
DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS
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Abstract. We construct symmetric self-similar Dirichlet forms on unconstrained Sierpinski
carpets, which are natural extension of planner Sierpinski carpets by allowing the small
cells to live off the 1/k grids. We also drop the non-diagonal assumption in this recurrent
setting. The proof of the existence is purely analytic. A uniqueness theorem is also provided.
Moreover, the additional freedom of unconstrained Sierpinski carpets allows us to slide the
cells around. In this situation, we view unconstrained Sierpinski carpets as moving fractals,
and we prove that the self-similar Dirichlet forms will vary continuously in a Γ-convergence
sense.

1. Introduction

In this paper, we study the self-similar Dirichlet forms on the unconstrained Sierpinski
carpets (USC for short). See Figure 1 for some examples.

Figure 1. Unconstrained Sierpinski carpets (USC).

To see the meaning of the adjective “unconstrained”, let’s first recall the definition of the
classical Sierpinski carpets. Dividing the unit square into k2, k ≥ 3 identical small squares and
deleting a few symmetrically (keeping all that boarding the boundary), we get an iterated
function system (i.f.s. for short) consisting of similarities that map the unit square to a
remaining small square. The attraction of the i.f.s is a Sierpinski carpet, as long as the
fractal is connected. See Figure 2 for the standard Sierpinski carpet, where k = 3.
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Figure 2. The standard Sierpinski carpet.

Clearly, all the squares are constrained on the 1/k grids in a classical Sierpinski carpet. The
larger family of fractals, the unconstrained Sierpinski carpets, are exactly those self-similar
sets generated in a similar manner, but the constraint removed by allowing the 1/k sized
squares to move around. See Definition 2.1 for precise details. We will construct and study
the diffusions on unconstrained Sierpinski carpets.

The study of diffusion processes on fractals emerged as an independent research field in
the late 80’s. Initial interest in such processes came from mathematical physicists working in
the theory of disordered media [1, 24, 42]. On self-similar sets, the pioneering works are the
constructions of Brownian motions on the Sierpinski gasket [19, 33] originated by Goldstein
and Kusuoka independently and later [9] by Barlow and Perkins. The method features the
study of a compatible sequence of graphs [30], and is extend to various fractals with finitely
ramified cell structures [45]. See [10, 11, 13, 14, 17, 28, 29, 36, 37, 38, 40, 43, 45] and books
[2, 30, 44] for the Dirichlet forms on such fractals.

The Sierpinski carpets are typical self-similar sets that are not finitely ramified. The
construction of diffusions on Sierpinski carpets [3], initiated by Barlow and Bass, is a milestone
in analysis on fractals.

In the pioneering work [3], the diffusion is defined to be a weak limit of renormalized
Brownian motions on domains in R2, and the method later extends to generalized Sierpinski
carpets (carpets in Rd, d ≥ 3) [7]. An alternative approach, with the language of Dirichlet
forms, was given by Kusuoka and Zhou [34]. It remained a difficult question whether the
diffusions resulted from the two methods are the same until 2010 [8]. See [4, 5, 6, 7] for more
properties about the diffusions on Sierpinski carpets. Also see [20] for a recent work on the
standard Sierpinski carpet based on the resistance estimate [5] and Γ-convergence [15, 39].

More or less, the constructions depend on delicate structure of the Sierpinski carpets.
In [3], the non-diagonal condition is required since Brownian motion on R2 does not hit a
single point. Also, the corner moves and slide moves [3, 7] depend on the exact way that
cells intersect. In [20], the resistance estimate used transformations among different graphs,
which essentially depends on the local structure of the fractal. A more general framework is
provided in [34]. However, some extra conditions (GB), (LS) and the Knight move method
were used to fulfill the story.
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Although it may not be possible to define a good diffusion on an arbitrary fractal, it is still
one of the central question in this field to see how far we can loosen the geometric restrictions
[2]. One of our main goal in this paper is to extend the constrcutions to the more general
unconstrained Sierpinski carpets. In particular, we break the conditions (GB) and (LS)
of [34]. Since we are dealing the recurrent case, the non-diagonal condition [3, 7, 8] is also
dropped.

Theorem 1. Let K be a USC and µ be the normalized Hausdorff measure on K. There is a
unique (up to a constant multiplier) strongly local, regular, irreducible, symmetric, self-similar
Dirichlet form (E ,F) on L2(K,µ) such that F is compactly embedded in L2(K,µ).

Our approach to existence is purely analytic. We are inspired by [34], and adopt a few
results there. To overcome the essential difficulty from the worse geometry, we develop a
trace theorem. Let ∂nK be the collection of boundary of cells of side length k−n, we use the
trace theorem to estimate the energy of functions that are harmonic in K \ ∂nK,

C1 · [[h|∂nK ]]2
Λ
σ(r)
2,2 (∂nK)

≤ E(h) ≤ C2 · [[h|∂nK ]]2
Λ
σ(r)
2,2 (∂nK)

, ∀h ∈ Hn.

See Section 4 and Section 6 for details. Compared with [26], our story is on the opposite
direction, we deduce important results including a uniform resistance estimate and an esti-
mate of the energy measure on the boundary by the trace theorem. With all the preparation
derived, the uniqueness is routine following the celebrated work [8].

The second goal, which also inspires the authors to break the constraint, is to study the
family of USC as a whole. For example, one can perturbate the i.f.s. of the USC on the right
hand side of Figure 1, and imagine this as squares sliding along edges. A natural question is
whether or not the Dirichlet form varies continuously accordingly. We provide an answer to
this in Section 9.

Theorem 2. Let K, Kn, n ≥ 1 be USC, and R, Rn, n ≥ 1 be the resistance metrics on
them according to Theorem 1. Then Rn � R if and only if the geodesic metrics dG,n on Kn,
n ≥ 1 are equicontinuous.

The condition on the geodesic metric is essential since it prevents the creation of new
shortest path for the diffusions. More precisely, we can not allow xn, yn ∈ Kn that are
bounded away in dG,n, but get arbitrarily close in the Euclidean metric d. See Example 9.6
and Figure 7 for an illustration. The proof of Theorem 2 relies also on the trace theorem, as
well as the uniqueness theorem.

At the end, we briefly introduce the structure of the paper. First, as the preliminary
part, we introduce the precise definition and geometric properties of USC in Section 2. Later
sections can be divided into two parts.

In Section 3-5 and also Appendix A,B, we focus on the existence of the self-similar Dirichlet
forms. In Section 3, we introduce the Poincare constants from [34]. For convenience of readers,
we slightly rewrite the proof of relationships between different Poincare constants in [34] in
Appendix A; also, we provide a much shorter proof of the existence of a limit form of discrete
forms, based on Γ-convergence in Appendix B. In Section 4, we use the idea of the trace
theorem in the discrete situation to obtain an estimate of the discrete resistance metrics.
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We use a quite different approach compared with [34], which is purely analytic. Finally, we
construct the self-similar Dirichlet form in Section 5.

In Section 6-9, we prove the uniqueness and the continuity. The main tool to provide
useful estimates is the trace theorem, developed in Section 6. In Section 7, we provide a
uniform estimate of the resistance metrics with respect to the geodesic metrics. In Section
8, we prove the uniqueness of the self-similar Dirichlet forms following [8]. In Section 9, we
prove Theorem 2. The key technique is to use the Γ-convergence developed by one of the
author [10] (summarised in Appendix C), and to prove the energy measure on the boundary
is 0, which is also an application of the trace theorem.

From time to time, we will write a � b for two functions (forms, and sequences) a, b, if
there is a constant C > 0 so that C−1 · b ≤ a ≤ C · b.

2. The geometry of unconstrained Sierpinski carpets

In this section, we present a brief review of the geometric properties of USC. Similar as
the classical Sierpinski carpets, the USC are self-similar sets generated by removing small
squares from an initial square and iterating.

Let � be a unit square in R2. We let

q1 = (0, 0), q1 = (1, 0), q3 = (1, 1), q4 = (0, 1)

be the four vertices of �, where we write x = (x1, x2) for a point in R2. In addition, we will
write

x, y =
{

(1− t)x+ ty : 0 ≤ t ≤ 1
}
,

for the line segment connecting x, y ∈ R2.
For convenience, we denote the group of self-isometries on � by

G =
{

Γv,Γh,Γd1 ,Γd2 , id,Γr1 ,Γr2 ,Γr3
}
,

where Γv,Γh,Γd1 ,Γd2 are reflections (v for vertical, h for horizontal, d1, d2 for two diagonals),

Γv(x1, x2) = (x1, 1− x2), Γh(x1, x2) = (1− x1, x2),

Γd1(x1, x2) = (x2, x1), Γd2(x1, x2) = (1− x2, 1− x1),
(2.1)

for x = (x1, x2) ∈ �, id is the identity mapping, and Γr1 ,Γr2 ,Γr3 are rotations

Γr1(x1, x2) = (1− x2, x1), Γr2 = (Γr1)2, Γr3 = (Γr1)3, (2.2)

around the center of � counterclockwisely with angle jπ
2 , j = 1, 2, 3. In this paper, we will

focus on the structures with G -symmetry.

Definition 2.1 (Unconstrained Sierpinski carpets).
Let k ≥ 3 and 4(k − 1) ≤ N ≤ k2 − 1. Let {Fi}1≤i≤N be a finite set of similarities with

contraction ratio k−1. Assume the following holds:
(Nonoverlapping). Fi(�) ∩ Fj(�) is either a line segment, or a point, or empty, i 6= j.

(Connectivity).
⋃N
i=1 Fi(�) is connected.

(Symmetry). Γ
(⋃N

i=1 Fi(�)
)

=
⋃N
i=1 Fi(�) for any Γ ∈ G .

(Boundary included). q1, q2 ⊂
⋃N
i=1 Fi(�) ⊂ �.



