
P Z e ( ) (k) =3+ 5p°By-s (mod p') for all a € Z*.
(iii) We have
2 (11k — 3)64F
e =
k=1 ks(k) (k)
Also, if p > 3 is a prime then

(p—1)/2 k
11k — 4 4
E —( 3k2k 23); = 32¢,(2) — %szp_g (mod p3),
k=1 K (kz) (kz)

where q,(2) = (2P~ — 1) /p.

Remark. 1t is well-known that the quadratic field Q(v/—11) has class
number one and hence for any odd prime p with ({5) = 1 we can write
4p = 224+ 11y? with z,y € Z. The only known result about the parameters
in the representation 4p = x? 4+ 112 is the following one due to Jacobi
(see, e.g., [HW]): If p = 11f + 1 is a prime and 4p = 2% + 11y? with

x =2 (mod 11), then z = (g;) (3;[)/(;1;) (mod p).

Conjecture A5 ([S09e, S10]). (i) For n € Z* set

U = m ni(mk + 3) (2:) 2 (3:) gn-1i=k,

k=0



OPEN CONJECTURES ON CONGRUENCES 7

(Note that a; = 1/2 and (2n + 3)an+1 = 4na, + (10n + 3) (2”7:1)01(12) for
n=1,2,3,....) Then a, € Z for alln =2,3,4,....
(ii) Let p be an odd prime. Then

—1 2

< G ()
[ 42?=2p (mod p*) if (3})=1& p=2a®+2y° (x,y € Z),
:{ 0 (mod p?) if (32) = -1.

Also, for cmy a € Z* we have

10k 3 (2K 3k 49
_Z + ( )(k)—3+§po3(modp)

(iii) We h(we
i (10k — 3)8% 72
TN TN
=1 K (215) (315) 2
Conjecture A6 ([S09¢, S10]). Let p > 3 be a prime. If p =1 (mod 6)
and p = 2% + 3y? with z,y € Z, then
SYN k(G
k) — 4.2 _ 2
kZ:O LGF = 42% — 2p (mod p?) andz 6k :p—?(modp).
If p=>5 (mod 6), then

p—1 (2k:)3 2k:)3 )
k = _ —
kZ_O 16 0 (mod p*) and Z 168 3 (mod p°)
Furthermore
"3k 11 s 7, , N
_Z T16F < ) :1+6po—3(m0dp)forallan,
and
(p—l)/Z (2k)3 _1
>, Gkt =p+2 (—) p*E,p_3 (mod p*).
k=0 p
Also,
n—1 Qk L
(3k+1) 16” €Z foralln=23,4,....
n k=0

Remark. The author [S09e] determined 7 _ (Qk) /16”C mod p. Note that

ap = 1/4 and (2n + 1)ap4+1 = 8na, + (3n + 1)(2"n 1) forn=1,2,3,....
Also, the first identity of J. Guillera [G3] in the case a = 1/2 gives

S (3% — 1)16% /(K (%)°) = 72 /2.
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Conjecture A7 ([S09¢, S10]). Let p be an odd prime. Then
—_ 3 )
pzl (215) _ 422 — 2p (mod p?) ifd|p—1&p=2>+y? (21 2),
(=8)F

— 0 (mod p?) if p=3 (mod 4).
Also,
o 8 (2
(3k 4 1) & s =D (—) +p*E,_3 (mod p*)
— (—8) p

and furthermore

1 = 2%\
ay, = o (3 Z(Z%k—i—l)(k) (—8)”_1_k €eZ" foralln=234,....
n(n) k=0

Remark. Note that a; = 1/4 and (2n+1)a,+1+4na, = (3n+1)(2" 1) for
n=1,2,3,.... Also, the third identity of Guillera [G3] with a = 1/2 gives

S oo Bk — 1)(—=8)%/ (k3 (Zkk)g) = —2@G, where G is the Catalan constant
defined by G = Y77 ((—1)%/(2k + 1)? = 0.915965594 . ...

Conjecture A8 ([SlO]) (i) Forn € Z" set

-1
2k\? [ 3k
ETETE Z 5k+1< ) (3k)(—192)”—1—k.
n

k=

(Note that a; = 1/6 and (2n + 3)an+1 + 96na, = (5n + 1)(2”7:1)01(12) for
ne€Zt.) Then a, € Z forn =2,3,4,... unless 2n+ 1 is a power of 3 in
which case 3a, € Z \ 37Z.

(ii) Let p > 3 be a prime. Then

ipaz‘l 5k+1 [(2k\2/3k
pe & 102\ k) \ &

k

(%) (mod p?) for any a € Z.

We also have

1 2
pz (%) (i?
24 (—192)
_{ 22 —2p (mod p?) ifp=1 (mod 3) & 4p = 22 + 27y? (z,y € 7Z),
~ | 0 (mod p?) if p=2 (mod 3).

Remark. Tt is well known that for any prime p = 1 (mod 3) there are unique
x,y € ZT such that 4p = 22 + 27y? (see, e.g., [C]). Also, Ramanujan [R]
found that

S (6ke1) ( 16) /2 (1({:;?(2/3% -y (5—7332)1’“ (2:)2<3:) -

k=0 k k=0
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Conjecture A9 (Discovered on March 23, 2010). Let p > 3 be a prime.
Then

o (1) ()

(—96)3k
k=0
| (G)(@® =2p) (mod p?*) if ({5) =1 & 4p = a® + 19y? (2,y € Z),
~ | 0 (mod p?) if (5)=—1.
Also,
p—1
342k + 25 (6k 3k —6 3
_— =20p | — d .
> o (o) () =22 () oot
Furthermore, for any n = 2,3,... we have

n—1
1 6k 3k
= 342k + 25)(—963 ”—1—k< ) ( ) </
T e+ 1) () kz_o( (=96 3k ) \k, &, k

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. 1t is well known that Q(1/—19) has class number one and hence
for any odd prime p with ({5) = 1 there are unique positive integers
and y such that 4p = 22 + 19y2. D. V. Chudnovsky and G. V. Chunovsky
[CC] obtained that

i342k+25 6k\ [ 3k \ _ 32V6
— (=96)% \3k)\k.k,k) 7w

See also [BB] and [G5] for more Ramanujan-type series involving 1/7.

Conjecture A10 (Discovered on March 23, 2010). If p > 5 is a prime,
then

p—l 3k
Z 3k k:k:k:)
— —960)3F

_{ (%)(w2 —2p) (mod p?) if (f3) =1 & 4p =2?+43y° (v,y € Z),
~1 0 (mod p?) i ()= 1
Also, for anyn = 2,3,... we have

n—1
6k 3k
= (5418 + 263)(—960° "—1—k< )( )eZ
2n(2n + 1) (*") kzzo )(=960°) 3k) \k, k, k
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unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 3Z.

Remark. It is well known that Q(1/—43) has class number one and hence
for any odd prime p with (f5) = 1 there are unique positive integers x
and y such that 4p = 22 4+ 43y%. D. V. Chudnovsky and G. V. Chunovsky
[CC] showed that

i 5418k + 263 (6k\ [ 3k 640\/7
£ (=960)% \3k)\k,k,k) ~ 37
and Zudilin [Zu] suggested that for any prime p > 5 we should have

1

p
5418k + 263 (6k\ [ 3k ~15 .
0210k + 265 = 263p [ — d p*).
< (—960)%* <3k) (k:k:k:) p( p ) (mod #7)

e
Il

Conjecture A1l (Discovered on March 24, 2010). Let p > 5 be a prime
with p # 11. Then
3
k=0
_{ (=229)(2? — 2p) (mod p?) if (&) =1 & 4p=a?+67y* (z,y € Z),
0 (mod p?) if (&

Also,
p—1
261702k + 10177 [ 6k 3k —330
=10177p [ —— d p?).
,Z; (—5280)7 (%) <k k, k) P < p ) (mod #7)
Furthermore, for any n = 2,3,... we have
n—1
1 6k 3k
U = 261702k-+10177)(—5280° ”—1—k< )( ) cZ
2n(2n + 1) (*") kz_o( ) ) 3k) \k, k., k

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. It is well known that Q(1/—67) has class number one and hence
for any odd prime p with (&) = 1 there are unique positive integers 2 and
y such that 4p = x? + 67y%. It is known that (cf. [CC] and [G5])

> (261702k + 10177)(—1)*(1/2)4(1/6)4(5/6)
> 4403%

Z 261702k + 10177 6k\ [ 3k \ _ 3 x 440
—5280)3 3k) \k,k, k) 7330

k=0
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Conjecture A12 (Discovered on March 24, 2010). Let p > 5 be a prime
with p # 23,29. Then

p—1 3k )
k:,k:,k:
640320 (—640320)3F
k= 0
(= 10005 —2p) (mod p?) if (163) =1 & 4p = 22 +163y? (z,y € Z),
0 mod p?) if (183) = —1.
Also,
p—1
545140134k + 13591409 [ 6k 3k —10005
= 13591409 d p?).
£ (~640320)F <3k) (k k, k) b < P ) (mod p)
Furthermore, for n = 2,3, ..., if we denote by a, the number

_ k k
Z (545140134k-+13591409)(—6403203)" 1+ (6 )( 3 )
k=0

2n (2n+1 3k ) \k, k. k)’

then a,, € Z unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.

Remark. It is well known that the only imaginary quadratic fields with
class number one are those Q(v/—d) with d = 1,2,3,7,11,19, 43,67, 163.
For any odd prime p with (163) = 1, there are unique positive integers x
and y such that 4p = 2+163y%. D. V. Chudnovsky and G. V. Chudnovsky
[CC] got the formula

i 545140134k + 13591409 <6k:) ( 3k ) 3 x 533602

it (—640320)3* 3k ) \k,k,k) ~ 27/10005

which enabled them to hold the record for the calculation of 7 during
1989-1994.

Conjecture A13 ([S09e, S10]). (i) Forn € Z* set

2n(2n i 1)) nz_:l(l% +4) <2:) 2 <3:) (—27)n1k,

k=0

(Note that a1 = 1/3 and (4n + 6)an+1 + 27Tna, = (15n + 4) (2”7:1)07(?)
forn € Z%.) Then a, € Z unless 2n + 1 is a power of 3 in which case
3a, € Z\ 37.
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ii) Let p > 3 be a prime. Then
(ii) Let p »

pi()

43: —2p (mod p?) ifp=1,4 (mod 15) & p = 2% + 15y? (v,y € Z),
=¢ 2022 —2p (mod p?) if p=2,8 (mod 15) & p = 522 + 3y? (x,y € Z),
0 (mod p?) if () = —1.

Also, for any a € Z* we have

5 G () (£)=4(5) ot

k

(iii) (Discovered on April 1, 2010) We have

2. (15k — 4)(—27)*

— = 27K,
= I CUN Y

K:=1L (2, <—)) =) =3 =0.781302412896486296867187429624 . .. .

Remark. Let p > 5 be a prime. By the theory of binary quadratic forms
(cf. [Q]), if p = 1,4 (mod 15) then p = 2% + 15y for some z,y € Z; if
p = 2,8 (mod 15) then p = 522 + 3y? for some x,y € Z. On April 1, 2010,
the author also conjectured that

P! 5/<; + 1 Ak
k:O

p(2) (mod )

for any prime p > 3, and that

= (5k —1)(—144 45
> LoDk

=1 R 2’“) () 2

which converges more slowly than the series in Conj. A13(iii).
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Conjecture A14 ([S09e, S10]). (i) Forn € Z* set

n—1

o 200 () (e

=0

and

1 nt Ak
b, = S8k +1 482(n—1=k)

(Note that a1 = 1/6 and by = 1/12. Also, (2n + 3)an+1 = 108na, +
(6n + 1) (>~ 1)C<2> and (2n + 3)bpi1 = 1152nb,, + (8n + 1) (") S22 for
alln € Z7.) Given an integer n > 1, we have ay,, b, € Z unless 2n —|— 1 s
a power of 3 in which case 3ay,,3b, € Z \ 37.

