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ABSTRACT. In this paper we give a survey of recent results on sumsets of subsets of
a field with polynomial restrictions.

Let F be a field and let F* be the multiplicative group F \ {0}. The additive
order of the (multiplicative) identity of F' is either infinite or a prime, we call it the

characteristic of F'.

Let A and B be finite subsets of the field F'. Set

A+B={a+bacAandbec B}

and

A+B={a+bacA be B, and a # b}.

The theorem of Cauchy and Davenport asserts that if F' is the field of residues

modulo a prime p, then

|A+ B| = min{p, |A]+|B| -1}

In 1964 Erd6s and Heilbronn conjectured that in this case

|A+ Al = min{p, 24| - 3},
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this was confirmed by Dias da Silva and Hamidoune [DH] in 1994 with the help
of the representation theory of groups. In 1995-1996 Alon, Nathanson and Ruzsa
[J. Number Theory 56(1996)] proposed a polynomial method to handle similar

problems, they showed that if |A| > |B| > 0 then
|A+ B| > min{p, |A[+|B| -2}

where p is the characteristic of the field F'.
The polynomial method usually yields a nontrivial conclusion provided that cer-
tain coefficient of a polynomial, related in some special way to the additive problem

under considerations, does not vanish. It can be stated as follows.

Lemma 1 (Alon, Nathanson and Ruzsa). Let F be a field, and f(x1,...,z,) €

Flzy,... ,x,]. Let ky,...,k, be nonnegative integers such that

~

fley, ... ky) = [zF . abn)f(er,... 2,) #0

and deg f = k1 + ...+ k,. Let Aq,... A, be finite subsets of F' with |A;| > k; for

i=1,...,n. Then there are a1 € Ay,...,a, € A, such that f(ay,...,a,) # 0.

Theorem 1 [Alon, Nathanson and Ruzsa, J. Number Theory, 56(1996). Let F
be a field of characteristic p, and A4, ..., A, be finite nonempty subsets of F with
|A1| < ... < |A,|. Then for the set

Al—i—...—i—An:{Zai:aieAi, cmdaiséaj Zfl;éj}
=1

we have

. . = n(n+1)
A F...F A, > {p,;|Ai|—T+1}.

The following result can be deduced from Theorem 1.



NEW RESULTS ON SUBSET SUMS 3

Theorem 2 [Dias da Silva & Hamidoune, Bull. London Math. Soc. 26(1994)]. Let
F be a field of characteristic p and n a positive integer. Then for any finite subset
A of F we have

Al = min{p, nlA| - n? +1},
where n™ A denotes the set of all sums of n distinct elements of A.

Lemma 2 [Q. H. Hou and Z. W. Sun, Acta Arith. 102(2002)]. Let k,m,n be

integers with m > 0, n > 1 and k > m(n—1). Then the coefficient ofxlf_l ookl

n
m
I @i—2)*™ @+ 4z EEmomnsb)
1<i<j<n

coincides with

(T ((k4+m— mn—l -
e T G

Theorem 3 [Q. H. Hou and Z. W. Sun, Acta Arith. 102(2002)]. Let k,m be
nonnegative integers and n a positive integer. Let F be a field of characteristic p
with p/n greater than m and k+m —mn — 1. Let Ay,... , A, be subsets of F with
cardinality k. For any i,j =1,... ,n withi # j, let S;; C F and |S;;| < m. Then,

for the set
C:{a1+"'+an:a1€A17"'7an€An7 a; — Gy Q/Szj Zfl?é]},

we have

IC| > (k+m —mn—1)n+ 1.

Theorem 4 [J. X. Liu and Z. W. Sun, J. Number Theory 97(2002)]. Let k,m,n
be positive integers with k > m(n—1), and let F be a field of characteristic p where

p>K=(k—-1)n—(m+ 1)(3) Let Aq,..., A, be subsets of F' for which

|Ap| =k and |Aizq] —|A4i| € {0,1} fori=1,... ,n—1.
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Let by, ... b, € F, and P(z) € F[z] have degree m. Then we have

|{a1+...+an: aiGAi,andP(a¢)+bi7éP(aj)+bj ZfZ%jH > K+ 1.

Theorem 5 [Z. W. Sun, J. Combin. Theory Ser. A 103(2003)]. Let F' be a field of
characteristic p, and Ay, ..., A, be finite subsets of F with 0 < k; = |41] < ... <

kn, = |An|. Let m be a positive integer such that
kn >m(n—1) and m > ky, — k.
Let by,... b, € F, Plz,y] € Flz,y], deg P =m, [z™]|P(x,y) # 0 and
S = {iai: a; € A;, a; # aj and P(a;,b;) # P(aj,bj) if i # j}.
i=1

(i) We have K =31 (ki —1)— (m+1)(5) > 0. Ifp> K!n!, then |S| > K +1.
(ii) When ky = ... =k, =k and p > K, we have |S| > K > (m —1)(}), and

IS|=K onlyifk=n>p>m=1orp=m=n=2<k=23.