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 5

Then, call the unique compact subset K ⊂ � such that

K =
N⋃
i=1

FiK

an unconstrained Sierpinski carpet (USC).

Figure 3. More unconstrained Sierpinski carpets (USC).

See Figure 3 for more examples of USC. Below we highlight some basic settings.

Basic settings and notations.
(1). Throughout the paper, k,N are fixed numbers. Most constants appear in Section 6

and Section 8 only depend on k.
(2). The squares Fi(�) along the boundary of � is useful, and we order them in the

following way. For 0 ≤ j ≤ 3 and 1 ≤ i ≤ k − 1, we stipulate that

F(k−1)j+i(x) =
1

k
(x− qj+1) + qj+1 +

i− 1

k
(qj+2 − qj+1) (2.3)

with cyclic notation q5 = q1.
(3). For convenience, we denote the four sides of � by

L1 = q1, q2, L2 = q2, q3, L3 = q3, q4, L4 = q4, q1. (2.4)

(4). We write ∂0K =
⋃4
i=1 Li for the square boundary of K.

In the rest of this section, we prove some geometric properties of USC. Let’s first introduce
some more notations.

Definition 2.2. Let W0 = {∅},W1 = {1, 2, · · · , N} and Wn = Wn
1 for n ≥ 1. Also, write

W∗ =
⋃∞
n=0Wn for the space of finite words.

(a). For each w = w1 · · ·wn ∈Wn, we denote |w| = n the length of w, and write

Fw = Fw1 ◦ · · · ◦ Fwn .

So each w ∈Wn represents a n-cell FwK in K.
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(b). For w,w′ ∈ Wn with n ≥ 1, we say w
n∼ w′ if FwK ∩ Fw′K 6= ∅. For A,B ⊂ Wn,

we write A
n∼ B if w

n∼ w′ for some w ∈ A and w′ ∈ B. In particular, we write w
n∼ A if

{w} n∼ A.
(c). For w = w1 · · ·wn ∈Wn, w

′ = w′1 · · ·w′m ∈Wm, we write

w · w′ = w1 · · ·wnw′1 · · ·w′m ∈Wn+m.

For A ⊂Wn, B ⊂Wm, we denote A ·B = {w · w′ : w ∈ A,w′ ∈ B}.
(d). For A ⊂Wn, we define a symmetric bilinear form Dn,A on l(A) as,

Dn,A(f, g) =
∑

w,w′∈A
w
n∼w′

(
f(w)− f(w′)

)(
g(w)− g(w′)

)
, ∀f, g ∈ l(A).

In particular, we write Dn,A(f) := Dn,A(f, f), and Dn := Dn,Wn for short.
(e). For n ≥ 0, we define

∂Wn =
{
w ∈Wn : FwK ∩ ∂0K 6= ∅

}
.

Also, we write
Wn,i =

{
w ∈Wn : FwK ∩ Li 6= ∅

}
, for i = 1, 2, 3, 4,

and W∗,i =
⋃∞
n=0Wn,i.

In the following, we show that a USC K has the following geometric properties (A1)-(A4).
In particular, (A1), (A2), (A4) are the same as in [34], Section 2, while (A3) is relaxed for
USC.

(A1). The open set condition: there exists a non-empty open set U ⊂ R2 such that⋃N
i=1 FiU ⊂ U and FiU ∩ FjU = ∅, ∀i 6= j ∈ {1, · · · , N}.
(A2). For f ∈ l(Wn), Dn(f) = 0 if and only if f is a constant function.
(A3). There is a constant 0 < c0 < 1 satisfying the following.
(1). If x, y ∈ K and d(x, y) < c0k

−n, then there exist w,w′, w′′ ∈ Wn such that x ∈ FwK,
y ∈ Fw′K and FwK ∩ Fw′′K 6= ∅, Fw′K ∩ Fw′′K 6= ∅.

(2). If w,w′ ∈Wn and there is no w′′ ∈Wn so that

FwK ∩ Fw′′K 6= ∅, Fw′K ∩ Fw′′K 6= ∅.
Then d(x, y) ≥ c0k

−n for any x ∈ FwK and y ∈ Fw′K.
(A4). ∂Wn 6= Wn for n ≥ 2.

Remark 1. By (A1), the Hausdorff dimension of K is dH = logN
log k . Let µ be the normalized

dH -Hausdorff measure on K, i.e. µ is the unique self-similar measure on K such that µ =
1
N

∑N
i=1 µ ◦ F

−1
i .

Remark 2. In [34], (A3)-(2) was stated as:
If w,w′ ∈Wn and FwK ∩ Fw′K = ∅, then d(x, y) ≥ c0k

−n for any x ∈ FwK and y ∈ Fw′K.
One can check (A3)-(2) does not hold if we allow two cells FiK,FjK, i 6= j ∈ {1, · · · , N}

to have intersection length

|FiK ∩ FjK| =
∞∑
l=1

k−
l(l+1)

2 ,

where |FiK ∩ FjK| denotes the length of FiK ∩ FjK.
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Proof of (A1)-(A4).
(A1), (A2), (A4) are obvious. It remains to verify (A3).

(A3)-(1). Let

c′0 = min
{1

2
, k ·min

{
d(FiK,FjK) : FiK ∩ FjK = ∅, 1 ≤ i, j ≤ N

}}
.

We will show c′0 works for (A3)-(1). Let x, y ∈ K with d(x, y) < c′0k
−n for some n ≥ 1. Let

m0 = 1 + min
{
m ≥ 0 : there is τ ∈Wm such that x, y ∈ FτK

}
.

We will see that either of the following two cases happens.

Case 1. There is w ∈Wn such that x, y ∈ FwK.
Case 2. There are w 6= w′ ∈Wm0 and i, i′ ∈ {1, 2, 3, 4} such that

FwK ∩ Fw′K 6= ∅,

and

x ∈
⋃

w̃∈Li,n−m0

Fw·w̃K, y ∈
⋃

w̃∈Li′,n−m0

Fw′·w̃K.

In fact, if n < m0, Case 1 happens clearly. If n ≥ m0, there are τ ∈ Wm0−1 and i 6= j so

that x ∈ Fτ ·iK, y ∈ Fτ ·jK. Since d(F−1
τ x, F−1

τ y) < c′0k
−n+(m0−1) ≤ c′0k

−1, by the definition
of c′0, we have FiK ∩ FjK 6= ∅, and so Fτ ·iK ∩ Fτ ·jK 6= ∅. So Case 2 happens by choosing
w = τ · i and w′ = τ · j, noticing that c′0 < 1.

Now if n < m0, Case 1 happens and (A3)-(1) holds immediately. Otherwise if n ≥ m0,
Case 2 happens, then we let v be the word in w · Li,n−m0 such that x ∈ FvK, and let v′ be
the word in w′ ·Li′,n−m0 such that y ∈ Fv′K. It is clear that if (A3)-(1) does not hold, then
d(x, y) ≥ k−n > c′0k

−n, a contradiction.

(A3)-(2). It is a consequence of (A3)-(1). In fact, let

c0 = c′0/2.

We can prove (A3)-(2) by contradiction. Let w,w′ ∈Wn, and assume there is no w′′ ∈Wn so
that FwK ∩Fw′′K 6= ∅, Fw′K ∩Fw′′K 6= ∅. If there are x ∈ FwK, y ∈ Fw′K so that d(x, y) <
c0k
−n, then we can find x′ ∈ Fw(K \ ∂0K) and y′ ∈ Fw′(K \ ∂0K) so that d(x′, y′) < c′0k

−n.
By (A3)-(1), we know there is w′′ ∈ Wn satisfying FwK ∩ Fw′′K 6= ∅, Fw′K ∩ Fw′′K 6= ∅. A
contradiction. �

3. A limit form of Kusuoka and Zhou

In this section, we will introduce the celebrated results of Kusuoka and Zhou [34]. First,
we define the Poincare constants, which was introduced in [34]. We modify the definition of
Rn for the compatibility with the weaker version of (A3)-(2).

Definition 3.1 (Poincare constants [34]). For n ≥ 0, A ⊂Wn and f ∈ l(A), we write

[f ]A = (#A)−1
∑
w∈A

f(w).
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(a). For n ≥ 1, define

λn = sup
{ ∑
w∈Wn

(
f(w)− [f ]Wn

)2
: f ∈ l(Wn),Dn(f) = 1

}
.

(b). For n ≥ 1, define

λ(D)
n = sup

{
Nn[f ]2Wn

: f ∈ l(Wn), f |∂Wn = 0,Dn(f) = 1
}
.

(c). For A,B ⊂Wn, define

Rn(A,B) = max
{(
Dn(f)

)−1
: f ∈ l(Wn), f |A = 0, f |B = 1

}
.

For w ∈W∗, we write

Nw =
⋃{

w′ ∈W|w| : there is w′′ ∈W|w| so that FwK ∩ Fw′′K 6= ∅, Fw′K ∩ Fw′′K 6= ∅
}
.

Then, for m ≥ 1, define

Rm = inf
{
R|w|+m(w ·Wm, (W|w| \ Nw) ·Wm) : w ∈W∗ \ {∅}

}
.

(d). For m ≥ 1 and w
n∼ w′, define

σm(w,w′) = sup
{
Nm

(
[f ]w·Wm − [f ]w′·Wm

)2
: f ∈ l(W|w|+m),D|w|+m,{w,w′}·Wm

(f) = 1
}
.

For m ≥ 1, define

σm = sup
{
σm(w,w′) : n ≥ 1, w, w′ ∈Wn, w

n∼ w′
}
.

One of the important results in [34], based on the conditions (A1)-(A4), is the comparison
of the Poincare constants. Below, we copy the theorem ([34], Theorem 2.1) for convenience
of readers.