(ii) Let p > 3 be a prime. Then

SN

63k
k=0

422 — 2p (mod p?) if p=1,7 (mod 24) & p = 2% + 6y* (z,y € Z),
8x2 — 2p modp ) ifp=5,11 (mod 24) & p = 222 + 3y? (z,y € Z),
(mod p?) if (5°) = —1ie, p=13,17,19,23 (mod 24);

’S (k)

2k
— 48

422 —2p (mod p?) ifp=1,7 (mod 24) & p = 2% + 6y> (z,y € 7Z),
={ 2p—42? (mod p?) ifp=>5,11 (mod 24) & p = 22% + 3y? (v,y € 7Z),
0 (mod p?) if (52) = —1i.e, p=13,17,19,23 (mod 24).

Also, for any a € Z™ we have
L6k 1 3k p*
2 () () = () o

i(pa_zlm%-i—l Ak
pr A A8 \kkkk

"8k 1 4k _(p 9
e Z T <kkkk) - <§) (mod p7).

and
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Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if p = 1,7 (mod 24) then p = z? + 6y* for some
x,y € Z; if p=>5,11 (mod 24) then p = 222 + 3y? for some z,y € Z.

(b) Ramanujan [R] found that

i“)”“ 1)(1/2),6(1/3),42/3),@ _ i 6k + 1 <2k)2<3k) 33

k(13 3k
— 2k(1); — 6 k k T

and

= (1/2)k(1/0)k(3/Dr  ~~8k+1( 4k _2V3
1;0(8“1) Ok (1)3 _Z::O 137 (kkkk) T
(

Conjecture A15 ([S10]). (i) For n € Z*t set

n—1

1 4k o1
Ay, = 2n(@n + 1)) Z(QOk-i- 3) (k, Kok k) (—210)n—1-k

n k=0

(Note that a; = 1/4 and (2n+ 3)an+41 + 512na,, = (20n + 3) (2”7:1) % for
n € Z*.) Then (—1)""ta, € ZT for alln =2,3,4,....
(ii) Let p be an odd prime. Then

— 20k + 3 4k B -1 3 4
Z —210)F (kkkk) = (?)+3p Ep—s (mod p7),

and
(p—1)/2
20k +3 ( 4k —1Y /b _
> 210k (k " k) =p (?) (277 +2— (2771 = 1)?) (mod p*)
k=0 Y Y Y

provided p > 3. We also have
k=0
422 — 2p (mod p?) if p=1,9 (mod 20) & p = 2% + 59? (z,y € Z),
=< 2(p—2?) (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (v,y € Z),
0 (mod p?) z'f(—f) = —1, i.e., p=11,13,17,19 (mod 20).

Remark. Let p # 2,5 be a prime. By the theory of binary quadratic forms
(see, e.g., [C]), if p = 1,9 (mod 20) then p = 22 + 5y? for some x,y € Z; if
p = 3,7 (mod 20) then 2p = 22 +5y? for some x,y € Z. Note also that the
second congruence mod p3 in part (i) has been obtained by W. Zudilin
[Zu] as a p-adic analogue of the Ramanujan series

i20k+3 4k N\ 8
(—210)% \ k. k. b, k) 7

k=0
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Conjecture A16 ([S10]). (i) For n € Z*t set

n—1

1 4k
= 10k +1 124(n—1-k)
T GnEn+ 1) (™) ;0( )(k:, k, k, k:)

(Note that a; = 1/12 and (2n+ 3)a,+1 = 10368na, + (10n+ 1) (2nn_1) Con

2
forn € ZT.) Given an integer n > 1, we have a,, € Z unless 2n + 1 is a
power of 3 in which case 3a,, € Z\ 3Z.
(ii) Let p > 3 be a prime. Then

p—1
10k + 1 ( 4k ) (—2) 3
—_— =p|— mod p°).
Z 124k \k,k,k, k P ( )

We also have

o G
D s
k=0

422 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 22 + 10y? (z,y € Z),
={ 2p— 822 (mod p?) if p=17,13,23,37 (mod 40) & p = 22% + 5y? (x,y € 7Z),
0 (mod p?) if(_Tw) =—1, die., p=3,17,21,27,29,31, 33,39 (mod 40).

Remark. (a) Let p > 5 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if (5° 2) = (L) = 1 then p = 2% + 10y? for some

D,
x,y € Z; if (_ )= (%) = —1 then p = 222 + 5y for some z,y € Z.
(b) Ramanujan [R] obtained that

> (1/2)k(1/H)r(3/4)r =10k +1 [ 4k 9v/2

1 1 = - - V=
;_30( Ok + D) =—51)2 > —om kokk k)~ dx
Conjecture A17 (Discovered on March 23, 2010). Let p > 3 be a prime.
Then

pzl (kkkk)
k—0< 21034)1:
422 — 2p (mod p?) zf(f) = (_71):1 & p=az%+13y?,
={ 2p—22? (mod p?) zf(f) = (_71):—1 & 2p = x? + 13y2,
0 (mod p?) if () =—-(5)).
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We also have

1
260k + 23 4k -1 5)
i (aia) =20 (5) + 3 oot

p

82944)k \ k, k, k, k 3
k=0
Furthermore, forn =2,3,4,... we have
1 — 4k
ap = (260k + 23 —82944)" 17k c 7
2n(2n + 1) (>") ,; >(k, k,k, k)( )

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.

Remark. Ramanujan (cf. [Be, p.353]) found that

oo

(260k + 23)(1/2)x(1/4)k(3/4)r  ~= 260k +23 [ 4k T2
> Cumi (k)

}13182k T £ (—82944)F \ k, k., k, k
k=0 k=0

Conjecture A18 (Discovered on March 23, 2010). Let p > 3 be a prime
with p # 11. Then

pi (s k)
15842

422 — 2p (mod p?) zf(%) :(%) =1& p=a?+ 2242
={ 2p — 8x? (mod p?) zf(%) :(%) =—1 & p =227 + 11y?,
0 (mod 2) i (=) = —(2).

We also have

p—1
280k +19 [ 4k ,
> (k;k;k;k;) = 19p<11) (mod p7).

— 15842k
Furthermore, for n = 2,3,4,... we have
._ 1 — 4k 2(n—1—Fk)
an = o 0 ;(28% +19) (k . k) 1584 €Z

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. Ramanujan (cf. [Be, p.354]) found that

(280K +19)(1/2)k(1/4)k(3/4)k i 280k +19 [ 4k 2% 99
k13992k B 15842% \k, k. k, k)  ny11

T
)

k=0
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Conjecture A19 (Discovered on March 23, 2010). Let p > 3 be a prime
with p # 7. Then

p—1 ( 4k )
Z k.,k,k,k
(_210214)1:

k=0

422 — 2p (mod p?) zf(%) = (_71):1 & p=x?+37y%,
={ 2p—22? (mod p?) zf(%) = (_71):—1 & 2p = 2% + 37y?,
0 (mod p?) if (550) =
Furthermore, for n = 2,3,4,... we have
1 — 4k 100 14\n—1—Fk
= o+ ) ;(214601:: + 1123) (k bk k) (—21021%) Y/

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. Ramanujan (cf. [Be, p.353]) found that

>, (21460k + 1123)(—1)*(1/2)5(1/4)1(3/4)1
k138822

k=0

_ Z 21460k +1123 [ 4k 23212
210214k \ K,k k, k) '

™

Conjecture A20 ([S10]). Forn € Z* set

n—1

= +11> @ > (51k+7) (2:) 2 <3:) (—123)n1-k,

n k=0

(Note that a1 = 7/6 and (2n+ 3)an+1 +864na, = (51n+7) (2”7:1) c$? for
n € Z*.) Given an integer n > 1, we have (—1)""ta, € Z* unless 2n + 1
is a power of 3 in which case 3a,, € Z \ 3Z.

(ii) Let p > 3 be a prime. Then

1 5 51k +7 2K\ (3k\ _ _ (p° ) N
- Z 159k < ) <k)_7<3) (mod p®) for anya € Z™.

We also have

p-1 (2k)2(3k)
x? —2p (mod p?)  4f (
=< 2p—3z% (mod p?) if (
0 (mod p?) if (

=1& 4p = 2? +51y? (z,y € Z),
=—1& 4p = 322 + 17y? (v,y € Z),

)

wie wie wik
N

Il

—~~

Sk Sk

s ~— —

~—
||
/\
i
IN|
~—
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Remark. (a) Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if (§) = (&) = 1 then 4p = 22 + 51y for some
z,y € Z; if (§) = (&) = —1 then 4p = 3z + 17y for some z,y € Z. (b)
Ramanujan [R] obtained that

= (1/2)x(1/3)s W3 — 5lk+7 (2k\” 3K\ 12V3
;(51“7) 160K kz_o 1o ( )(k)_ —.

Conjecture A21 (Discovered on March 23, 2010). Let p > 3 be a prime
with p # 11. Then

”i (i es)
3964

>) =
={ 2p —8z% (mod p?) zf(%) = (_72) = -1 & p=22"+29y~,
0 (mod p?) i (555) = -1
Furthermore, forn = 2,3,4,... we have
._ 1 — 4k A(n—1—Fk)
an = 2n(2n_+]J(ij)22%(26390k-+1103)(k " k)396 ez

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. Ramanujan (cf. [Be, p.354]) found that

ﬁ;i(26390k—%1103)(1/2)k(1/4)k(3/4)k

13994k
k=0

26390k +1103 ( 4k Y\ 997
B 3964k k ok kk)  2my/2

k=0

Conjecture A22 (Discovered on March 26, 2010). Let p > 3 be a prime.
Then

p—1 (2k\2 3k
> el
k=0
z? —2p (mod p?)  if (§) = (&) =1 & 4p = 2 + 123y,
=¢ 2p—32% (mod p?) if (B) = (L&) =—1& 4p = 322 + 41y?,
0 (mod p?) if (153) = —1.
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Also,
p—1 2
615k + 53 [ 2k 3k P 3
- =5H3p|= d .
kz_o (—48)3* (k;) (k;) p(g) (mod p)
Furthermore, forn = 2,3,4,... we have

= m g(ﬁlM +53) (2:) 2 (3:) (—48)3(n—1-k) ¢ 7

unless 2n + 1 is a power of 3 in which case 3a,, € Z \ 3Z.

Remark. Tt is known (cf. [G5]) that

o~ (615 +53)(—1)*(1/2):(1/3)k(2/3)x
L13910k

Z615k:+53 2k\ " (3k\ _ 96v3
48)3k k) m

Conjecture A23 (Dlscovered on March 26, 2010). Let p > 5 be a prime.
Then

ey
3k
k:O 300
2? —2p (mod p?)  if (§) = (&) =1 & 4p = 2* 4 26747,
2p 3z* (mod p®) if (§) = (éig) = —1 & 4p = 32* + 89y?,
(mod p?) f ( 7) =
Furthermore, forn =2,3,4,... we have
n—1 2
1 2k 4k
p = —— > (14151% + 827 —300)3(n=1=R) ¢ 7
) 25 () ()

unless n — 1 is a power of 2 in which case 2a, is an odd integer.
Remark. Tt is known (cf. [G5]) that

. (14151K + 827) (= 1)*(1/2)x(1/3)(2/3)x
2. k!35002k

k=0
_214151k:+827 2k\? (4k\  1500v/3
3003k \ k) \2k) 7

and W. Zudilin [Zu] suggested that for any prime p > 5 we have

P71 14151k + 827 <2k)2 <3k

(=300 \ k k) =527p () (mod 1)

e
Il

0
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Conjecture A24 ([S10]). (i) For n € Z*t set

n—1
1 4k
= 28k + 3 —3 x 212)yn—1-k
Y n(an + NG kz_o( >(k, k, k, k)( x27)

(Note that a1 = 1/4 and (2n + 3)ap4+1 + 6144na,, = (28n + 3)(2"51)%
for n € Z*.) Then we have (—1)""a, € ZT for alln =2,3,4,....
(ii) Let p > 3 be a prime. Then

p—1
28k + 3 4k D 3
;;) —3 x 212k (k k, k k) 3P (5) (mod p).