Remark. Let F be a field of prime characteristic p. Let A C F, |[Al = n < p
and by,...,b, € F. By Theorem 5(ii) in the case m = 1 and k = n, there is a
numbering {a;}?_; of the elements of A such that the sums a; +by,... ,a, +b, are
pairwise distinct. This result was first proved by Alon [Israel J. Math. 117(2000)]
in the case F' = Z/pZ, it is connected with a conjecture of Snevily [Amer. Math.
Monthly 106(1999)].

The following result was obtained by a somewhat constructive method.

Theorem 6 [Z. W. Sun, Acta Arith. 99(2001)]. Let Ai,..., A, be finite subsets
of Z, and V' a set of tuples in the form (s,t,pu,v,w) where 1 < s,t < n, s # t,

w,v €2 =7\ {0} and w € Z. Set

C={a1+...+ay,:0a; € A, and pa; +va; # w if (i,4, p,v,w) € V}.
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If each V; = {(s,t, u,v,w) € V i € {s,t}} has cardinality less than |A;|, then

C12 S Al — 2V —n+ 1=1+ 3 (4] - Vi - 1) > 0.

=1 =1

What can we say about the cardinality of the restricted sumset
C={a+bac A, be B, and P(a,b) # 0}

where P(z,y) is a general polynomial over a field F'? We make progress in this
direction by relaxing (to some extent) the limitations of the polynomial method.
Our approach allows one to draw conclusions even if no coefficients in question are
known explicitly. Below we introduce the joint work with my student H. Pan.

Let E be an algebraically closed field and P(x) be a polynomial over E. For
a € B, if (x—a)™ | P(z) but (x —a)™™ t P(z), then we call m the multiplicity of
a with respect to P(z) and denote it by mp(«). For any positive integer ¢, we set

Ny(P) = qlfa € EX:mp(a) > ¢} = > {mp(a
a€EX

where {m}, denotes the least nonnegative residue of m € Z modulo ¢q. Note that
N;(P) is the number of distinct roots in E* = E \ {0} of the equation P(z) = 0.
Let p be the characteristic of F, and

{1,p,p?,...} if p< oo,
Pp) = { i
{1} otherwise.

We also define
N(P) = max ql{a € EX\ {-1}: ms(a) = g}
q€P(p)

Clearly N(P) <3, cpx\ (-1} mp(a) < deg P(z).
Let F be a field of characteristic p, and let E be the algebraic closure of F. Any

P(z) € Flz] can be viewed as a polynomial over E so that N,(P) (¢ =1,2,3,...)
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and N(P) are well defined. If P(z) € F[z] is irreducible and it has a repeated
zero in E, then p < oo and P(z) = f(2P) for some irreducible f(z) € Flz|; as
2P —aP = (x — a)P for all a € E, by induction we find that the multiplicity of any
zero of P(x) belongs to P(p).

The key lemma of this work is the following new result.

Lemma 3 [H. Pan and Z. W. Sun, J. Combin. Theory Ser. A, 100(2002)]. Let
P(x) be a polynomial over the field F' of characteristic p. Suppose that there exist

nonnegative integers k < I such that P(i) = 0 for all integers i € (k,1). Then either
z' | P(z), or deg P(z) < k, or Ny(P) > 1 —k for some q € P(p).

With helps of Lemma 3 and the polynomial method, we are able to obtain the

following main result.

Theorem 7 [H. Pan and Z. W. Sun, J. Combin. Theory Ser. A 100(2002)]. Let
F be a field of characteristic p, and let A and B be two finite nonempty subsets

of F. Furthermore, let P(x,y) be a polynomial over F of degree d = deg P(z,vy)
such that for some i € [0,|A| —1] and j € [0,|B| — 1] we have P(i,d — i) # 0 and

A

P(d—j,7) # 0. Define Py(z,y) to be the homogeneous polynomial of degree d such
that P(z,y) = Py(x,y) + R(x,y) for some R(x,y) € F[x,y] with deg R(z,y) < d,
and put P*(x) = Py(x,1). Then

H{a+b:a€ A, be B, and P(a,b) # 0}|
>min{p — mp+(—1), |A|+|B|—1—d— N(P*)}.
Corollary 1. Let F be a field of characteristic p # 2, and let A, B and S be finite
nonempty subsets of F'. Then
(6) |H{a+b:ac A beB, anda—b¢ S} > min{p, |A| + |B|—|S|—q—1}

where q is the largest element of P(p) not exceeding |S)|.
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Corollary 2. Let F be a field of characteristic p, and let A and B be finite

nonempty subsets of F. Let ) #S C F* x F and |S| < oo. Then
Ha+b:a€ A, be B, and a+ ub # v if (u,v) € S}

>min{p — [{v € F: (1,0) € S}|, |A| +|B| —2|S| - 1}.

Recently I have some further joint work with Prof. Yeh. We are able to present

a unified method to determine certain coefficients in polynomials.