Proposition 3.2 ([34], Theorem 2.1). Assume (A1)-(A4). There is a constant C > 0 such
that 

λ
(D)
n ≤ C · λn, n ≥ 1,

NmRmλn ≤ C · λn+m, n,m ≥ 1,

λn+m ≤ C · λnσm, n,m ≥ 1,

σn+m ≤ C · σnσm, n,m ≥ 1,

(k2N−1)n ≤ C ·Rn, n ≥ 1.

In particular, in our setting, (A3)-(2) is a little weaker than the original one in [34].
However, the proof in [34] still works perfectly. For convenience of readers, in Appendix A,
we rewrite the proof of the inequality NmRmλn ≤ C · λn+m. The other inequalities are less
or not affected by the change of (A3).

On the other hand, to get a self-similar form on K, we would expect N−nλn � r−n for
some r > 0. Proposition 3.2 is still not enough for this purpose. We need to investigate the
geometry of the fractals more carefully for the following two inequalities.

(B1). There is a constant C > 0 such that σn ≤ C · λ(D)
n , for n ≥ 1.

(B2). There is a constant C > 0 such that λn ≤ C ·NnRn, for n ≥ 1.

In the following Lemma 3.3, 3.4, we list some important consequences of (B1) and (B2).
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Lemma 3.3. Assume (A1)-(A4) and (B1), then there are C1, C2 > 0 such that

C1 · λ(D)
n ≤ λn ≤ C2 · λ(D)

n , ∀n ≥ 1.

Lemma 3.4. Assume (A1)-(A4) and (B1)-(B2), then there are r > 0 and C1, C2 > 0
such that

C1 · r−n ≤ N−nλn ≤ C2 · r−n, ∀n ≥ 1.

In addition, r ≤ N
k2

.

Proof. It suffices to show that there are constants C3, C4 > 0 so that

C3 · λnλm ≤ λn+m ≤ C4 · λnλm
for any n,m ≥ 1.

First, by Proposition 3.2 and (B1), we have, for some constant C > 0, σm ≤ C · λ(D)
m ≤

C2 · λm, and thus λn+m ≤ C · λnσm ≤ C3 · λnλm.
Second, by the second inequality in Proposition 3.2 and (B2), we know, for some constant

C > 0, λn+m ≥ C ·NmRmλn ≥ C2 · λnλm.
Finally, by the second and last inequalities of Proposition 3.2, we know, for some constant

C > 0, N−mλm ≥ C ·Rm ≥ C2 · (k2N−1)m. So r ≤ N
k2

. �

We call r the renormalization factor in this paper. For USC, we always have

r ≤ N

k2
≤ 1− 1

k2
.

In [34], it is shown that a limit form of the discrete energies Dn can be well defined under
the above assumptions. We combine Theorem 5.4 and Theorem 7.2 in [34] together into the
following Theorem 3.5.

In the following, with some abuse of notations, for f ∈ L1(K,µ), we write Dn(f) =
Dn(Pnf), where Pn : L1(K,µ) → l(Wn) is defined as (Pnf)(w) = Nn

∫
FwK

f(x)µ(dx), ∀w ∈
Wn.

Theorem 3.5. Assume (A1)-(A4),(B1)-(B2) and 0 < r < 1. Let

F = {f ∈ L2(K,µ) : sup
n≥1

r−nDn(f) <∞}.

(a). For any β ∈ (0,− log r
log k ), there is a constant C > 0 such that

|f(x)− f(y)|2 ≤ C · d(x, y)β
(

sup
n≥1

r−nDn(f)
)
, ∀x, y ∈ K,∀f ∈ F .

In particular, F ⊂ C(K).
(b). There are a regular symmetric Dirichlet form (Ē ,F), C1, C2 > 0 such that

C1 · sup
n≥1

r−nDn(f) ≤ Ē(f) ≤ C2 · lim inf
n→∞

r−nDn(f), ∀f ∈ F .

Theorem 3.5 (b) was proved with a probabilistic approach in [34]. It is also possible to
prove it directly by the Γ-convergence method, when we have the condition r < 1. See
Appendix B for a short proof of Theorem 3.5.

It remains to verify (B1),(B2) in the USC setting. (B1) is easy, while (B2), which
is essentially linked with the regularity of the form is hard. In [34], the method of “Knight
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moves” of Barlow and Bass [] is applied to show (B2). However, the same idea fails essentially
on USC. We will develop a method that does not depend on “Knight moves”, or on the
probabilistic consideration, to prove (B2). The method will involve a rough idea of the trace
theorem, which will be stated in detail in Section 6.

In the rest of this section, we will verify (B1). The new method to prove (B2) will be
postponed to the next section.

3.1. Verification of (B1). Since we allow two cells to intersect at a single point, we will
take the advantage that we are just focusing on 2-dimensional carpets (which is essential
since we need the process hinting points). In the following lemma, we will use the facts that
lim inf
n→∞

1
n logRn ≥ 2 log k− logN > 0 and N−nλn ≥ C ·N−lλlRn−l for some C > 0, which are

provided by Proposition 3.2.

Lemma 3.6. There is C > 0 such that
∣∣f(w) − [f ]Wn

∣∣2 ≤ C · N−nλnDn(f) for any n ≥
1, w ∈Wn and f ∈ l(Wn).

Proof. Let w = w1 · · ·wn be the word appears in the lemma. Let Bn = Wn and Bl =
w1 · · ·wn−l ·Wl for 0 ≤ l ≤ n− 1. By applying the definition of λl, we have∣∣[f ]Bl−1

− [f ]Bl
∣∣2 ≤ N−l+1

∑
w′∈Bl−1

(
f(w′)− [f ]Bl

)2
≤ N−l+1λlDn(f).

Thus,
∣∣f(w) − [f ]Wn

∣∣ ≤ ∑n
l=1

√
N−l+1λl ·

√
Dn(f) ≤ C ·

√
N−nλnDn(f). The lemma then

follows from Proposition 3.2. �

Now we proceed to prove (B1). For convenience, for a function f ∈ l(Wn+m) and w ∈Wn,
we use the notation f ◦ Fw to denote the function in l(Wm) with f ◦ Fw(τ) = f(w · τ).

Proof of (B1). Let m ≥ 1 and choose n ≥ 1, w,w′ ∈Wn such that w
n∼ w′ and σm(w,w′) >

σm/2. Let f be the function on A = {w,w′} ·Wm such that Dn+m,A(f) = 1, and(
[f ]w·Wm − [f ]w′·Wm

)2
= N−mσm(w,w′).

Let R : A → A be the symmetry with respect to the middle point of FwK ∩ Fw′K. By
symmetry, we can assume that f = −f ◦R and f |w·Wm ≥ 0, so that

[f ]w·Wm =
1

2

√
N−mσm(w,w′).

Pick η ∈ w · Wm and η′ ∈ w′ · Wm so that η
n+m∼ η′ and η = R(η′). Clearly, we have

|f(η) − f(η′)| ≤ 1 and so f(η) ≤ 1
2 . Next, by Proposition 3.2 and Lemma 3.6, for m large

enough, we can find l independent of m such that∣∣[f ]ι·Wm−l − f(η)
∣∣ < 1

4
[f ]w·Wm ,

where ι is the unique word in Wn+l such that η ∈ ι ·Wm−l. Thus by choosing m large,

[f ]ι·Wm−l <
1

2
[f ]w·Wm ,

noting that by Proposition 3.2, N−mσm ≥ C ·Rm →∞ for some constant C > 0.
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Now we consider two cases based on [f ]τ , τ ∈ w · ∂Wl.

Case 1. maxτ∈w·∂Wl
[f ]τ ·Wm−l <

1
2 [f ]w·Wm .

In this case, by a same reason as above, we have f(κ) < 3
4 [f ]w·Wm for all κ ∈ w ·∂Wl ·Wm−l.

Let u be the function such that u|w·∂Wl·Wm−l = f |w·∂Wl·Wm−l and

Dn+m,w·Wm(u) = inf{Dn+m,w·Wm(u′) : u′|w·∂Wl·Wm−l = f |w·∂Wl·Wm−l}.

In other words u is the harmonic extension of f |w·∂Wl·Wm−l onto w ·Wm. Let f̃ = (f−u)◦Fw,

then one can see that f̃ |∂Wm = 0, [f̃ ]Wm ≥ 1
4 [f ]w·Wm = 1

8

√
N−mσm(w,w′) and Dm(f̃) ≤ 1

2 .

This implies that λ
(D)
m ≥ C · σm for some constant C > 0.

Case 2. maxτ∈w·∂Wl
[f ]τ ·Wm−l ≥ 1

2 [f ]w·Wm .
In this case, one can find C1 > 0 (depending only on k, l) and ι1, ι2 ∈ w · ∂Wl such that

ι1
n+l∼ ι2 and

∣∣[f ]ι1·Wm−l − [f ]ι2·Wm−l

∣∣ > C1 ·
√
N−mσm(w,w′). As a consequence, one can see

that there are C2 > 0 depending only on l, and a pair γ, γ′ ∈ ∂Wl with γ
l∼ γ′, such that

σm−l(γ, γ
′) ≥ C2 · σm.

So we reach the standard case that is dealt with in Section 8 of [34].
Without loss of generality, we let γ = 1111 · · · 1 and γ′ = 1111 · · · 1(4k − 4). So Fγ′K is

located above FγK, and share a common side with FγK. Let g be the unique function on

{γ, γ′} ·Wm−l so that D{γ,γ′}·Wm−l(g) = 1 and
(
[g]γ·Wm−l − [g]γ′·Wm−l

)2
= N−m+lσm−l(γ, γ

′).
Still, we assume g is antisymmetric with respect to FγK ∩ Fγ′K, symmetric with respect to

the bisection of FγK ∩ Fγ′K, and g|γ·Wm−l ≥ 0, so that [g]γ·Wm−l = 1
2

√
N−m+lσm−l(γ, γ′).