We also have

p—1 )
3><212
1e/6)(42% — 2p) (mod p?) if 12[p—1 & p=a®+y* 4|z —-1& 2]y),
—4my:cy modp) if12|p—5&p=a2+y> A4|z-1&2]y),
0 (mod p?) if p=3 (mod 4).

Remark. Ramanujan [R] obtained that

> (1/2)x(1/4) 3/4 = 28k +3 4k 16v/3
kz_o(28k+3) i Z < )

(=3 x 212)k \ k, k, k., k 3r
rdl

Conjecture A25 (Discovered on March 23, 2010). Let p > 5 be a prime.
Then

p—1 4k

S )

k=0
e(x)(4z? —2p) ifd|p—1, (B)=1, p=a?+y*> & 21z,

={ 4ay (mod p?) if4|p—1, (8)=—1, p=22+y2 &5tz —y,
0 (mod p?) if p=3 (mod 4),

where e(x) takes —1 or 1 according as 5 | © or not. We also have

p—1
644k +41 [ 4k -5
=4lp | — d p®).
;;) —21315)F <k ko k, k) p( P ) (mod p)
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Furthermore, for n = 2,3,4,... we have
1 — Ak
Uy = 644k 4 41 —2M3i5)n—1-k c 7
2n(2n +1)(3") ,;)( )<k:, k, k, k:)< )

unless 2n + 1 is a power of 3 in which case 3a,, € 7\ 37Z.

Remark. Ramanujan (cf. [Be, p. 353]) found that

(1/2)1(1/D)r(3/4)r 644k+41< 4k )_ 288

644k + 41 = _oldqdr\k o ’
kz_o( + ) k'3(—5)k722k — <_214345)k k,k,k,k W\/g

Conjecture A26 ([S10]). (i) Forn € Z* set

n—1
6k 3k
(154k + 15) —ol5yn—1-Fk
sy 2 (154K + 9 56) (1 o) 2

10n(2n +1)(

n

(Note that a; = 1/4 and (4n + 6)an,+1 + 32768na, = (124n+3) (6" 1)0(2)
for n € Z*.) Given an integer n > 1, we have (—1)""ta, € ZT unless
2n + 1 is a power of 5 in which case 5a,, € 7\ 57Z.

(ii) Let p > 3 be a prime. Then

p—1
154k +15 (6k\ [ 3k \ _ —2 ;
Z —oT5) ( )(k:,k:,k;) :15p( 5 ) (mod p°).

=0

We also have

o (1) (o)

(_215)k
k=0
[ GH)(@® =2p) (mod p?) if ({f) =1 & dp = 2® +11y* (z,y € Z),
~ | 0 (mod p?) if (&) =-1, i.e., p=2,6,7,8,10 (mod 11).

- (—27)F (1/2),(1/6)5(5/6)x o= 154k + 15 (6k\ [ 3k 32v2
Z<28k+3) 29k ) (1)% _Z (_215)k (3]{7) (k? k k?) T

k=0
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Conjecture A27 ([S09e, S10]). Let p =1 (mod 4) be a prime. Then

(p—1)/2 3
Ak +1 (2K )
E — =0 d p*).

When p > 5 we also have

3

— 2a
g k =0 (mod p**) foralla=1,2,3,....
P 64

Remark. Let p be an odd prime. Rodriguez-Villegas [RV] conjectured that

> o =alp) (mod p?),

where the sequence {a(n)},>1 is defined by

> am)g"=q ] -q")°

This was proved by many authors, see, e.g., E. Mortenson [M2]. Ishikawa
[1] pointed out that if p = 2% + y* with x odd and y even then a(p) =
422 — 2p by the Jacobi-Macdonald formula. The author [S10] showed that

Zp/2<k<p(4k +1 )(Qk)3/64k = 0 (mod p*) if p = 3 (mod 4). He also
determined YP_1 k3 (Qk) /64F modulo p.

Conjecture A28 ([S09¢, S10]). Let p be an odd prime. If(_?Q) =1 (i.e.,
p=1,3 (mod 8)) and p = x2 + 2y? with x,y € Z, then

SRR A 2
;;) (_%4)k = <?) (41' —2p) (mod p~)

and

0
kzo(_64)k—0( d p”)
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and

Z k;;jfkk =0 (mod p*) provided p # 7.

and

p—1
40k + 3 4k B P ) .
Z; 284+ Qahk%)‘*$(s)<mmip> provided p # 7.

Moreover,

n—1
0y = > (40k +3) k) ggatn—1-k)
" 2n(2:) e k. k, kK

are integers for allm = 2,3,4,....

Remark. (a) E. Mortenson [M4] proved the following conjecture of van
Hamme [vH]:

(p—l)/2 _1/2 3
Z (4k + 1)( f ) = (=1)»=Y/2p (mod p*) for any odd prime p.
k=0

Note that (_2/2)3 = (Qkk)S/(—Gél)k for k=0,1,2,.... In [S10b] the author
proved that
n—1 3
2 2k
2n< :) > (dk+1) ( i ) (—64)n 1k
k=0

for all n = 2,3,.... On March 5, 2010 the author showed that the fifth
congruence in Conj. A28 is equivalent to the second one in Conj. A31.

By [S10], for any odd prime p we have }_ ;. (4k + 1)(21161‘3)3/(—64)”C =
0 (mod p*).
(b) It is known (cf. [G5] and [G2]) that

LAk 412K\ 2 N (4k — 1)(—64)"

S AL () 2w YR

= (764 i = K

where G := Y77 (—1)%/(2k + 1)? is the Catalan constant. Ramanujan
(cf. [Be, p.354]) found that

- (1/2)k(1/4)r(3/4)r =40k +3 [ 4k 49
4 p— _— = —.
I;)( 0k + 3) L1374k kz_o 28%  \ k. k. k, k 313
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Conjecture A29 ([S10]). Let p be an odd prime. If p = 1,3 (mod 8),

then .
.

16k +3/ 4k ,

v T = d p?).

;0 256+ (kkkk) 0 (mod p7)

If p=1 (mod 4), then
p—1
36k +5 (6K [ 3k ,
—_— =0 d p).
kz_o 123k <3k:) (k k, k) (mod p7)

Remark. A related conjecture of Rodriguez-Villegas [RV] partially con-
firmed by Mortenson [M2] states that for any prime p > 3 we have

IS (klj];;k) _ 422 — 2p (mod p?) if (_72) =1&p=122+2y* (z,y € Z),
256 | 0 (mod p?) if (=) = —1, i, p=5,7 (mod 8),

and

p—1 (6k\( 3k p—1
Z (Sk) (k:k:k:) _ Z : (6k)! 1798k

— 123k —~ 3k)!(k!)3
_{ (§)(4z® = 2p) (mod p*) if4|[p—1&p=a®+y* (212, 2|y),

Conjecture A30 (The first and the second congruences were discovered
during March 13-15, 2010 while all the others were discovered during Feb.
24-26, 2010). Let p > 5 be a prime. If p > 7 then

- &)
Y =S H, Zkg mod p)

k=1 p

We also have

p—1 p—1
1 H,, 7 1 7 )
- = — =——pB,_ d
2 T ap s a5t el v
(p—zlf/z (_1>k . o
s~ = —2B,_3 (mod p),
= R0
(p—1)/2
(=DF 2K\ 56
B d
; 2 (g ) = 15PBr-s (mod p°),
(p—1)/2 (2k:)2 7
> k'{6k = 2Hp-1;2— 5P ’B)3 (mod p°),
2
(%) 21

— 4
Z 16k = —?Hp_l (mod p*).
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Remark. 1t is known that H, 1/p* = —B,_3/3 (mod p) for any prime
p > 3 and 22;1 1/k* = —8p?B,,_5 (mod p?) for each prime p > 5, and

that
§OO: CUE_ ——c EOO: = <4>-
b ()

k

%2
for any prime p > 5. Tauraso conjectured that > 7_ ( ) /(k16%)
—2H(;,_1y/2 (mod p 3) for each prime p > 3. During March 6-7, 2010 the
author proved that the third, the fourth and the fifth congruences in Conj.
A30 are pairwise equivalent and that

Also, [T, Theorem 4.2] implies that S"P_] (1" (Qkk) = —%po 3 (mod p?)

8
% = (—1)(p+1)/2 ngp_g (mod p?)
k=1
and

(pzlf/2 1 4

= (—1)?P"V2_F 5 (mod p)
2k ( p—3
= B0 3

for any prime p > 3. Mathematica (version 7) yields

oo  (2k
(k) —410g2—§
™

k=1

where G = > "7 ,(—1)¥/(2k + 1)? is the Catalan constant.

Conjecture A31 (Discovered during March 5-16, 2010, see [S10]). Let p
be an odd prime. Then

p T <?;)—1—p%@)+pE%3@wdp)
k

1k CE)

>
I

Also,

2 2k -1)(?)

k=1

= E, 5+ (~1)*Y/ — 1 (mod p),

which is actually equivalent to

2k
p/2<k<p
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If p > 3, then

”i 4k 4g,(2)

+ = —2¢;(2) + pB,_3 (mod p?)
k P
R g
and
2k (p—1)/2 K
(%) _ P Z 16 _Pp 2
> G =3 or @R = 3lp—s (mod p7).
/ahen (2k +1)16 8 —  k(2k — 1)(k) 3

Remark. Tt is known that Y~ 2k/(k(2kk)) = 7/2. Also, the first congru-
ence is known to hold mod p? (cf. [T]). On April 20, 2010 the author noted
that Mathematica yields Y oo 4% /(k(2k — 1) (Qkk)) = 4G where G denotes
the Catalan constant >~ (—1)¥/(2k 4+ 1)%. Glaisher (cf. [Ma]) got the
formulae Y32 o (3F) /((2k+1)4%) = 7/2 and S50, 4% /(K2 (°F)) = n2/2. R.
Sprugnoli [Sp] showed that > 7o, 4% /((k — 1)2(2kk)) =n2—4. Letp >3
be a prime. During March 6-7, 2010 the author showed that

(p—1)/2 4k

> e = (DO E (mod )
k=1 k

(which is equivalent to }° o 4, (Qkk)/(k4k) = (-1)®=V/22pE,,_5 (mod p))
and

(p—3)/2 2k
3 () _
(2k + 1)4% —

k=0

(—1)W*+D/24,(2) (mod p?),

where g, (2) denotes the Fermat quotient (2P~ —1)/p. On March 9, 2010
he proved that

(p—1)/2

> i =8E 4—12 (‘1) (mod p)
—8F, 4—4-— -
= (k- 1)2(2kk) g p
and
(p—1)/2

4k (-1
> kD (?) (4 —2E,_3) — 2 (mod p).

k=0
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Conjecture A32 (Discovered in March 2010). Let p > 5 be a prime and
let Hy 1 = >""11/k. Then

(p—3)/2 2k 4
H,_
Z (2k ikl))16k E(—l)(p_l)/2 <—f2 S Zl))—ZGJO p—5) (mod p°),
k=0
(p—3)/2 2k 2
_ H, 1 p
S e =00 (B By (mod o)
k=0
We also have
(p—3)/2 (2k) H
k _ Hp-1 3
= d
kZ:O Oh I T0k = 5p (med P,
(Zkk) p 2
=--B -3 (mOdp )7
p/2<z;<p (Qk + 1)2(—16)k 4P
(p—3)/2 2k
> oot o (280
2 o - b

Remark. On March 6, 2010 the author proved the first congruence in
Conj. A32 mod p? and the second congruence mod p, and used some new
identities to establish the following congruences (for any prime p > 3):

(p—3)/2 (Qk:)

2
_G) e B2
(p—3)/2 (2k) 9
k — -2\ %(2) —2\p o 2
)= (Z2) &2 (Z2) 2209 (mod p?).
,;) (2k + 1)8* (p) 2 +<p 0p(2) (mod 7)
It is known (cf. [Ma]) that
U IS S N
222k + 1)I6F 3 £ {2k +1)2(-16)F ~ 10

which can be easily proved by using 1/(2k + 1) = fol x%*dz. In March

2010 the author suggested that >~ , (Qkk)/((Qk-i- 1)316%) = 773 /216 via a
public message to Number Theory List, and then Olivier Gerard pointed
out there is a computer proof via certain math. softwares like Mathematica
(Version 7). Mathematica also yields the following identities:

(k) - us and Z (k:2) k:W 3log .
(2k+1)8  2\/2 = (2k +1)?(-32) 6v/2

k=0
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Conjecture A33 ([S10]). Let p be an odd prime and let a € Z*t. If
p=1 (mod 4) ora > 1, then

sz J (2k)2
Y HEe = (=D)PY2 (mod p?).