Let g+ = g ◦Fγ ∈ l(Wm−l). We will construct a function h ∈ l(Wm−l+3), h|∂Wm−l+3
= 0 by

using the copies of g+. Recall the symmetries Γh,Γd1 ,Γd2 defined in (2.1), which naturally
act on Wm−l. We define gd1 , gd2 ∈ l(Wm−l) as follows

gd1(w) =

{
g+(w), if FwK ∩ {(x1, x2) : x2 ≥ x1} 6= ∅,
g+ ◦ Γd1(w), if FwK ∩ {(x1, x2) : x2 ≥ x1} = ∅.

gd2(w) =

{
g+(w), if FwK ∩ {(x1, x2) : x2 ≥ 1− x1} 6= ∅,
g+ ◦ Γd2(w), if FwK ∩ {(x1, x2) : x2 ≥ 1− x1} = ∅.

Next, we define a function h′ ∈Wm−l+1 as follows,

h′(w) =


gd2(w2 · · ·wm−l+1), if w1 = 1,

g+(w2 · · ·wm−l+1), if 2 ≤ w1 ≤ k − 1,

gd1(w2 · · ·wm−l+1), if w1 = k,

0, otherwise,

where w = w1w2 · · ·wm−l+1 in the above formula. Finally, we define h ∈ l(Wm−l+3) as
follows:

h(w) =


h′ ◦ Γh(w3 · · ·wm−l+3), if w1 = 1, w2 = k,

h′(w3 · · ·wm−l+3), if w1 = 1, w2 = k + 1.

0, otherwise.
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One can easily see that h|∂Wm−l+3
= 0, [h]Wm−l+3

≥ C3·
√
N−m+lσm−l(γ, γ′) andDm−l+3(h) ≤

C4 for some C3, C4 > 0 independent of m. This implies that λ
(D)
m ≥ C5 · λ(D)

m−l+3 ≥ C6 · σm
for some C5, C6 > 0. �

4. An extension algorithm and its application to (B2)

The essential difficulty of (B2) for USC is caused by the unconstrained style of neighbour-
hood Nw, w ∈ W∗, which may be of infinitely many different types. Recall that in [], the
condition (B2) is verified by the “Knight moves” method due to Barlow and Bass [] for a
limited range of local symmetric fractals including the standard Sierpinski carpets. However,
there are very limited results about slide moves and corner moves in the USC setting, when
the process travels near the intersection of cells. Also, we can not construct functions of
controllable energy simply by only using symmetry as before.

We will invent a new technique to construct functions with nice boundary condition, for
both the discrete case and the continuous case. The argument in this section will be purely
analytic, and will not involve the “Knight moves” method in [].

We start this section with an introduction to the technique, and leave some estimates to
the last part of this section, from which the condition (B2) follows as an application.

4.1. Building bricks. We will break the fractal K near boundary into infinitely many pieces
(building bricks), and glue functions on building bricks together to arrive desired boundary
values.

Definition 4.1. Let K be a USC.
(a). For m ≥ 1, we define Tm,K =

⋃
w∈Wm,1

FwK.

(b). Let BK = cl
(
T1,K \ T2,K

)
.

For each w ∈ W∗,1 =
⋃∞
n=0Wn,1, the set FwBK is called a level-|w| building brick. We

can decompose T1,K as the union of infinitely many bricks, or of lower wall Tm,K and finitely
many bricks,

T1,K =
( ⋃
w∈W∗,1

FwBK
)⋃

L1 =
(m−2⋃
n=0

⋃
w∈Wn,1

FwBK
)⋃

Tm,K , for m ≥ 2. (4.1)

See Figure 4 for an illustration. In this section, since we are considering the discrete energies
Dn on cell graphs, we focus on the finite decomposition of T1,K . We will consider the infinite
decomposition of T1,k in the continuous case in Section 6.

We introduce some new notations for cell graph case.

Definition 4.2. Let K be a USC.
(a). For m ≥ 1 and n ≥ m, we define T̄m,n = {w ∈Wn : FwK ⊂ Tm,K}.
(b). For n ≥ 2, we define B̄n = {w ∈Wn : FwK ⊂ BK}.

We can rewrite the second decomposition in (4.1) as

T̄1,n =
( n−2⋃
l=0

⋃
w∈Wl,1

w · B̄n−l
)⋃

T̄n,n, n ≥ 2. (4.2)
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BK
T1,K

Figure 4. A finite decomposition of T1,K with m = 4.

4.2. Functions with linear boundary values. We will use the decomposition (4.2) to
construct functions in l(Wn), with good boundary condition on ∂Wn, n ≥ 2.

To start with, let’s define a building brick function bn on B̄n, n ≥ 2. This takes several
steps.

Step b.1 . Let hn be the unique function on Wn such that{
hn|Wn,4 = 0, hn|Wn,2 = 1,

Dn(hn) = min
{
Dn(f) : f |Wn,4 = 0, f |Wn,2 = 1, f ∈ l(Wn)

}
.

Let An = {w ∈Wn : w
n∼ T̄1,n}, h′n be the unique function on Wn such that{

h′n|Wn,3 = 1, h′n|An = 0,

Dn(h′n) = min
{
Dn(f) : f |Wn,3 = 1, f |An = 0, f ∈ l(Wn)

}
.

Step b.2 . Next, we define b
(1)
n ∈ l(B̄n) and b

(2)
n ∈ l(Wn \ T̄1,n) as

b(1)
n (i · w) = h′n−1(w) · hn(i · w), ∀1 ≤ i ≤ k, ∀w ∈Wn−1 \ T̄1,n−1,

and
b(2)
n (w) = (1− h′n(w)) · hn(w), ∀w ∈Wn \ T̄1,n.

Step b.3 . Lastly, we define bn ∈ l(B̄n) as

bn(i · w) = b(1)
n (i · w) +

1

k
b
(2)
n−1(w) +

i− 1

k
, ∀1 ≤ i ≤ k, ∀w ∈Wn−1 \ T̄1,n−1.

We present some important observations of bn in the following lemma.

Lemma 4.3. Let n ≥ 2 and bn ∈ l(B̄n) be the function defined in Step b.1-b.3.
(a). bn|(i·Wn−1,4)∩B̄n = i−1

k and bn|(i·Wn−1,2)∩B̄n = i
k , ∀1 ≤ i ≤ k.

(a). bn|(1·Wn−1,4)∩B̄n = 0, bn|(k·Wn−1,2)∩B̄n = 1.

(b). bn(w) = hn(w), ∀w ∈W1,1 ·Wn−1,3.



14 SHIPING CAO AND HUA QIU

(c). bn(i · w) = i−1
k + 1

khn−1(w), ∀1 ≤ i ≤ k,∀w ∈ An−1 \ T̄1,n−1.

(d). Dn,B̄n(bn) ≤ C ·
(
Dn(hn) +Dn−1(h′n−1)

)
, where C > 0 is independent of n.

In particular, Lemma 4.3 (a) shows that we can glue small copies of bn horizontally without
introducing across energy. Lemma 4.3 (b),(c) imply that we can glue bn with scaling copies of
bn−1 vertically still without introducing across energy. by adding a little energy (controlled
by the energy of hn, h′n−1). ?

Next, we make a function that is linear on ∂Wn with controllable energy. For convenience,
for each f ∈ L1(K,µ) and n ≥ 1, we define P∂nf ∈ l(∂Wn) as the unique function such that

(P∂nf)(w) = Nn

∫
FwK

f(x)µ(dx), ∀w ∈ ∂Wn.

Lemma 4.4. Let u ∈ l(K) defined by u(x1, x2) = x1, ∀x = (x1, x2) ∈ K. Then there is
fn ∈ l(Wn) such that fn|∂Wn = P∂nu and

Dn(fn) ≤ C ·
(
k−n +

n−2∑
l=0

k−lDn−l,B̄n−l(bn−l)
)
, (4.3)

for some constant C > 0 independent of n ≥ 2.

Proof. First we consider u′ ∈ l(K) defined by u′(x1, x2) = kn

kn−1(x1− 1
2kn ) instead of u. Then

we have (P∂nu
′)(w) = e(w)

kn−1 , where e(w) =
∑n

j=1 k
n−j(wj − 1) for w = w1 · · ·wn ∈ Wn,1.

In particular, (P∂nu
′)(1 · · · 1) = 0 and (P∂nu

′)(k · · · k) = 1. Now we construct a function
gn ∈ l(Wn) such that gn|∂Wn = P∂n(u′) by the following two steps.

Step 1. We first define g′n on T̄1,n. Let

g′n = P∂n(u′) · 1|Tn,n +
n−2∑
l=0

∑
w∈Wl,1

1

kl
(
e(w) + bn−l ◦ F−1

w

)
· 1w·B̄n−l ,

where by a little abuse of the notation, bn−l ◦F−1
w is the function supported on w · B̄n−l such

that bn−l ◦ F−1
w (w · η) = bn−l(η) for any η ∈ B̄n−l.

Step 2. We use symmetry and hn in Step b.1 to extend g′n to gn ∈ l(Wn). Recall the
reflection Γv(x1, x2) = (x1, 1− x2) which naturally acts on Wn. We define

gn(w) =


g′n(w), if w ∈ T̄1,n,

g′n ◦ Γv(w), if w ∈ ΓvT̄1,n,

hn(w), otherwise.

Clear, gn satisfies the boundary condition gn|∂Wn = P∂n(u′).
It suffices to define fn = kn−1

kn gn + 1
2kn such that fn|∂Wn = P∂nu. The energy estimate

(4.3) of fn follows from Lemma 4.3. �

In the next subsection, we will show the following two estimates.

lim sup
n→∞

1
n log(N−nλn) ≤ log k − log 2, (4.4)

Dn(hn) ≤ C ·Nnλ−1
n (4.5)
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for some C > 0 independent of n. With these estimates, we have a more clear explanation
of (4.3).