— =
— 16

If p>3, and p=1,3 (mod 8) or a > 1, then

Lsp®)
Z (i) = (—=1)®"=Y/2 (mod p*) forr=5,7.
k=0

Remark. The author [S10] showed that Z,EIL/OQJ (Zkk)2/16k = (-1)P~1/2 ¢
p?E,_3 (mod p?) for any odd prime p.
Conjecture A34 ([S10]). (i) For each n =2,3,... we have

n—1

2k\ *
@ > (6k+1) < ) 256" € Z,
n) k=0
n k:O

n—1
2k
( ) (=512)" " c 7,
—1

EN > (42 +5) <2k)34096”_1_k ez
2n(7) = k

(ii) Let p be an odd prime. We have
(r*-1)/2

1 A2k +5 (2k\° /-1 p3 A
— E S =(— | |5+=—B,_ d
P 4096 <k> (W)( Ty (mod 7°)
for alla € Z+. When p > 5 the congruence even holds mod p° if we replace
3
-B,_3 by —%pHp_l. If p > 3, then

p—1 3
6k + 1 <2k) (—1) 3 4
—_— =p|— | —p°F,_3 (mod p*),
> 256~ \ k p b3 ( )

k=0
(p—1)/2 3 ,
6k+1 (2K Lo\ P /2 4
b — —4 P2\ p 1
kz_o (—512)k<k) p(p)+4(p) —s (mod p?),

p—1 3
E - = — | —p’E, _ .
4096+~ (k) 5p<p) P Ep-g (mod p7)

Remark. Those congruences in part (ii) mod p? are van Hamme’s conjec-
tures (cf. [vH]) which are p-adic analogues of corresponding Ramanujan
series.
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Conjecture A35 ([S09, S10]). Let p be an odd prime. If p =1 (mod 4),
then
k — 3
1—7> =0 (mod p°).
—R\k _R\k
2\ o)
If p=3 (mod 4), then

p

and

5 (") @; =0 (mod p*).

Remark. When p > 3 is a prime congruent to 3 mod 4, the author proved
on March 5, 2010 that

=l N (2R
Z (p k >((_’éi)k =0 (mod p?),

k=0

which is equivalent to

Z 6k4k Hj, =0 (mod p)

since Zz;é (2:)3/64’“ =0 (mod p?) and (pgl)(—l)k =1 - pHy (mod p?).
)

Conjecture A36 ([S10]). Let p be an odd prime. Then

b1 (Qkk)i _ <__2) = _(?1)23)k (mod p?),

= =8 P/
p—1 (2k)3 (_1) p—1 (2k:)3
k) k 2
=(— (mod p*).
k k
— 16 )= 256
Moreover, if p =1 (mod 4) then
p—1 (2k)3 (2) p—1 (2k)3
[ k (mod p?);
—8)k _ k )
2 =5~ \p) & 519
if p=1 (mod 3) then
p—1 (2k)3 _1\ 2! (2k)3
A k 3
> v = ( p) opgr (mod p7)-

k=0
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Conjecture A37 (Discovered on March 2, 2010). Let p be an odd prime.
(i) If p=1 (mod 4) then

(1?—21)/2 (Qkk)S Z 1:1(2?—1)/2 (2kk)3 Z 1
_Q\k - k
k=0 (=8) kej<2k 2 = 64 kej<2k
»-1)/2  [2k\3
1 /2 (%) 1 2
= | - R L — — (mod :
3<p> 2 Tsior, 2 5 (00

when p = 3 (mod 4) we have

(p—1)/2 (%)3 (p—1)/2 (2k\3
1 7 %) 1
> By e IS s L
—Q\k ;= k - ’
k=0 (=8) k<j<k 2 = o k<j<k ?
(p 1)/2( ) (p=1)/2  [2k\3
1 <2) (29 1
k _ k 2
Z k S="\5 “r19Vk Z = (mod p7),
S kej<2k ’ P/ 1= (=512) k<j<zk
and
(p 1)/2( ) 1
Z kk — =0 (mod p) form = —8,64,—512 if p >3
=0 Y k<j<ek

If p=2 (mod 3) then
(p=1)/2 2k\3
(%)

1
Z TG Z ;EO(modp)and Z 2§6k

k=0 k<j<2k k=0 k<j<2k

(iii) If p=5,7 (mod 8), then

(p—1)/2 (2k)3

D

k=0

Zg %E (mod p).

Remark. Partially motivated by an observation of M. Jameson and K.
Ono which occurred during their attempt to prove Conjecture Al, we
discovered the current Conj. A37.
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Conjecture A38 (Discovered on March 3, 2010). Let p > 3 be a prime.
(i) If p=2 (mod 3), then
(p—1)/2 | 2k\3 (P=1)/2 ; 12k 3
k(%)) 1 (-1 k(%) 11
Z 16+ Z j - (?) Z 256k Z i 6 (mod p).
k=0 k<j<2k k=0 k<j<2k

(ii) If p=3 (mod 4), then

(p_zl)/2 k(2kk)3 Z 1 B (2) (p_zl)/2 k(Qkk)S 1 _ 1 (mOd p)
Y =\ _ 2 I
k=0 (=8) kej<2k P/ =0 (=512) K<j<2k 6
(iii) If p=5,7 (mod 8) then
(r=1)/2 | (2k\3 _
b~ 1 ()
Z (61 Z i (mod p).
k=0 k<j<2k

Remark. For certain reasons we omit other similar observations.

Conjecture A39 (Discovered on April 4, 2010). (i) For any n € Z* we
have

1 = 2k °
W > (2057 + 160k + 32)(—1)" ' ( L ) cZr.
8n : k=0

(ii) Let p be an odd prime. If p # 3 then
(p—1)/2 396

2 5
> (205K + 160k + 32)(-1)’“( :) = 32p° + ?pE’Bp_g (mod p%).
k=0

If p#5 then
p—1

2%\ °
> (205k> + 160k + 32)(—1)" ( L ) = 32p® + 64p° H, 1 (mod p").
k=0

Ay =

Remark. Note that a; = 1 and

2n —1

3
) forn=1,2,....
n

4(2n+41)%an41 +n2a, = (2050 + 160n+32)<
The author created the sequence {a, },>0 at OEIS as A176285 (cf. [S10a]).
In 1997 T. Amdeberhan and D. Zeilberger [AZ] used the WZ method to

obtain
i (—1)*(205k% — 160k + 32)

k(%)

— —2((3).
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Conjecture A40 (Discovered on April 5, 2010). (i) For any odd prime
p we have

p—1 2 4
28k* 4+ 18k + 3 [ 2k 3k 7
s W EE S

k=0
and
(p—1)/2

28k2 + 18k + 3 (2k\ " (3k ~1
(—64)" <k) k) =3O )P B (mod 7).
(ii) For any integer n > 1, we have
—1

k:0(28k:2+18k+3) (2:)4 <3:) (—64)"17F =0 <mod (2n+1)n? (2:)2)

Also,

k=0

n

[ee) 2 _ — k
5 (2817 — 18k + 3)(=64)" _ ) ().

1
k=1 k? (Qkk) (Skk)
Conjecture A41 (Discovered on April 5, 2010). Let p be an odd prime.
(i) If p # 3, then

p—1 2 5
10k* 4+ 6k + 1 [ 2k 7
—( ) =p? — —p5Bp_3 (mod pG)

_ k
= (-256) k 6
and (p=1)/
p—1)/2 5
10k* + 6k + 1 (2k 5 T 5 6
—_— = ~p°B,_ d p°).
o (-250) <k) P gh e (mod 7)

(ii) If p # 5, then

Pl 74k2 427k + 3 [2k\* /3
4096F k k

) = 3p* + 7p°B,_3 (mod p°)
k=0
and

(p—1)/2

TAR2 + 2Tk +3 (2k\* 3k ., 9 . .
4096F (k) (k) =3p" = g Hp-r (mod p).

k=0

Remark. By [G3, Identity 8] and [G4], we have

o0

10k2 — 6k + 1)(—256)%
> e
5 (2k
k=1 k (k)
and .
o T4K% 4+ 27k + 3 (2k\" (3K _ 48
4096F k k) w2

k=0
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Conjecture A42 (Discovered on April 6, 2010). (i) For any prime p #
2,5 we have

P71 91k3 4+ 22k2 + 8k + 1 /2K
256k k

7
) =p’ (mod p®)
k=0
and

(p—1)/2

168k3 + 76k2 + 14k + 1 <2k:) 7

-1
220k k (—) p3 (mOd p8>

k=0 p

(ii) For any integer n > 1, we have
n—1

26\ on\ ®
S (21K + 22k% + 8k + 1) ( k) 25671k = (mod on® ( :) )

k=0

n

2K\ ” o\ 3
> (168K + 76k* + 14k + 1) ( k) 920(n—1-k) — (mod 2n3< n) )

Remark. (a) B. Gourevich and Guillera (see [G1, Section 4]) conjectured

© 168k3 4+ T6k2 + 14k + 1 /2k\ " 32
220% k) w
k=0

and
— (21k% — 22k? + 8k — 1)256% !

k) N

respectively. Zudilin [Zu]| suggested that for any odd prime p we might
have

RN 168K3 + T6K2 + 14k + 1 2K\ [ —1\ . :
920k k > p” (mod p"),
k=0

which is weaker than the second congruence in Conj. A42(i).
(b) Let a3 = 2 and

on —1\*
(2n+1)3a, = 32n3an_1—l—(21n3—|—22n2—|—8n—|—1)( " ) forn=2,3,....
n
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Then for any n € Z* we have

n 7
a, = L 5 > (21K® + 22k% + 8k + 1)256™ <2k)
16(2n +1)3(*")” 1= k
1 & 2K\ 1
— 5 Y (21K + 22k + 8k + 1)256”"’“( ) :
2n+ 13 () i g

The author created the sequence {ay, },>0 at OEIS as A176477 (cf. [S10a]).
We not only conjectured that a, € Z* for all n = 1,2,3,... but also
guessed that a, is odd if and only if n = 2* for some k € ZT. We have a
similar conjecture related to the last congruence in Conj. A42.

Conjecture A43 ([S10]). For any prime p > 3, we have

S0 (S1) B, mod )

9

Remark. A related conjecture of Rodriguez-Villegas [RV] proved by Morten-
son [M2] states that if p > 3 is a prime then

p—1 (6k\ (3k p—1 6k)! B -1
k=0 (gk)(k) B gm@%g) = <?) (mod p7).

Using the Gosper algorithm we find the identity
. 6k (3k 6n\ (3n
36k + 5 432"7% = (6n + 1)(6n +5 N
S (3) (2o~ i ()5 e
which implies that

1N 36k+5 6k (3k\ 18
nkrfooﬁz% 432F <3k)<k)_?

and

p—1
k k k
> ?)iZ’TtE) (gk) <3k) = 5p” (mod p®)  for any prime p > 3.
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Conjecture A44 ([S10]). Let p > 3 be a prime. When p =1 (mod 4)
and p = 2% + y? with x =1 (mod 4) and y = 0 (mod 2), we have

pi 3'“)—{<—1>Lw/6J<2x—p/<2x>> (mod p?) if p=1 (mod 12),
864k

— (59)(2y — p/(2y)) (mod p?) if p="5 (mod 12).
If p=3 (mod 4), then
p”—l
Z 864"3 =0 (mod p?).
k=0

Provided that p =1 (mod 4), we have

p*—1 4 (6k\ (3k
R () _ ’ n
I;—OW:O(modp) foralla e Z™.

Conjecture A45 ([S09¢, S10]). Let p > 3 be a prime. Then

Lt SR G i) 0=

24k L= (=216)F | 0 (mod p) if p=>5 (mod 6).

Remark. In [M2] Mortenson proved the following conjecture of Rodriguez-
Villegas [RV]: For any prime p > 3 we have

p—1 ( 3k p—1 (2k\ (3k
2 (2?:) =2 (k2)7(kk) - (g) (mod p°).

Conjecture A46 ([S09¢]). Let p > 3 be a prime. Then

~ (5) Gin)

p

_ 2
15k = 0 (mod p“).
k=0
Ifp=1 (mod 3) and p = 2? + 3y? with x =1 (mod 3), then
p—1 (Qk:) (4k)
k)\2k) — o, P d
£ gk 7= 5p (mod )

and
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Conjecture A47 ([S09¢]). Let p > 3 be a prime. Then

G () S G |

D 48k

mod p?)
k=0

and

G 1 (2) 5 ) ()

k=0

Conjecture A48 ([S09¢]). Let p > 3 be a prime. If p=1 (mod 4) and
p=122+y? withx =1 (mod 4), then

= (—1)P~1/4 <§> (21’ - 2%) (mod p?)

and

S - o () (- £ nod 52

Conjecture A49 ([S09¢|). Let p be an odd prime. If p = 1,3 (mod 8)
and p = z? + 2y? with x = 1,3 (mod 8), then

Z_: M =0 (mod p2)7

k
— 128
and
= CHGh { (—1)(P=D/8+@=1)/2(25 — p/(22)) (mod p?) if8|p— 1,
£~ 1288~ | p/(2z) — 2z (mod p?) if8|p—3.
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Conjecture A50 ([S09]). Let p > 3 be a prime. If () =1 and p =
x? + Ty* with (£) =1, then

S GG _p p 2
;0 638 <§> (Qx_ %) (mod p7)

and
p—1 ; r2k\ (4k
k( k ) (Zk:) _ b p 9
kZ:O 63F :8<§> (%_”3) (mod p).
If(%) = —1, then
p—1 (2k) (4k) p—1 (Qk) (4k)2
k63k2k =0 (mod p) and Z % =0 (mod p).
k=0 k=0

Conjecture A51 ([S09¢]). For any prime p =1 (mod 4), we have

’i(k)(m) _ o () ()

2 — 2
o —2p (mod p?) and Z Gk =0 (mod p?).
k=0 k=0
Conjecture A52 ([S09¢]). Let p be an odd prime. If p =1 (mod 3), then
(p—1)/2 3
k
Z kG = 2p — 2 (mod p?).
16*
k=0
If p=1 (mod 4), then
(r—1)/2
Ci _ >
Z 61k = (mod p*).
k=0

Remark. The author [S09¢] determined Zz;é C3/64* modulo any odd
prime p.

Conjecture A53 ([S10]). Let p be an odd prime. Then

p—1 2k
C
E (QT% = (—1)®P"V/2 _3p°F, 3 (mod p°)

k=0
and
(p—1)/2 64k 1
. _ 16 (pE - (—)q <2>) (mod p?).
2 B e () o

Remark. Mortenson [M2] proved the following conjecture of Rodriguez-
Villegas [RV]: For any odd prime p we have

S 06 (%2) (mod p?).

64k
k=0
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Conjecture A54 ([S09]). Let p be a prime with p = 1,3 (mod 8). Then

Remark. Mathematica yields that Y pe (5 )Ok/128k—4f/( ($)T(H))-

Conjecture A55 ([S09¢]). Let p be a prime with p = 1 (mod 3) and
hence p = 22 + 3y? for some x,y € Z. Then we have

— 3k p—1 3k
Z )( )E 0 (mod p?) andz( )CkEp(modp2),

54k 54k
and
p—1 (2k)2( 3k ) p—1 k(gk) (Sk) 4
M = “\k/) \kJ _ * . 2 9
108k T 0 (mod p*) and EE% logk = g —227) (mod p).

Remark. In [S09a] the author determined » }_ ( )/m mod p for any
prime p > 3 and any m € Z with pfm. A conJecture of Rodriguez-Villegas
[RV] has the following equivalent form:

Ziow () _

{ 422 — 2p (mod p?) if (§) =1 & p=2a?+3y? (z,y € Z),
108k

0 (mod p?) if p =2 (mod 3).
See [M3] for related result. Mathematica yields that

i k(zkk) (3:) _ VT and i (3:)076 _ 3T

£~ b4k INEINES)
Conjecture A56 ([S09]). Let p > 3 be a prime. Then
p—1 (2k)0(2) k‘ 2k 0(2)
k)“k__ (P () — 2
;T:(g) (mod p?) and ZT:O(modp),

where ar
o _ (&) _ (3k\ _,( 3k
k 2k +1 k kE—1

is a second-order Catalan number (of the first kind). Furthermore,

p—1 (Qk) 0(2)

l;)(éﬂﬁ + 1)% = (g) (mod p?).
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Conjecture A57 ([S09¢]). Let p > 3 be a prime. Then

—1 (2)
pz: CrCy, =2 (1—9) —p (mod p?)

k
— 27 3
and
p—1 ~(2)
Z S = —7 (mod p),
k=0
where

~(2) 2 3k B 3k _ 3k
o =1 () =2(%) - (L

s a second-order Catalan number of the second kind. Hence

. (kz—kl) (k?icl) <Zj

27k 3

p

) - p (mod )

e
Il

1

and

p

1 2k 3k
belen) =5 (%) 7 (mod ),

e
Il

Remark. Note that

(kz—kl) (k?ﬂ) B ((2’5) - ck) M
()() - (()-e) 6 -e)

Mathematica yields that

and

i CrCY 813

27k T A4r -9

k=0

Conjecture A58 ([S09h]). Letp > 3 be a prime. If p =7 (mod 12) and
p =22+ 3y* withy =1 (mod 4), then

2

p:) <§> ((—21525)’“ = (-nr <4y - %) (mod p?)

k
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and

(=1)P+7 %y (mod p?).

T
_
VRS
w| &
N~
—~ ??‘
| [\
[l B
o=
s [\
[l

k=

o

If p=1 (mod 12), then

5030 () o

k=0

[ay

Recall that the Pell sequence {P,},>0 and its companion {Q,, } >0 are
defined as follows:

P():O, Plzl,and Pn+1:2pn—|—Pn_1 (n:1,2,3,...);

QO :27 Ql :27and Qn-l—l :2Qn+Qn—1 (TL: 172737"')'

Conjecture A59 ([S09h]). (i) Let p be a prime with p = 1,3 (mod 8).
Write p = 2 + 2y? with v,y € Z and x = 1,3 (mod 8). Then

_B (%)2 _ { 0 (mod p?) if p=1 (mod 8),
k (=1)®=3)/8(p/(2x) — 2z) (mod p?) if p=3 (mod 8).

1 kP, <2;€>2 (_1)(x+1)/2(

b 2
5 x + ) (mod p?).

2x

(ii) If p=5 (mod 8) is a prime, then

p—1 2
Py (2k:)
E — =0 (mod p).
—Q\k
im0 (8K
If p="7 (mod 8) is a prime, then
p—1 2
E <k)8k<k) =0 (mod p“).

k=0
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Conjecture A60 ([SO9h]). Let p be an odd prime.
(i) If p=3 (mod 8) and p = x? + 2y* with y = 1,3 (mod p), then

p—1 2
P (2ENT _ w-vs2 (e, P 2
(k) = (-1) 2y~ L) (mod ?).

p—1 2
P (2k\%
Zﬁ(k) =0 (mod p).
k=0
(i) Suppose that p=1,3 (mod 8), p = 2% + 2y* with x = 1,3 (mod 8)
and also y = 1,3 (mod 8) when p =3 (mod 8). Then

kP 2K\ [ (=1)=D/5(p/(4a) — 2/2) (mod p?) if p=1 (mod 8),
Zo 39k ( ) - { (—1)@+D/2y (mod p?) if p=3 (mod 8).

Conjecture A61 ([S09h]). Let p be an odd prime.
(i) When p = 1,3 (mod 8) and p = 2% + 2y? with x,y € Z and v =
1,3 (mod 8), we have

pil (_ng)k: (2k:k)2 = (—1)@1/2 <4x — g) (mod p?)

k=0
and

L kQy (%)2 _ { 0 (mod p?) ifp=1 (mod 8),
= (=8)F\ k) | (-1)P=3/52(z + p/x) (mod p?) if p=3 (mod 8).

(ii) When p =5,7 (mod 8), we have

> e () =0 mean)

k=0

Conjecture A62 ([S09h]). Let p be an odd prime.
(i) When p = 1 (mod 8) and p = z? + 2y? with z,y € Z and v =
1,3 (mod 8), we have

Q_k( ) = (1) V7% (42— 2 (mod 12)

[ay

p—

k=0
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If p=>5 (mod 8), then

p_lf—( ) =0 (mod p).

k=0

(i) If p= 1,3 (mod 8) and p = z*+2y? with x = 1,3 (mod 8) and also
y=1,3 (mod 8) when p = 3 (mod 8), then

p—1

— k(2 Q { (=1)=V/8(p/x — 2) (mod p?) ifp=1 (mod 8),
k= o
— 3 (—=1)@+1/22¢ (mod p?) if p=3 (mod B).
Conjecture A63 ([S09h]). Let p > 3 be a prime. If p=7 (mod 12) and
p = 2% + 3y? with y = 1 (mod 4), then

p—1 2
up(4,1) (2kN\" _ 1y a _ P 2
i <k: =(-1) 4y 3 (mod p~)

and

We also have

P21 uy (4 2k 0 (mod p?) ifp=1 (mod 12),
Z;) < ) :{O(modp) if p=2 (mod 3).

Conjecture A64 ([S09h]). Let p > 3 be a prime. If p=7 (mod 12) and
p = 2% + 3y? with y = 1 (mod 4), then

p—1
uk(4 1 2k p 2
Z o < ) =2y — g (mod p*)

=0

and .
p— 2
kug(4,1) (2K\2 )
Z&T(k) =y (mod p*).
k=0
If p=11 (mod 12), then

p—1 2
4,1) (2
e (4, < k) =0 (mod p).
— 64
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Conjecture A65 ([S09h]). Let p =1 (mod 3) be a prime.
(i) If p=1 (mod 12) and p = 2* + 3y* with x =1 (mod 3), then

p—1 2
vp(4,1) (2k\" _ (p—1)/4+(x—1)/2 p 2
2. 4k (k =(=1) (433 B 5) (mod p)

k=0

and

p—1 2
ve(4,1) (2k\° (x—1)/2 p 2y.
2 2
k;) — (_1)(p—1)/4+(x+1)/2 <4;,; — ;p) (mod p2)

p—1 2
kvk(4, 1) 2k . z—1)/2
0
(ii) If p =7 (mod 12) and p = 2% + 3y* with y =1 (mod 4), then

p—1 2
4,1) (2
% < :) = (—1)P+D/4 <20y — %p) (mod p?)

g) (mod p?).

and

p—1
kv (4,1) (2k
Z 24/% ( ) = 4y (mod p?).

k=0

Conjecture A66 ([S09h]). Let p = 2 (mod 3) be a prime. If p =

5 (mod 12) then
26\? K wn(4,1) (2k\?
(k) :kzo G (k:) =0 (mod p).