Corollary 4.5. Assume (4.4) and (4.5) hold. Let fn be the same as in Lemma 4.4. Then

Dn(fn) ≤ C ·Nnλ−1
n (4.6)

for some constant C > 0 independent of n.

Lemma 4.4 and Corollary 4.5 are enough for us to verify (B2).

Proposition 4.6. Assume (4.4) and (4.5) hold. Then (B2) holds.

Proof. Let n,m ≥ 1 and w ∈Wm. We need to estimate Rm+n

(
w ·Wn, (Wm \ Nw) ·Wn

)
.

Let c0 be the constant in (A3), and let p = (p1, p2) be the center of FwK. We consider
the following four linear functions on K,

u1(x1, x2) = kmc1(x1 − p1) + c2 u2(x1, x2) = kmc1(p1 − x1) + c2,

u3(x1, x2) = kmc1(x2 − p2) + c2, u4(x1, x2) = kmc1(p2 − x2) + c2,

for x = (x1, x2) ∈ K, where c1 =
√

2c−1
0 and c2 = 1 + 1

2c1. In particular, let u′ =

min4
i=1 Pn+m(ui), one can check that u′|w·Wn ≥ 1 and u′|(Wm\Nw)·Wn

≤ 0.
By Lemma 4.4 and Corollary 4.5, we can construct gi ∈ l(Wm+n), 1 ≤ i ≤ 4 so that

gi(w
′ · τ) = Pn(ui ◦ Fw′)(τ), ∀w′ ∈ Wm, τ ∈ ∂Wn and Dm+n,w′·Wn(gi) ≤ C · c2

1N
nλ−1

n , where
C is the same constant in Corollary 4.5. In addition, since gi is linear on w′ · ∂Wn and well

matched for any w′
m∼ w′′, we have the estimate

Dm+n,A(gi) ≤ C ′ ·Nnλ−1
n + C ′ · k−n ≤ C ′′ ·Nnλ−1

n ,

where A = {v ∈Wm+n : v
m+n∼ Nw ·Wn}

⋃
(Nw ·Wn), and C ′, C ′′ are independent of n,m,w.

Finally, let g =
(
(min4

i=1 gi) ∨ 0
)
∧ 1. One can see that g|w·Wn = 1, g|(Wm\Nw)·Wn

= 0 and

Dm+n(g) ≤ 4C ′′ ·Nnλ−1
n . (B2) follows immediately. �

4.3. Verification of the estimates. We prove formulas (4.4) and (4.5) in this last subsec-

tion. The proof is essentially based on λ
(D)
n � λn

(
provided by Lemma 3.3 following (B1)

)
and Lemma 3.6.

First, we prove (4.5), which is equivalent to the effective resistance estimate

Rn(Wn,2,Wn,4) ≥ C ·N−nλn
for some C > 0 independent of n.

Let n ≥ 1,m ≥ 1. For a connected subset A of Wm,1 with l = #A ≥ 2, let w
(1)
A be the

most left one and w
(2)
A be the most right one in A, viewing A as a chain of cells. Define

R̃n,m,A = max
{
D−1
m+n,A(f) : f ∈ l(A ·Wn), f |

w
(1)
A ·Wn

= 0, f |
w

(2)
A ·Wn

= 1
}
.

Clearly, R̃n,m,A depends only the length of A, i.e. l = #A, and is independent of m. Denote

R̃n,m,A as R̃n,,l. The intuition of the following lemma comes from the series rule of resistances.

Lemma 4.7. For n ≥ 1, we have

Rn(Wn,1,Wn,3) ≥ 1

4l
· R̃n,l.
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Proof. Clearly, we see that R̃n,l is increasing in l, i.e. R̃n,l1 ≥ R̃n,l2 if l1 ≥ l2.
The lemma is obvious for l = 2, so we only consider the case l ≥ 3.

First, we consider the case l = 3. In this case, A = {w1, w
′, w2} such that w1

m∼ w′
m∼ w2.

Choose f ∈ l(A ·Wn) so that f |w1·Wn = 0, f |w2·Wn = 1 and Dm+n,A·Wn(f) = R̃−1
n,3. Define

g ∈ l(Wn) as

g(τ) = 1Wn,2(τ) + f(w′ · τ) · 1Wn\(Wn,2∪Wn,4), ∀τ ∈Wn.

Then, we have g|Wn,4 = 0, g|Wn,2 = 1 and Dn(g) ≤ 2 · Dm+n,A·Wn(f). Thus,

Rn(Wn,1,Wn,3) ≥ 1

2
D−1
m+n,A·Wn

(f) =
1

2
R̃n,3.

Next, we consider the cases l = 2d + 2, d ≥ 0. By applying symmetry, one can easily see
that

R̃n,2d+1+2 ≤ 2 · R̃n,2d+2. (4.7)

In fact, fix A with #A = 2d+1 + 2, and choose f ∈ l(A ·Wn) so that f |w1·Wn = 0, f |w2·Wn = 1

and Dm+n,A·Wn(f) = R̃−1
n,2d+1+2

. We can see that

R̃−1
n,2d+1+2

= Dm+n,A·Wn(f) ≥ Dm+n,A·Wn(f ∨ 1

2
) +Dm+n,A·Wn(f ∧ 1

2
) ≥ 2 · 1

4
R̃−1
n,2d+2

.

Thus, Rn(Wn,1,Wn,3) ≥ 1
2d+1 R̃n,2d+2 by iterating (4.7).

Finally, for general l ≥ 3, the estimate follows from the monotonicity of R̃n,l. �

Now, we prove (4.5). In the proof, we write qi,n = {w ∈Wn : qi ∈ FwK} for i = 1, 2, 3, 4.

Lemma 4.8. There exists C > 0 such that for any n ≥ 1,

Rn(Wn,2,Wn,4) = Rn(Wn,1,Wn,3) ≥ C ·N−nλn.

Proof. Fix a large n, and let f ∈ l(Wn) such that f |∂Wn = 0, [f ]Wn =

√
N−nλ

(D)
n and

Dn(f) = 1. Let τ ∈Wn such that

f(τ) = max
w∈Wn

f(w) > [f ]Wn .

Choose M1 > 0 so that |f(τ ′) − f(τ)| < 1
3 [f ]Wn for any τ ′ ∈ Wn such that τ ′m = τm for all

1 ≤ m ≤ M1. Noticing that by Lemma 3.6, M1 can be chosen independently of n (for large
n).

Next, we choose a sequence τ = τ (0), · · · , τ (2L−1) ∈Wn such that τ (2L−1) ∈ ∂Wn, and{
τ

(2l)
1 · · · τ (2l)

M1
= τ

(2l+1)
1 · · · τ (2l+1)

M1
, for 0 ≤ l < L,

τ (2l+1) n∼ τ (2l+2), for 0 ≤ l < L− 1.

See Figure 5 for an illustration for such sequence. Noticing that L (depending only on M1)

can be a fixed number for any large n, and |f(τ (2l+1)) − f(τ (2l+2))| < 1 which is ignorable

compared with [f ]Wn . As a consequence of the choice of M1, noticing that f(τ (2L−1)) = 0,

we can find 1 ≤ l < L such that
∣∣f(τ (2l)) − f(τ (2l+1))

∣∣ ≥ 1
2L [f ]Wn . Now we fix this l and

consider

g = f ◦ F
τ
(2l)
1 ···τ (2l)M1

∈ l(Wn−M1).
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Figure 5. The sequence τ , where we use small squares to stand for n-cells
in τ , and big squares to stand for the associated (n−M1)-cells.

Clearly, Dn−M1(g) ≤ 1, and we can choose 1 ≤ j ≤ 4, and η, η′ from

Wn−M1,j

⋂{
τ̃ (2l), τ̃ (2l+1), qi,n−M1 , i = 1, 2, 3, 4

}
,

such that g(η)−g(η′) ≥ 1
6L [f ]Wn , where τ̃ (2l) = τ

(2l)
M1+1 · · · τ

(2l)
n and τ̃ (2l+1) = τ

(2l+1)
M1+1 · · · τ

(2l+1)
n .

Lastly, again by Lemma 3.6, we choose M2 independently of large n and M1 so that∣∣g(w)− g(η)
∣∣ ≤ 1

24L
[f ]Wn ,

∣∣g(w′)− g(η′)
∣∣ ≤ 1

24L
[f ]Wn ,

for any w,w′ ∈ Wn−M1 such that w1 · · ·wM2 = η1 · · · ηM2 and w′1 · · ·w′M2
= η′1 · · · η′M2

. Thus,

by letting κ = η1 · · · ηM2 and κ′ = η′1 · · · η′M2
, we have

min
w∈κ·Mn−M1−M2

g(w)− max
w∈κ′·Mn−M1−M2

g(w′) ≥ g(η)− g(η′)− 2 · 1

24L
[f ]Wn ≥

1

12L

√
N−nλ

(D)
n .

Observing that κ, κ′ ∈ WM2,j , we conclude that R̃n−M1−M2,l ≥ C ′ · N−nλn for some C ′ >
0, where l is the length of the finite chain in WM2,j connecting κ, κ′. Since M1,M2 are
independent of large n, and l is bounded above depending only on M2, by using Lemma 4.7,
the lemma follows. �

Finally, (4.4) is an easy consequence of Lemma 4.8.

Corollary 4.9. lim sup
n→∞

1
n log(N−nλn) ≤ log k − log 2.

Proof. For n ≥ 1, let f ∈ l(Wn) such that f |Wn,1 = 0 and f |Wn,3 = 1 and Dn(f) =(
Rn(W1,n,W3,n)

)−1
. Let A = {W1,2,W1,4} · · · {W1,2,W1,4} where “·” repeats n times. Ge-

ometrically, A stands for the collection of 2n many straight chains of n-cells starting from
Wn,1 and ending at Wn,3. By collecting the energy of f on A, it is directly to see that
Dn(f) ≥ C1 · 2nk−n for some C1 > 0. Then by Lemma 4.8, we get N−nλn ≤ C2 · 2−nkn for
some C2 > 0, which immediately proves the corollary. �

Proof of (B2). (B2) is a consequence of Proposition 4.6, Lemma 4.8 and Corollary 4.9. �
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5. Self-similar forms

In this section, we prove the existence of a self-similar Dirchlet form on USC. The proof
is based on the existence of a limit form in Theorem 3.5.

First, we formally introduce the definition of self-similar Dirichlet forms on K. Recall that
the capacity on K associated with (E ,F) is defined as

Cap(U) = inf{E(f) : f |U ≥ 1, a.e., f ∈ F},

for open U ⊂ K. For general Borel sets B, Cap(B) = infB⊂U Cap(U), where the infimum is
taken over open sets U containing B. A function f ∈ l(K) is quasi-continuous if and only if
for any ε > 0, there is open U ⊂ K such that Cap(U) < ε and f |K\U ∈ C(K \ U).

Definition 5.1. Let K be a USC and µ be the normalized Hausdorff measure on K. A
regular Dirichlet form (E ,F) on K is called self-similar if the following holds:

(1). If f ∈ F , then f ◦ Fi ∈ F for 1 ≤ i ≤ N . Conversely, if f is quasi-continuous on K,
and f ◦ Fi ∈ F , then f ∈ F .

(2). The self-similar identity of the energy holds,

E(f) =

N∑
i=1

r−1E(f ◦ Fi), ∀f ∈ F , (5.1)

where r > 0 is called the renormalization factor.

In this paper, we have F ⊂ C(K) for most of times, so we do not need to worry about the
quasi-continuity of the functions.

Theorem 5.2. Let K be a USC and µ be the normalized Hausdorff measure on K. There is a
local regular, recurrent, irreducible, symmetric, self-similar Dirichlet from (E ,F) on L2(K,µ).

In addition, there are constants C,C ′ > 0 such that

C · Ē(f) ≤ E(f) ≤ C ′ · Ē(f), ∀f ∈ F ,

where (Ē ,F) is the same as that in Theorem 3.5.

Proof. Recall the form (Ē ,F) in Theorem 3.5. For n ≥ 1, we define

Ẽn(f) =
∑
w∈Wn

r−nĒ(f ◦ Fw), ∀f ∈ F .

We claim that

C1 · r−nDn(f) ≤ Ẽn(f) ≤ C2 · lim inf
m→∞

r−mDm(f), ∀f ∈ F (5.2)

for some C1, C2 > 0 independent of n.
On one hand, by Theorem 3.5, there is C2 > 0 such that Ē(f) ≤ C2 · lim inf

m→∞
r−mDm(f) for

any f ∈ F . It follows from the definition of Dm, we have

Ẽn(f) =
∑
w∈Wn

r−nĒ(f ◦ Fw) ≤ C2 · lim inf
m→∞

∑
w∈Wn

r−n−mDm(f ◦ Fw)

≤ C2 · lim inf
m→∞

r−mDm(f).
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On the other hand, still by Theorem 3.5, F ⊂ C(K) and
∣∣P0f − f(x)

∣∣2 ≤ C3 · Ē(f), ∀x ∈
K,∀f ∈ F , for some C3 > 0, where P0f =

∫
K f(y)µ(dy). Thus, for any w

n∼ w′ in Wn,∣∣(Pnf)(w)− (Pnf)(w′)
∣∣2 ≤ 2C3 ·

(
Ē(f ◦ Fw) + Ē(f ◦ Fw′)

)
,

where (Pnf)(w) = Nn
∫
FwK

f(y)µ(dy) as previous sections. By summing over all w
n∼ w′, we

get C1 · r−nDn(f) ≤ Ẽn(f) for some C1 > 0.

Let F̂ be a Q-vector subspace of F , that is dense in F with respect to the norm ‖f‖Ē1 :=√
Ē(f) + ‖f‖2

L2(K,µ)
. Then by a diagonal argument, there is a subsequence {nl}l≥1 such that

the limit

E(f) := lim
l→∞

1

nl

nl∑
m=1

Ẽm(f)

exists for any f ∈ F̂ . In addition, by (5.2) and Theorem 3.5, we know

C4 · Ē(f) ≤ E(f) ≤ C5 · Ē(f), ∀f ∈ F̂ ,

for some constant C4, C5 > 0. Thus, we can extend E continuously to F with respect to Ē1.
Immediately, (E ,F) is a regular symmetric self-similar Dirichlet form on K. In particular,

one can easily see that f ∈ C(K) and f ◦ Fi ∈ F , ∀1 ≤ i ≤ N imply f ∈ F . The local
property follows from the self-similarity of the form. Since 1 ∈ F and E(1) = 0, by Theorem
1.6.3 of [], (E ,F) is recurrent. Finally, since F ⊂ C(K), so 1A ∈ F implies µ(A) ∈ {0, 1}. So
(E ,F) is irreducible. �

6. A uniform trace theorem

From now on, we turn to the second topic of this paper. We will consider whether the
self-similar form (E ,F) on a USC constructed in Theorem 5.2 is unique, and whether the
form depends in a continuous way on the underlying USC.

As a preparation, we will develop a uniform trace theorem for forms on USC. Here uniform
means the constants C appearing in this section do not depend on K (only depends on k).
To achieve this, we need to normalized self-similar forms on USC in a natural way.

Basic settings. Throughout Section 6-9, we fix k and N . We introduce the following
conditions on a form (E ,F) on K for short.

(C1). (E ,F) is local regular, recurrent, irreducible and self-similar with a renormalization
factor 0 < r ≤ N

k2
. In addition,

R(L1, L3) = 1, (6.1)

where R(A,B) =
(

inf{E(f) : f |A = 0, f |B = 1}
)−1

for any A,B ⊂ K with positive capacity.

(C2). Every point in K has positive capacity. In particular, R(x, y) := R
(
{x}, {y}

)
is

well-defined for any x 6= y in K.

Clearly, the form constructed in Theorem 5.2 satisfies (C1) and (C2) if we normalize it
with a constant so that R(L1, L3) = 1. In this section we will present an extension theorem
in Subsection 6.3, where (C1) is quite enough, and a trace theorem in Subsection 6.5, where
(C2) is needed.
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6.1. Besov spaces on [0, 1]. The Besov spaces on the line segment [0, 1] naturally appear
in the trace theorem of Dirichlet spaces. See [] for related works. In this paper, we will admit
the following discrete version of Besov spaces on [0, 1].

Definition 6.1. Let 1
2 < σ < 1. For each u ∈ C[0, 1], define

[[u]]Λσ2,2 =

√√√√ ∞∑
m=0

k(2σ−1)m

km−1∑
l=0

(
u(

l

km
)− u(

l + 1

km
)
)2
,

and
Λσ2,2 =

{
u ∈ C[0, 1] : [[u]]Λσ2,2 <∞

}
.

Throughout this section, we always choose σ = σ(r) = − log r
2 log k + 1

2 , so that

[[u]]
Λ
σ(r)
2,2

=

√√√√ ∞∑
m=0

r−m
km−1∑
l=0

(
u(

l

km
)− u(

l + 1

km
)
)2
.

We remark that k is a fixed integer and 0 < r < 1 is the factor in (C1). We also write

‖u‖
Λ
σ(r)
2,2

=
√

[[u]]2
Λ
σ(r)
2,2

+ ‖u‖2
L2([0,1])

for the norm on Λ
σ(r)
2,2 , where L2[0, 1] is with respect to the Lebesgue measure on [0, 1].

Finally, for a line segment x, y, with x 6= y in R2, we identify x, y with [0, 1] by the linear
map γx,y : z → z−x

y−x , z ∈ x, y. We simply write

[[u]]
Λ
σ(r)
2,2 (x,y)

= |x, y|1/2−σ(r)[[u ◦ γx,y]]Λσ(r)2,2

,

and Λ
σ(r)
2,2 (x, y) =

{
u ∈ C(x, y) : [[u]]

Λ
σ(r)
2,2 (x,y)

<∞
}

, where |x, y| is the length of x, y. Noticing

that [[u]]
Λ
σ(r)
2,2 (x,y)

= [[u]]
Λ
σ(r)
2,2 (y,x)

, the norm depends only on x, y, not on the order of them.

6.2. Building bricks and boundary graph. Let K be a USC. For m ≥ 1, recall that in
Definition 4.1 we have defined Tm,K =

⋃
w∈Wm,1

FwK, and BK = cl(T1,K \T2,K). In addition,

T1,K can be decomposed into

T1,K =
( ⋃
w∈W∗,1

FwBK
)⋃

L1,

where each FwBK is called a level-|w| building brick.
We introduce two graphs based on BK and T1,K .

Definition 6.2. Let K be a USC.
(a). Define VBK = {F1q4, Fkq3} ∪ {Fi1q4, Fikq3}ki=1,

EBK =
{
{F1q4, Fkq3}, {F1q4, F11q4}, {Fkq3, Fkkq3}

}⋃{
{Fi1q4, Fikq3}ki=1

}
,

and denote GBK = (VBK , EBK ) the associated finite graph.
(b). Define VK =

⋃
w∈W∗,1 FwVBK , EK =

⋃
w∈W∗,1 Fw(EBK ), and denote GK = (VK , EK)

the associated infinite graph. See Figure 6 for an illustration.
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GBK GK

Figure 6. The infinite graph GK .

The points in VBK are vertices on the boundary of BK , while the set VK is the collection
of boundary points of all bricks, with the lower boundary L1 as its limit. We call GK the
boundary graph of K.

In the following, we define an energy on GK .

Definition 6.3. (a). For f ∈ l(VBK ), define

DGBK (f) =
∑

{x,x′}∈EBK

(
f(x)− f(y)

)2
.

(b). For f ∈ l(VK), define

DGK (f) =
∑

w∈W∗,1

r−|w|DGBK (f ◦ Fw),

where r is the renormalization factor in (C1).