-1,
k=
Ifp=11 (mod 12), then
i( )vk (4,1) (%)2
k

i DE Ak
Recall Apéry numbers are those integers
A —zn: ANLEION (n € N)

" — k k

which play a central role in Apéry’s proof of the irrationality of ((3) =

Zibo:l 1/”3-

0 (mod p?).
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Conjecture A67 ([S10d]). Let p be an odd prime. Then

p—1
>
k=0

{ 422 — 2p (mod p?) ifp=1,3 (mod 8) and p = 2% + 2y* (z,y € Z),

0 (mod p?) if p=>5,7 (mod 8);
and
p—1
> (-1)k A,
k=0
_{ 422 — 2p (mod p?) ifp=1 (mod 3) and p = 22 + 3y? (z,y € Z),
0 (mod p?) if p=2 (mod 3).
Also,
p—1
(—1)FAR(-2)
k=0
_{ 4a® —2p (mod p?) ifp=1 (mod 4) & p=2a®+y* (21=, 2]|y),
~ | 0 (mod p?) if p=3 (mod 4),
where

- £ (1)

k=0

Conjecture A68. (i) ([S10d]) For any e € {£1}, m,n € Z* and z € Z,

we have
n—1

Z(Qk + 1)k Ap(2)™ = 0 (mod n).
k=0

(ii) ([S10d]) If p is an odd prime, then

p—1
Z(Qk +1)(=1)*Ai(z) =p <1 —p4x) (mod p?).

k=0
Also, for any prime p > 3 we have
p—1 p—1

S @k DA(-3) = > 2k + 1)(-1)F A, =p (g) (mod p®)
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and
Sk + (-1 AK(-2) = p — 5pg,(2) (mod p°).
k=0

(iii) (Discovered on August 18, 2010) For any prime p > 3 we have
p—1 p—1 1

Z(% +1)3 Ay =p® + 4p*H,_1 — p° Z & (mod p?)

k=0 k=1

6
Ep3 + 4p4[—1p—1 + _pSBp—S (mOd p9>

5

and
p—1

kZ_O(Qk F1P3(—1)kA, = _g (g) (mod p?).

Remark. The author [S10d] proved that n | 22;3(2/64- 1)Ag(x) for alln €
ZF and z € Z and that 30—} (2k+1) A4, = p (mod p*) for any prime p > 3.
The reader may consult sequences A178790 and A178791 in [S10a] for the
sequences = Y1 (2k+1)Ay (n=1,2,3,...) and = Y} (2k+1)(—1)* Ay
(n = 1,2,3,...). Motivated by the author’s work in [S10d], Guo and
Zeng [GZ)] showed that n? | Zk 0(2k + 1)3A4y for all n € Z* and that

ZkZO(Qk +1)34; = p3 (mod p%) for any prime p > 3.
Conjecture A69 ([SlOe]). Let p be an odd prime.
(i) We have
p—1
1
>t ()
k=0
_{ 422 — 2p (mod p?) ifp=1 (mod 4) and p = 2> + 4% (2t 1),
~ | 0 (mod p?) if p=3 (mod 4).
Also,
p—1
> (=14 (16)
k=0
_{ 422 — 2p (mod p?) ifp=1,2,4 (mod 3) and p = 2> + 7y? (z,y € Z),
~ | 0 (mod p?) if p=3,5,6 (mod 7) (i.e., (%) = —1).

(ii) If p # 5, then

p—1
ZAk<_4)
422 — 2p (mod p?) ifp=1,9 (mod 20) and p = 22 + 5y2,
={ 22% —2p (mod p?) if p=3,7 (mod 20) and 2p = 2% + 5y,
0 (mod p?) if (52) = —1,i.e, p=11,13,17,19 (mod 20).
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If p # 3, then

p—1

> AR(9)
k=0

422 — 2p (mod p?) if p=1,7 (mod 24) and p = 2% + 632,
={ 2p— 82?2 (mod p?) if p=>5,11 (mod 24) and p = 222 + 3y?,
0 (mod p?) if(_?G) =—1.

Those integers
"\ (n+k "L In+k\ [2k
=2 () -5 () () e
k=0 k=0

are called central Delannoy numbers; they arise naturally in many enu-
meration problems in combinatorics.

Conjecture A70 ([S10d]). Let p be an odd prime. Then

kg =2 =0) By (mod )

When p > 3 we have

p—1
> 2k +1)D} = p* — 4p°,(2) — 2p",(2)* (mod p°),
k=0
p—1
Z D, Sy =1+ 4pg,(2) — 2p°q,(2)? (mod p?),
n=0

and

(p_ZU/QD ¢ — { 42?2 (mod p) ifp=1 (mod 4) & p=2?+1y% (21 2),
ot 0 (mod p) if p=3 (mod 4),
where
" /n+k -~ 1 n\ /n—+k
S”_Z< 2%k )C’“_ k-i—l(k)( k )
k=0 k=0
18 the nth Schroder number.

Remark. The author [S10d] proved that

p—1
ZDk = (-1)P V2 _p2E, 5 (mod p?)
k=0
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for any odd prime p.

Just like A, (z) = >0 (% ) (”:k) z* we define

a5 ()01

Actually D,,((x — 1)/2) coincides with the Legendre polynomial P, (x) of
degree n.

Conjecture A71 ([S10d]). (i) For any n € Z the numbers
1 & 1
—_— —_— k _
s(n) = 3 ,;_0(2k +1)(—1)" A (4)
and

Z (2k +1)(=1)k Dy (7)

k=

are rational numbers with denominators 2272(") gnd 23(n—1+v2(nh))—va(n)
respectively. Moreover, the numerators of s(1),s(3), s(5), ... are congruent
to 1 modulo 12 and the numerators of s(2),s(4),s(6),... are congruent to
7 modulo 12. If p is an odd prime and a € Z*, then

s(p”) = t(p*) =1 (mod p).
Forp=3 and a € Z" we have
5(3%) =4 (mod 3%) and t(3*) = —8 (mod 3°).

(ii) Let p be a prime. For any positive integer n and p-adic integer x,

we have
n
1
V J—
P\n

I
—_

(2k +1)(—=1)k A, (a:)) > min{v,(n), vy(dx — 1)}

e
Il

0

and

]
)

S|

(2k 4 1)(=1)* Dy, (33)3) > min{v,(n), vp(4z + 1)}.

e
Il

0
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Conjecture A72 ([S10¢]). Let p be an odd prime.

(i) We have
p—1 1 3 p—1 1 3 p—1 .
i R Nk R P 1
(45 (2) En ()
h=0 k=0 k=0
[ (51422 —2p) (mod p?) ifp=1,3 (mod 8) and p = 2% + 2%,
| 0 (mod p?) if p=5,7 (mod 8).
If p # 3, then

1)\ &= ip (LY
() &e(s)
422 — 2p (mod p?) if p=1,7 (mod 24) and p = 2% + 632,
={ 822 —2p (mod p?) if p=>5,11 (mod 24) and p = 222 + 3y2,
0 (mod p?) if(_?G) =—1.

(ii) Suppose that p > 3. Then
p—1

p—1
D D(=3)° =) (=1)FDy(2)?
k=0

_ k=0
[ (32422 = 2p) (mod p?) if p=1 (mod 3) & p = 2%+ 3y? (x,y € Z),
o (mod p?) if p=2 (mod 3).

We also have

o =S ()= (2) G ()

p—1

=37 (—1)k A, (1—16) (mod p?).

p

(iii) Assume that p > 5. Then

" De3)* = Y (~1) De(~4)
k=0 k=0

422 — 2p (mod p?)  if p=1,4 (mod 15) and p = 2% + 15y2,
=¢ 2p— 2022 (mod p?) if p=2,8 (mod 15) and p = 522 + 3y?,
0 (mod p?) if () = —1.
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Also,

Remark. 1t is easy to show that (—1)"D,(x) = D, (—x — 1).

Recall that
[n/2]
2k
T, = [2"](1 2 — "
["](1+ 2+ 27) kz_o<2k)<k)

is called a central trinomial coefficient. And those numbers

Ln/2]

M, =Y (27;)@; (n=0,1,2,...)

k=0

are called Motzkin numbers. In general, for b,c € Z and n € N we define

To(b,c) = [a"](2® + bx +¢)" = anm <2k) (2:) =2k

k=0

and
/2]
Mn — n—2k k
(b, ¢) k§_0j <2k)0 b

Conjecture A73. (i) ([S10e]) Let b and c be integers. For any n € Z*

we have
n—1

> " T (b, €)My (b, c)(b* — 4¢)" 7 = 0 (mod n).
k=0

If p is an odd prime not dividing c(b* — 4c), then

p—1 2 2 _
T ( b ¢) Mk ,¢) _ pb ((b 40) B 1) (mod p?).

P 2c P

(i) ([S10e]) Let p > 3 be a prime. Then

|
f

p

T3 (3,3) M(3,3) _ { 2p? (mod p?) if p=1 (mod 3),

(—3)k p? —p? —3p (mod p?) if p=2 (mod 3).

>
Il
=



50 ZHI-WEI SUN

(iii) ([S10d]) For any prime p > 3, we have

§M§ = (2 - 6p) (g) (mod p?),

ZkM2 =9p—1) (—) (mod p<)
k=0
and
S = (5) + £ (1-9(5)) tmoas®)

Remark. The author [S10e| proved that if p is an odd prime not dividing
c(b? — 4c) then

=0 (mod p).

ISkaCMkbC>
k=

He also showed that 1f p is an odd prime not dividing ¢(b? — 4¢?) then

p—1
Ty (b, A)My(b,c®)  4b b2 — 4c?
Z = ( . ) (mod p).

— (b — 2¢)2k b+ 2c
Conjecture A74 ([S10e]). Let b and c be integers. For any n € ZT we
have
n—1
Z(Sck +de+ b)Ti(b, ®)2(b— 2¢)2~17%) = 0 (mod n).
k=0
If p is an odd prime not dividing b(b — 2¢), then
p—1 2 2 2
Tk‘(ba c ) b — 4C 2
Z(8ck+4c+b)m = p(b+ 2¢) < ; ) (mod p*).

k=0

Remark. In [S10e| the author proved that for any b, ¢ € Z and odd prime
p1b—2c we have

p—1 2\2 2
Tk (b, c?) <—c )
= (mod p).
l;) (b — 2¢)?k P
The author (cf. [S10a]) added the sequence
n—1
1
=Y Bk+5T¢ (n=1,2,3,...)
" =0
as A179100 at Sloane’s OEIS. H. Q. Cao and the author [CS] showed that

Tp1 = (g) 3771 (mod p?) for any prime p > 3.
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Conjecture A75 ([S10d]). Let b,c € Z. For any n € Z* we have

n—1

> (2k + 1)Ti(b, ¢)*(6” — 4¢)" ' = 0 (mod n?).
k=0

If ¢ is nonzero and p is an odd prime not dividing b> — 4c, then

1 2! b, 2 (te)
FZ (2k +1) (74@)—1+— —L——— (mod p).
k=0

Remark. Note that D,, = T},(3,2) with 32 —4 x 2 = 1. Thus the conjecture
implies that

n—1

Z(Qk +1)D? = 0 (mod n?)
k=0
for all n € Z™. (The author has added the sequence a(n) = -5 N o (2k 4
1)D2 (n=1,2,3,...) as A178808 in OEIS (cf. [S10a]).) Given b,c € Z,
the author proved that
n—1
Z(Qk + )T (b, ¢)*(4c — )" 1"* =0 (mod n) forn=1,2,3,...
k=0

(cf. [S10d]) and that

—

S Ti(b,c)? _ <c(b2 — 4¢)

) ) (mod p)

k=0

for any odd prime p{ b? — 4c (see [S10¢]).

Conjecture A76 ([S10d]). Let b,c € Z with b* —4c = 1.
(i) For any m,n € Z* We have

n—1

Z(2k + )Tk (b,¢)™ =0 (mod n).
k=0

If p is a prime not dividing c, then

3
5

_[=2b—1 )
(2k + )T (b, ¢)® =p < ; ) (mod p*),

T
= o

(2k 4+ 1)T3 (b, ¢)* =p (mod p?).