As before, we use the R2-coordinate to represent points in VK . Readers can check that

VBK =
{

(0,
1

k
), (1,

1

k
)
}⋃{

(
l

k
,

1

k2
) : 0 ≤ l ≤ k

}
,

and

VK =

∞⋃
m=0

{
(
l

km
,

1

km+1
) : 0 ≤ l ≤ km

}
.

6.3. An extension theorem. In this subsection, we always assume (E ,F) is a Dirichlet
form on K satisfying (C1). We begin our story with an extension theorem. The method is
similar to that in Section 4.2. First, we introduce a finite dimensional space of functions that
support on BK .

Definition 6.4. Let (E ,F) be a Dirichlet form on K satisfying (C1).
(a). Let h be the unique function such that h|L4 = 0, h|L2 = 1 and h is harmonic in

K \ (L2 ∪ L4).
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(b). Let h′ be the unique function supported in K \T2,K such that h′|L3 = 0, h′⋃k
i=1 FiL3

= 1,

and h′ is harmonic in K \ (T1,K ∪ L3) and in each BK ∩ FiK \ Fi(L3 ∪ T1,K), i = 1, · · · , k.

(c). Let B(1),B(2) ∈ C(K) be defined as

B(1)(x) =
(
1− h(x)

)
· h′(x), B(2)(x) = h(x) · h′(x), x ∈ K.

(d). For each f ∈ l(VBK ), we define Bf ∈ C(BK) as

Bf (x) =f(F1q4)B(1)(x) + f(Fkq3)B(2)(x)

+
k∑
i=1

(
f(Fi1q4)B(1) ◦ F−1

i (x) + f(Fikq3)B(2) ◦ F−1
i (x)

)
, x ∈ BK ,

where we admit the convention

g ◦ F−1
w (x) =

{
g(F−1

w x), if F−1
w x is in the support of g,

0, otherwise.

Next, for convenience, on a simple set A =
⋃MA
i=1 Fw(i)K, where MA < ∞, w(i) ∈ W∗ and

µ(Fw(i)K ∩ Fw(i′)K) = 0 for any 1 ≤ i 6= i′ ≤MA, we define

FA =
{
f ∈ C(A) : f ◦ Fw(i) ∈ F , 1 ≤ i ≤MA

}
,

and

EA(f, g) =

MA∑
i=1

r−|w
(i)|E(f ◦ Fw(i) , g ◦ Fw(i)), ∀f, g ∈ FA.

It is easy to check that (EA,FA) is a Dirichlet form on L2(A,µ). Write EA(f) := EA(f, f) for
short.

We immediately have the following lemma. In particular, Lemma 6.5 (b) is a consequence
of the construction of Bf and Lemma 6.5 (a).

Lemma 6.5. Let f, f ′ ∈ l(VBK ), and Bf , Bf ′ be the functions defined in Definition 6.4.
(a). If f ≡ c on VBK , then Bf ≡ c on BK .
(b). Bf ∈ FBK and there exists C > 0 depending only on k, so that

EBK (Bf ) ≤ C · DGBK (f).

(c). If f(Fkq3) = f ′(F1q4) and f(Fkkq3) = f ′(F11q4), then

Bf (x) = Bf ′
(
x− (1, 0)

)
, ∀x ∈ L2 ∩BK .

(d). If f(F1q4) = f ′(Fi1q4) and f(Fkq3) = f ′(Fikq3) for some 1 ≤ i ≤ k, then

Bf ′ ◦ Fi(x) = Bf (x), ∀x ∈ F1q4, Fkq3.

In addition,

Bf (x) = f(F1q4) ·
(
1− h(x)

)
+ f(Fkq3) · h(x), ∀x ∈ F1q4, Fkq3.

Remark. Lemma 6.5 (c),(d) imply that the functions Bf can be scaled and glued together
easily by only looking at the values of f on VBK , and Lemma 6.5 (b) provides a good energy
estimate of Bf on BK in terms of that of f on VBK .
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Theorem 6.6. Let f ∈ l(VK) with DGK (f) <∞, and define g ∈ C(T1,K \ L1) as

g(x) = Bf◦Fw ◦ F−1
w (x), if x ∈ FwBK , w ∈W∗,1.

Then, g extends continuous to g ∈ FT1,K ⊂ C(T1,K). In addition, there is C > 0 depending
only on k, such that

ET1,K (g) ≤ C · DGK (f).

Proof. Let h be the unique function such that h|L4 = 0, h|L2 = 1 and h is harmonic in
K \ (L2 ∪ L4). For m ≥ 2, define gm on T1,K as follows,

gm(x) =

{
g(x), if x ∈ T1,K \ Tm,K ,(
f(FwF1q4)(1− h) + f(FwFkq3)h

)
◦ F−1

w (x), if x ∈ FwT1,K , for some w ∈Wm−1,1.

By Lemma 6.5, it is easy to see that gm ∈ FT1,K and

ET1,K (gm) ≤ C · DVK (f),

for some C > 0 depending only on k. Clearly, {‖gm‖L2(T1,K ,µ)} is uniformly bounded, so we

can find a subsequence of {gm} converging weakly to g in FT1,K . Thus, g ∈ FT1,K , and the
desired estimate holds. �

Corollary 6.7. Let u ∈ Λ
σ(r)
2,2 (L1). There exists g ∈ FT1,K such thatg|L1 = u,

ET1,K (g) ≤ C · [[u]]2
Λ
σ(r)
2,2 (L1)

for some constant C > 0 depending only on k. In addition, if u(q1) = u(q2) = c, we can
require g|L2∩T1,K = g|L4∩T1,K = g|FiL3 = c,∀1 ≤ i ≤ k.

Proof. Define f ∈ l(VK) as f(x1, x2) = u(x1) for any x = (x1, x2) ∈ VK . It is easy to check
that DGK (f) ≤ (1+r)[[u]]2

Λ
σ(r)
2,2 (L1)

. The corollary then follows from Theorem 6.6 and Lemma

6.5. �

We will deal with Li, i = 1, 2, 3, 4 together at the end of this section after we have estab-
lished the associated trace theorem.

6.4. Resistance between q1, q2, q3, q4. Next, we will consider the converse direction to the
last subsection, the trace of F to Li, i = 1, 2, 3, 4. Before doing that, we need to consider the
resistance between points.

In the remaining of this section, we will always assume that (E ,F) is a Dirichlet form on
K satisfying both (C1) and (C2). A uniform estimate will be provided, independent of K
and the form (E ,F). To achieve this, we will apply the celebrated method of slide moves and
corner moves by Barlow and Bass, see [] for details. Readers can refer to Section 4.2 in [] for
a more general version.

Following [], let’s write (Ω,M, Xt, Px) for the Hunt process associated with (E ,F) and
L2(K,µ). By (C2), we have

Px(σ̇A <∞) = 1,∀x ∈ K,A ⊂ K
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where

σ̇A = inf{t ≥ 0 : Xt ∈ A}.
Since a USC is complicated in its inner cells, we only consider the slide and corner moves

on the boundary cells, i.e. cells intersection Li, 1 ≤ i ≤ 4. The following result is a simple
case of Proposition ??4.5? in [], noticing that (E ,F) satisfies both (C1) and (C2). Readers
can also read [] for a proof which is essentially an argument of symmetry.

Proposition 6.8 ([]). Let n ≥ 1, 1 ≤ l ≤ kn − 1 and

x ∈
(
[
2l − 1

2kn
,
2l + 1

2kn
]× {0}

)⋃(
{ l
kn
} × [0,

1

2kn
]
)
.

Let

Z =
(
{ l − 1

kn
} × [0,

1

kn
]
)⋃(

{ l + 1

kn
} × [0,

1

kn
]
)⋃(

[
l − 1

kn
,
l + 1

kn
]× { 1

kn
}
)
,

Xi = [
2l + i− 3

2kn
,
2l + i− 2

2kn
]× {0}, i = 1, 2, 3, 4,

X5 = { l
kn
} × [0,

1

2kn
].

Then, there is p > 0 which does not depend on anything such that

Px(σ̇Xi < σ̇Z) ≥ p, ∀1 ≤ i ≤ 5.

Using Proposition 6.8, one can easily get the following estimate.

Lemma 6.9. Let n ≥ 2, x ∈ { 1
kn } × [0, 1

2kn ] and Y1 = {0} × [0, 1
2kn ], Y2 = [0, 1

2kn ]× {0} and

Z = {1
2} × [0, 1]. Then,

Px(σ̇Y1 < σ̇Z , σ̇Y2 < σ̇Z) ≥ p3,

where p is the same as in Proposition 6.8.

Using Lemma 6.9, we can have an estimate of the effective resistance R(q1, q2).

Proposition 6.10. Let (E ,F) be a form on K satisfying (C1) and (C2). Then R(q1, q2) ≤
C for some C > 0 depending only on k.

Proof. Let h be the unique function on K such that

h(q1) = 1, h(q2) = −1, E(h) =
4

R(q1, q2)
,

i.e. h is harmonic in K \ {q1, q2}. We need to show that E(h) ≥ C · E(h′), where C > 0
depends only on k and h′ is the unique function such that

h′|L4 = 0, h′|L2 = 1, E(h′) =
1

R(L2, L4)
= 1.

First, noticing that r ≤ N
k2
≤ k2−1

k2
, we can find n depending only on k so that rn < 1

16 .

Then, one can see that h(Fn1 q2) > 1
2 . By a routine stopping time argument as in the proof

of Theorem 3.1 in [], one can find a path γ : [0, 1]→ K such that

γ(0) = Fn1 q2, γ(1) = q1, and h
(
γ(t)

)
>

1

2
, ∀0 ≤ t ≤ 1.



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 25

We let Z = {1
2} × [0, 1]. Now, by Lemma 6.9, for any x ∈ { 1

kn } × [0, 1
2kn ], we have

Px(σ̇γ([0,1]) < σ̇q2) ≥ p3.