>
Il
=
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(ii) For any odd prime p we have

;(% +1)2T;(7,12) = (g) — 4p (mod p),

|
f

-1
(2k +1)°Dy, = <?) —2p+ (2 — E,_3)p* (mod p?),

ST
= o

~1
(2k 4+ 1)*D;, =13 (?) —20p + (24 — 13E,_3)p? (mod p?).

=

=0

Remark. The author [S10d] proved the first congruence for m = 1 and
noted that

ni(% + )T, 3"k = nnf (” ; 1) ()" 1Rk +1) (2:)

k=0 k=0
for all n =1,2,3,... and that if b,c € Z and b> — 4c = 1 then

p—1

Z(Qk + 1Ty (b, ¢) = p (mod p?)
k=0

for any prime p { c. Recall that Dy, = Tj(3,2) and (—=1)kDy, = T}.(-3,2).
Guo and Zeng [GZ] extended the author’s result by showing that n |

1o (2k 4+ 1)™e* Dy for all e € {£1}, n € ZT and m = 1,3,5,... (the
case m = 1 is due to the author [S10d]). It is easy to show that for any
odd prime p we have

p—1 p—1
Z(Qk—l—l)?’ p (mod p?), Z 2k+1)3(—1)* D}, = —p—2p? (mod p?).
k=0 k=0

Conjecture A77 ([S10d, S10¢e]). Let p be an odd prime.
(i) We have

1

S BE 2 (2) tmoa gy T BB < () moa )
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(ii) We have

Also,
p—1 p—1 2
T.(2,2
Tp(1,-1)* = (4k :
k=0 k=0
_{ (2)2z (mod p) ifp=1 (mod4) & p=a?+y* (4|z—1),
~ 1 0 (mod p) if p=3 (mod 4),

ATe(2,2)? L Th(2,1)? { 0 (mod p?) ifp=1 (mod 4),
4k - k =

= T
k=0 par S 0 (mod p*) ifp=3 (mod 4).

Remark. The author [S10e] proved that for any prime p > 3 we have

(4,12 pz‘:l Ti(4,1)2 <—1

- —) (mod p).
k=0 i 30 p

Conjecture A78 ([S10¢]). Let p > 3 be a prime. Then
s (Tk<2,9>)3
Y
i=o \ (74
422 — 2p (mod p?) if p=1,7 (mod 24) and p = 2% + 692,

={ 2p— 822 (mod p?) if p=>5,11 (mod 24) and p = 222 + 3y2,
0 (mod p?) if(_?G) =-1.

(mod 172) i (50) = -1

(422 — 2p) (mod p?) if p=1,7 (mod 24) and p = x? + 632,
(822 — 2p) (mod p?) if p=>5,11 (mod 24) and p = 222 + 3y?,

53
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When (_76) =1 we have

p—1
Tk(2,9)°
2k + A7) ——~—
72k + 417

k=0

= 42p (mod p?)

and
p—

1
Ti(2,9)° 3 2
(72k + 2 RS —qop (2 d .
k07 + 25) 1ok D p (mod p*)

Motivated by central trinomial coefficients and Apéry numbers, for
b, c € Z the author [S10d] introduced a new kind of numbers:

n N2 (i — k2 [n/2] n\2 /9% 2
e n—2k k _ n—2k k
=32 (1) ()= 8 () (4 e e

Note that W,,(=b,c) = (—1)"W,,(b, c).
Conjecture A79 ([S10d]). Let p be an odd prime.

(i) We have

p—1

> Wi(1,1)

k=0
_{ 422 — 2p (mod p?) ifp=1,3 (mod 8) and p = 2% + 2y? (z,y € Z),
~ | 0 (mod p?) if p=>5,7 (mod 8).

If p=1,3 (mod 8), then

p—1
> (16K + 3)Wi(1,1) = 8p (mod p?).
k=0

When p = 5,7 (mod 8) and p # 7, we have

pl Wk 1 1

=0 (mod p?).
k=0

(ii) We have

p—1

D (D)WL, 1)

k=0
_{ 422 —2p (mod p?) if p=1 (mod 3) and p = 2? + 3y? (z,y € 7Z),
~ | 0 (mod p?) if p=2 (mod 3).
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Also,
pz_:l(Gk 4 5) (— D)W (1, —1) = p (2 +3 (g)) (mod p?)
and -
nf((ak; +5)(=1)*Wi(1,-1) =0 (mod n) foralln=1,2,3,...
=0

Remark. Let p > 3 be a prime. We also conjecture that

p—1
1,-1
ZM =0 (mod p) if p=2 (mod 3),

13k
= (19
and
p—1 p—1
1,-1 1,-1
ZME MEO(modp) if p=3 (mod 4).
(37 5
k=0 k=0
Conjecture A80 ([S10d]). Let p be an odd prime.
(i) We have
Y
= 2
_{ 422 — 2p (mod p?) ifp=1 (mod 4) and p = 2> +y? (21 2),
| 0 (mod p?) if p=3 (mod 4).

If p=1 (mod 4), then

p—1
Z(4k + 3)% =0 (mod p?).
k=0

(ii) We have

e
L

x? —2p modp) if p=1,3 (mod 8) and p = x> + 2y? (x,y € Z),

(mod p?) if p=>5,7 (mod 8).
Also,
p—1
Z (4k + 3 27}:” =p (2 (g) + (—1)) (mod p?)
= (=2) p p
and
n—1

Z(4k + 3)Wi(2, -1)(=2)""* "% =0 (mod n) for anyn=1,2,3,....
k=0
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Conjecture A81 ([S10d]). (i) Let p be an odd prime. Then

=W, :”‘IWH —9) _ = Wi(4,9)
o - 16+
k=0 k=0 k=0
[ (5H)a® = 2p) (mod p?) ifp=1 (mod 3) and p = 2% + 3y* (x,y € Z),
1o (mod p?) if p=2 (mod 8).

(ii) For any n € Z* we have

n—1

> 3k + 2)Wi(4, —1)(—4)" 7 F =0 (mod 2n),

and
Z(E)k: + 4)Wi(4,—9)4""17% = 0 (mod 2n).
k=0

If p is an odd prime, then

—1 3 —1
Z(ngrQ)W,E(j);l) _3%) ﬂ; (7)p (mod ?)
and )
pZ(sk; +2) W’“l(gi’ 9 —9p (mod p?)
k=0
If p > 3 is a prime, then
§(5k+4)w (jk—g) _33) 4—25(‘71)p (mod p?).

k=0

Conjecture A82 ([S10d]). (i) For any prime p # 2,5, we have

p—1
> Wi(1,—4)
k=0

422 — 2p (mod p?) ifp=1,9 (mod 20) & p = 22 + 5y? (z,y € Z),
=¢ 222 —2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (z,y € Z),
0 (mod p?) if p=11,13,17,19 (mod 20).
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For any n € ZT we have
n—1
Z(20k + 17)W(1,—4) =0 (mod n).
k=0

If p is an odd prime, then

pf(mk +1T)Wi(1,—4) = p (10 (__1) i 7) od )

k=0 p

(ii) For any prime p > 5, we have

p—1
> Wi(1,81)
k=0

422 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 2% + 1032,
={ 2p—22% (mod p?) ifp=17,13,23,37 (mod 40) & 2p = 2% + 10y?,
0 (mod p?) if(_Tlo) = —1.
For any n € Z we have
n—1
> (10k +9)Wi(1,81) = 0 (mod n).
k=0
If p > 3 is a prime, then

p—1
Z(mk +9OWL(1,81) =p (4 (—2) + 5) (mod p?).
k=0 p
Conjecture A83 ([S10d]). (i) For any prime p > 3, we have
p—1
> Wi(1, —324)
k=0
42% — 2p (mod p?) if (73

={ 222 —2p (mod p?) z'f(73

—_

(_71):1 & p= %+ 13y2,
(_71) =—1& 2p =22 + 13y?,

~—

—_

w ~—
I

0 (mod p?) z'f(Tl) =-1
(ii) For any n € Z" we have
n—1
> (260K + 237)W(1, —324) = 0 (mod n).
k=0

If p > 3 is a prime, then

pi(%()k 1 237)W(1,—324) = p <130 (%1) 4 107) (mod p?).

k=0
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Conjecture A84 ([S10d]). (i) For any prime p # 7, we have

p—1
> (—1)Fw(1, —2%)
k=0
[ 42 = 2p (mod p?) ifp=1,2,4(mod 7) & p=1a?+Ty? (z,y € Z),
{ 0 (mod p?) if p=3,5,6 (mod 7).

For all n € ZT we have

n—1

> (42k + 37)(=1)"Wi(1,-2%) = 0 (mod n).
k=0

If p is a prime, then

p—1

S a0, (1 (2)+10) o)

(ii) For any prime p # 3,7, we have

p—1

> Wi(1,7)
k=0

_{ 422 — 2p (mod p?) ifp=1,3 (mod 8) & p = 2% + 2y? (z,y € 7Z),
0 (mod p?) if p=>5,7 (mod 8).

For all n € ZT we have
n—1

2(4()]{: + 37)Wi(1,7) = 0 (mod n).
k=0

If p# 7 is a prime, then

p—1

340k + 37)Wi(L, 7 = p (17 (g) + 20) (mod p?).

k=0

Conjecture A85 ([S10c|). Let k and [ be positive integers. If (In + 1) |
(k%il”) for all sufficiently large positive integers n, then each prime factor
of k divides l. In other words, if k has a prime factor not dividing | then

there are infinitely many positive integers n such that (In + 1) 1 (kT;;f”)

Remark. The author [S10c] noted that if £ and [ are positive integers then
(kT;c—;ln) =0 (mod (In+1)/(k,In+ 1)) for all n € Z*.
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Conjecture A86 ([S10b]). Forn=0,1,2,... set

() ()

2(2n+1)(*")

n —

Then, for any prime p > 3 we have

M

j
V2)
bl

_ { 0 (mod p)  ifp=+1 (mod 12),

Pt 1088 | -1 (mod p) if p=+£5 (mod 12).

Also, there are positive integers ti,to,ts, ... such that

00 00 2
1 cos( 2 arccos(6v/3x))
2k+1 2% _ 3
_ E ¢ =
kz_os’“x T 2 12

for all real x with |z| < 1/(6+/3). Moreover, t, = —2 (mod p) for any
prime p.

Remark. The author [S10b] showed that s, € Z for all n = 1,2,3,....
Using Mathematica the author found that

oo . 2 . 6 3 1
Zskxk _ sin(z arcsin(6v/3z)) (0 e _)
ar 8v3z 108
and in particular
i Sk . 3\/3
108 8
k=0

Recall that the Fibonacci sequence {F), },>¢ is defined as follows:
FO = 0, Fl == 1, and Fn_|_1 == Fn+Fn—1 (TL: 1,2,3,...).

Conjecture A87 (Sun and Tauraso [ST]). Let p # 2,5 be a prime and
let a € Zt. Then

pg(—nk(?:) _ (%") (1 —2Fpa_(%)> (mod p?).

k=0

Remark. The congruence mod p? was proved by the author in [S09b].
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Conjecture A88 ([S09i]). For any n € Z* we have

6 (mod 25) ifn =0 (mod 5),

(—1)ln/5)-1 TSF <2k) _ 4 (mod 25) ifn =1 (mod 5),
(2n + 1)n2(>") — \E) T ) 1 (mod 25) ifn =2,4 (mod 5),

9 (mod 25) ifn =3 (mod 5).

Also, if a,b € ZT and a > b then the sum

57—1

1 2k
20 > F2k+1<k)

k=0

modulo 5° only depends on b.

Remark. In [S09i] the author proved that if p # 2,5 is a prime then

i 2k D
= (/5 (1 - (£ 2
> Fu (%) = 00 (1 (2)) mod 2)
k=0
and )
p—
2k
> P () = (=1 (2) (mod p?).
k 5
k=0
Recall that the usual g-analogue of n € N is given by

[n]qzl_qn: Z 7"

1 —
q 0<k<n

which tends to n as ¢ — 1. For any n, k € N with n > k,

i - <Ho<s<kgf5?ﬁjz]tln_k[ﬂq)

is a natural extension of the usual binomial coefficient (Z) A g-analogue
of Fibonacci numbers introduced by I. Schur [Sc| is defined as follows:

Fo(q) =0, Fi(q) =1, and F,,4+1(q) = Fr(q) +q¢"Fn-1(q) (n=1,2,3,...).

Conjecture A89 ([S09i|). Let a and m be positive integers. Then, in the
ring Z[q], we have the following congruence

1

5m
Y g
k

—2k(k+1) {2’?

| Faes(@) =0 mod [37)

o
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Conjecture A90 ([S09i]). For any n € Z* we have

1 (mod9) ifn=0,2 (mod9),

%fumu,nfk’f) = 4(mod9)  ifn=5.06(mod ),
n*(n+1)(5) k=0 —2 (mod 9) otherwise.

n

Also, if a,b € Z™ and a > b — 1 then the sum

39-1
1 Z 2k
k

=0

modulo 3° only depends on b.
Remark. In [S09i] the author proved that if p > 3 is a prime then

S () =2((5)- (51)) ot

k=0

and
I;Z_:)Uk+1(4a 1)(2:) = (g) (mod p?).

Conjecture A91 ([S09al]). Let p be an odd prime. Then

pil % (3:) = —3p,(2) (mod p?),

k=1
and
pil 1 _ { 0 (mod p?) ifp=1 (mod 4),
pkzl k2k (3kk) | =3/5 (mod p?) ifp=3 (mod 4).

(p—1)/2
25k — 3 -1 2\ 5p )
=(— | —(-)—= (mod
> 2k (3F) (p) <p)2( P
and
Pl o5k — 3 1
293 Dl =5 (1) (Byea = 90° (mod )

Remark. Gosper announced in 1974 that Y ;- (25k — 3)/(2* (3:)) =m/2.
In [ZPS] Zhao, Pan and Sun proved that Zi;i %(3:) = 0 (mod p) for
any odd prime p.
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Conjecture A92 ([S09f]). Let p be an odd prime and let a € Z*. If
p*=1,2 (mod 5), ora >1 and p # 3 (mod 5),

| 2p%]

Z (—1)’“(2:) = (Z%) (mod p?).
1£p°]
(Z%) (mod p?).
Thus, if p* = 1 (mod 5) then

k=0
&y (2:)
> () =0 moa ),

If p* =1,3 (mod 5), ora > 1 and p # 2 (mod 5), then
k=0
%p“<k<%p”

Conjecture A93 ([S09f]). Let p be an odd prime and let a € Z*. If
p=1 (mod 3) ora > 1, then

\_%paJ (Qk;)

Remark. The author [S09f] proved that Z]Ei()/zj (2kk)/16k = (p%) (mod p?)
for any odd prime p and a € Z*.

Conjecture A94 ([S09f]). For any nonnegative integer n we have

1 n(%k 1 (mod 9) if3|mn,
Z(k):{ ( ) |

(2n+1)2(*") = 16" | 4 (mod 9) if3fn.
. Also,
1 (3*-1)/2 (2k)
3 > 1gk = (—1)*10 (mod 27)

k=0
for everya=1,2,3,....

Conjecture A95 ([S09f]). Let p be an odd prime and let m = 4 (mod p).

Then
= (%) 2n +
Vp(g k)}up<(2n+1)<n)) foranyn € ZT.

k=0
Moreover, if p > 3 then
(P*—=1)/2 2k
1 (i)

— Ak = ()" =1/2 (;mod p).
L e = (DO mod )
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Conjecture A96 ([S09d]). Let p be an odd prime and let h € Z with
2h —1=0 (mod p). Ifa € Z* and p* > 3, then

(7)) () v

k=0

Also, for any n € Z" we have

(S (")) (5)) 2men

Conjecture A97 ([S09d]). Let m € Z with m =1 (mod 3). Then

Vs (% ”il (n ; 1) (—1)k(:l£,3) > min{vs(n),vs(m — 1)} — 1

k=0

for every n € Z*. Furthermore,

3%-1 2k
1 3¢ —1 m—1 e (e
372( K )H)k%z‘T (mod 3("1)
k=0

for each integer a > v3(m — 1). Also,

301
¢ —1 2
Z <3 I )(—1)k < :) = —32"1 (mod 3**) for everya=2,3,....

k=0

Conjecture A98 ([S09c|). For any prime p and positive integer n we

have
and
(; (")) =

Remark. The author [S09¢| proved that an integer p > 1 is a prime if and
only if

p

. ((p— 1)k

k:,...,k:) =0 (mod p).

>
Il

0
He also showed that if n € Z™ is a multiple of a prime p then

:g: (E{:p N 1)];) =0 (mod p).

g e e ey
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Conjecture A99 (Discovered in 2007). Let p be a prime and let l,n € N
and r € Z. If n or r is not divisible by p then we have

o2, Wer ()

k=r (mod p)

> V;lfl—lJ +Vp((t(n—l—1l)/(p—1)J))'

Remark. D. Wan [W] proved that the inequality holds if the last term on
the right-hand side is omitted (see also Sun and Wan [SW]).

Conjecture A100. (i) (raised on Nov. 2, 2009 via a message to Number
Theory List) If n > 1 is an odd integer satisfying the Morley congruence

then n must be a prime.
(i) ([S09b]) If an odd integer n > 1 satisfies the congruence

( ) E (n 1)/2 (IIlOd n2),

M |

e
Il
=

then n must be a prime.

Remark. (a)In 1895 Morley [Mo] showed that (( 1)/2) = (—l)pT_lélP_1 (mod p?)
for any prime p > 3. The author has verified part (i) of the conjecture for
n < 104,

(b) The author [S09b] proved that if p is an odd prime then

= (=1)P=Y/2 (mod p?).

And he verified part (ii) of the conjecture for n < 10* via Mathemat-
ica. On the author’s request, Qing-Hu Hou at Nankai Univ. finished the
verification for n < 10°.
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PART B. CONJECTURES THAT HAVE BEEN CONFIRMED

Conjecture B1 (raised in an early version of [S10], and confirmed by
Kasper Andersen). For any positive integer n, the arithmetic mean

n—1 3
1 2k
n = — 21
s - E ( k+8)<k>

k=0
1 always an integer divisible by 4(27?).

Remark. The author created the sequence {s,}n>1 at OEIS as A173774
(cf. [S10a]). On Feb. 11, 2010, Andersen proved the conjecture by noting
that t,, := sn/(4(2")) coincides with

n—1 2
n+k—1
rn._z< ; ) |
k=0

Conjecture B2 (raised in [S09¢|, and confirmed by Zhi-Hong Sun [Su]). Let
p be an odd prime. Then

and , )
P k(2R (—1)+1)/2
1’6“2 = 1 (mod p?).

k=0

Ifp=1 (mod 4) and p = 2*> + y* with x =1 (mod 4) and y =0 (mod 2),
then

i
L

(e G
gk~ 2 (16)F

= (—1)P—1/4 (233 — %) (mod p?)

>
Il

and

Remark. In [S09¢] the author proved those congruences modulo p except
the first one.
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Conjecture B3 (raised in [S09¢], and confirmed by Roberto Tauraso). Let
p be an odd prime. Then

(p—1)/2 (p—1)/2

2 ch
ko 2 3 k — 2 3
Z W:Hp —4 (mod p°) and Z Tk = — 10p* (mod p°).
k=0 k=0
Also,
p—1 (4k)c
2k) 2k _ 2
64k =Pp (HlOd p )7
k=0
and

k=0
If p > 3, then
p—1 (Sk)c (p—1)/2 (Bk)c
k) k _ 2 k)=k _ P (P 2
2 ok =P (mod p*) and kz_o ok = 3 (3) (mod p*)

Remark. The author [S09e] showed that Zi;é C?/16% = =3 (mod p) for
any odd prime p, and his PhD student Yong Zhang proved the first and
the second congruences mod p?. Mathematica yields that

> 27k 81
Z —1)k2( =% = — — 337

k=2 (k kkk) 4

Conjecture B4 (raised in [S09¢], and confirmed by the author’s PhD
student Yong Zhang). Let p be an odd prime. Then

S L = ()0 4 28 4 By ) (mod p°).

k=0
If p > 3, then
(p—1)/2
CrClri1 9
kz_;) T 8 (mod p?).

0 (mod p).
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If p=3 (mod 4), then

Remark. As for the first congruence in Conjecture B5, the author [S09¢]
proved the congruence mod p and then his PhD student Yong Zhang
showed the congruence mod p?. Following the author’s recent method
in [S10], Zhang confirmed the congruence with the help of the software
Sigma.

Conjecture B5 (raised in [S09c¢|, and confirmed by the author’s PhD
student Yong Zhang). Let m € Z with m =1 (mod 3). Then

n—1 2k
V3 <l Z (mLk)) > min{vs(n),vs(m —1) — 1}

n
k=0

for every n € ZT. Furthermore,

2

|

_
—~
& =
N—

-1
B (mod 3s(m=1)

13
30 k 3

i
3

for any integer a > vs(m — 1).

Conjecture B6 (raised in [S09f], and confirmed by Hao Pan and the
author). Let p be an odd prime and let a € Z*. If p = 1 (mod 4) or
a>1, then

3

p

E B (2) ot

Conjecture B7 (raised in [S09h], and confirmed by the author’s former
student Hui-Qin Cao). If p is a prime with p =11 (mod 12), then

5 (4) 4 =0 uoa )

k=0

Conjecture B8 (raised in [S09g], and confirmed by the author’s former
student Li-Lu Zhao (Hong Kong University)). Let m be any positive even
integer. If p is a prime with p — 113m, then
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where Hy = 2?21 1/5m™.

Remark. The author [S09g| proved the congruence in the case 2p/3 <
m < p. For a prime p > 3 the author [S09g] established the following
basic congruences for harmonic numbers:

p—1 p—1
Zkgk =0 (mod p), ZH,?EQp—Q(mOdpQ), H? =6 (mod p),
k=1 k=1

and
p—1

H?
l{:_§ =0 (mod p) provided p > 5,
k=1

where Hj, denotes the harmonic number Zle 1/7.

Conjecture B9 (raised in [S09d], and confirmed by Hui-Qin Cao and the
author [CS]). Let p > 3 be a prime. Then

5 ("3 G- o

k=0
If p==+1 (mod 12), then

pZ_Il (p ! 1) @k) (=1 ur(4,1) = (=1)7D 20,1 (4,1) (mod p°).

k=0
If p=+£1 (mod 8), then

k=0

(%) (3771 — 1) (mod p?).

Remark. Note that
2k/2 p, if k£ is even,
(4,2) = e
2(k=3)/20,  if k is odd.
The author [S09h] showed that

(zo—zl)/2 ukl(g,f) (2:) (—1)L(;)—4)/8J (1 - (;)) (tmod p?)

k=0

and
(p—1)/2

> kagf) (2]5:) _ o(_1)le/s (%) (mod p?).

k=0

Recall that the nth Bell number b, denote the number of partitions
of a set of cardinality n. Bell numbers are also given by by = 1 and

bir = 0o (be (n=1,2,3,...).
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Conjecture B10 (Discovered on July 17, 2010, and confirmed by the
author and D. Zagier [SZ]). For any positive integer n there is a unique
integer s(n) such that for any prime p not dividing n we have

p—1 b
Z b - = 8(n) (mod p).

In particular,

s(2) =1, s(3) =2, s(4) = -1, s(5) =10, s(6) = —43,
s(7) = 266, s(8) = —1853, s(9) = 14834, s(10) = —133495.

Remark. The author and D. Zagier [SZ] proved that s(n) = (=1)""1D,,_1+
1 for all n = 1,2,3,..., where D,, denotes the derangement number
m! Y i o(—1)*/k! (the number of fixed-point-free permutations of a set
of cardinality m).
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