As a consequence, since h is harmonic in K \
(
γ([0, 1]) ∪ Z

)
, we have

h(x) = Ex
(
f(σ̇γ([0,1])∪Z)

)
≥ p3

2
, ∀x ∈ { 1

kn
} × [0,

1

2kn
],

where we use the fact that h|Z∩K = 0 by symmetry. Clearly, by symmetry, we have h(x) ≤
−p3

2 for any x ∈ {kn−1
kn } × [0, 1

2kn ].

Finally, for A = {1, 2, · · · , k}n+1 \ {1 · · · 1, k . . . k}, we have

E(h) ≥ EA(h) ≥ EA(h′′) = (kn+1 − 2)r−(n+1)
( p3

kn+1 − 2

)2E(h′),

where h′′ is the unique function on A such that h′′|Fn+1
1 L2

= p3

2 , h′′|Fn+1
k L4

= −p3

2 . �

6.5. A trace theorem. Now, for a Dirichlet form (E ,F) on K satisfying (C1) and (C2),
we proceed to study the trace of F on Li, i = 1, 2, 3, 4. As an immediate application of
Proposition 6.10, we have the following estimate, as a reverse direction of Lemma 6.5 (b).

Lemma 6.11. There is C > 0 depending only on k such that
(a). DGBK (f) ≤ C · EBK (f) for any f ∈ FBK ,

(b). DGK (f) ≤ C · E(f) for any f ∈ F .

We will focus on L1 for convenience. For a function u on L1, we introduce the notation

Dn(u) =

√√√√kn−1∑
l=0

(
u(

l

kn
, 0)− u(

l + 1

kn
, 0)
)2
.

Then, [[u]]
Λ
σ(r)
2,2 (L1)

=
∥∥r−n/2Dn(u)

∥∥
l2

=
√∑∞

n=0 r
−n|Dn(u)|2.

Also, for f ∈ C
(
cl(VK)

)
, we write

D̃n(f) =

√ ∑
w∈{1,2,··· ,k}n

DGBK (f ◦ Fw).

Then, DGK (f) =
∑∞

n=0 r
−n|D̃n(f)|2.

Lemma 6.12. Let f ∈ C
(
cl(VK)

)
, then we have

Dn(f |L1) ≤ 3 ·
∞∑
m=n

D̃m(f), ∀n ≥ 0.

Proof. Clearly, for 0 ≤ l ≤ kn, we have

f(
l

kn
, 0) = f(

l

kn
,

1

kn+1
) +

∞∑
m=n

(
f(

l

kn
,

1

km+2
)− f(

l

kn
,

1

km+1
)
)
.
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Thus,

Dn(f |L1) =

√√√√kn−1∑
l=0

(
f(

l

kn
, 0)− f(

l + 1

kn
, 0)
)2

=

√√√√kn−1∑
l=0

(
f(

l

kn
,

1

kn+1
)− f(

l + 1

kn
,

1

kn+1
) +

∑
l′=l,l+1

(−1)l′−l
∞∑
m=n

(
f(

l′

kn
,

1

km+2
)− f(

l′

kn
,

1

km+1
)
))2

≤

√√√√kn−1∑
l=0

(
f(

l

kn
,

1

kn+1
)− f(

l + 1

kn
,

1

kn+1
)
)2

+
∞∑
m=n

∑
l′=0,1

√√√√kn−1∑
l=0

(
f(
l′ + l

kn
,

1

km+2
)− f(

l′ + l

kn
,

1

km+1
)
)2

≤ 3 ·
∞∑
m=n

D̃m(f).

�

Combining Lemma 6.11 and 6.12, we can easily prove the following trace theorem.

Theorem 6.13. Let (E ,F) be a Dirichlet form on K satisfying (C1) and (C2). There
exists C > 0 depending only on k such that

[[f |L1 ]]2
Λ
σ(r)
2,2 (L1)

≤ C · E(f), ∀f ∈ F .

Proof. The theorem follows from the following inequality,

[[f |L1 ]]
Λ
σ(r)
2,2 (L1)

=
∥∥r−n/2Dn(f |L1)

∥∥
l2

≤ 3 ·
∥∥ ∞∑
m=n

r−n/2D̃m(f)
∥∥
l2

= 3 ·
∥∥ ∞∑
m=0

rm/2r−(m+n)/2D̃m+n(f)
∥∥
l2

≤ 3 ·
∞∑
m=0

rm/2‖r−(m+n)/2D̃m+n(f)
∥∥
l2
≤ 3

1− r1/2
D1/2
GK

(f) ≤ C ′ · E1/2(f),

where we use Lemma 6.12 in the second line and use Lemma 6.11 (b) in the last inequality.
Here C ′ depends only on k noticing that r ≤ N

k2
. �

Finally, at the end of this section, we consider a trace result considering the whole square
boundary ∂0K =

⋃4
i=1 Li of K. For short, we write

∂nK =
⋃

w∈Wn

Fw(∂0K), ∀n ≥ 1.

In addition, for u ∈ C(∂0K), we write

[[u]]
Λ
σ(r)
2,2 (∂0K)

=

√√√√ 4∑
i=1

[[u]]2
Λ
σ(r)
2,2 (Li)

,
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and define Λ
σ(r)
2,2 (∂0K) =

{
u ∈ C(∂0K) : [[u]]

Λ
σ(r)
2,2 (∂0K)

<∞
}

.

For u ∈ C(∂nK), we write

[[u]]
Λ
σ(r)
2,2 (∂nK)

=

√ ∑
w∈Wn

r−n[[u ◦ Fw]]2
Λ
σ(r)
2,2 (∂0K)

,

and define Λ
σ(r)
2,2 (∂nK) =

{
u ∈ C(∂nK) : [[u]]

Λ
σ(r)
2,2 (∂nK)

<∞
}

.

Theorem 6.14. Let (E ,F) be a Dirichlet form on K satisfying (C1) and (C2). For n ≥ 0,
we define

Hn =
{
h ∈ F : E(h) = inf{E(f) : f |∂nK = h|∂nK , f ∈ F}

}
,

which is the space of functions that are harmonic in K \ ∂nK.

Then, we have Hn|∂nK = Λ
σ(r)
2,2 (∂nK). In addition, there are C1, C2 > 0 depending only on

k such that

C1 · [[h|∂nK ]]2
Λ
σ(r)
2,2 (∂nK)

≤ E(h) ≤ C2 · [[h|∂nK ]]2
Λ
σ(r)
2,2 (∂nK)

, ∀h ∈ Hn.

Proof. We consider the n = 0 case only, since the n ≥ 1 case follows immediately from it.

First, by Theorem 6.13, one can see H0|∂0K ⊂ Λ
σ(r)
2,2 (∂0K), and there is C1 > 0 depending

only on k so that E(h) ≥ C1 · [[h|∂0K ]]2
Λ
σ(r)
2,2 (∂0K)

for any h ∈ H0.

For the other direction, it suffices to show that for any u ∈ Λ
σ(r)
2,2 (∂0K), there is f ∈ F

such that f |∂0K = u,

E(f) ≤ C2 · [[u]]2
Λ
σ(r)
2,2 (∂0K)

for some C2 > 0 depending only on k. To achieve this, we apply the construction in Corollary
6.7. We take two steps to construct a desired f .

Step 1. We find f ′ ∈ F such that f ′|L1 = u|L1, f ′|L3 = u|L3, and

E(f ′) ≤ C3 · [[u]]2
Λ
σ(r)
2,2 (∂0K)

,

for some C3 > 0 depending only on k.

To complete Step 1, we first use Corollary 6.7 to construct f ′ on T1,K and ΓvT1,K

(
recall

Γv in (2.1)
)
. For the middle part, we take

f ′(x) =u(q1)
(
1− h(x)

)
h′(x) + u(q2)h(x)h′(x)

+ u(q3)h(x)
(
1− h′(x)

)
+ u(q4)

(
1− h(x)

)(
1− h′(x)

)
, ∀x ∈ K \

(
T1,K ∪ ΓvT1,K

)
,

where h is the unique function such that h|L4 = 0, h|L2 = 1 and h is harmonic in K \(L2∪L4);
h′ is the unique function such that h′|T1,K = 1, h′|ΓvT1,K = 0 and h′ is harmonic in K \

(
T1,K ∪

ΓvT1,K

)
. Clearly, f ′ ∈ F and satisfies the desired conditions.

Now, let u′ = u− f ′|∂0K . We have

[[u′]]
Λ
σ(r)
2,2 (∂0K)

≤ [[u]]
Λ
σ(r)
2,2 (∂0K)

+ [[f ′|∂0K ]]
Λ
σ(r)
2,2 (∂0K)

≤ C4 · [[u]]
Λ
σ(r)
2,2 (∂0K)
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for some C4 > 0 depending only on k, where we use the estimate E(f ′) ≥ C1·[[f ′|∂0K ]]2
Λ
σ(r)
2,2 (∂0K)

and Step 1 in the last inequality. In additon, we see that

u′|L1∪L3 = 0.

Step 2. We construct f ′′ ∈ F such that f ′′|∂0K = u′ and E(f ′′) ≤ C3 · ([[u′]]Λσ(r)2,2 (∂0K)
)2.

This can be fulfilled with a same argument as Step 1. First, we construct f ′′ on Γd1T1,K

and Γd2T2,K using Corollary 6.7, so that f ′′|L2∪L4 = u′|L2∪L4

(
recall Γd1 ,Γd2 in (2.1)

)
. Then

we extend f ′′ to K with 0. The energy estimate of f ′′ is clear, and f ′′|L1∪L3 = 0 is guaranteed
by the construction.

Finally, we take f = f ′ + f ′′. We then have f |∂0K = u and E(f) ≤ C2 · [[u]]2
Λ
σ(r)
2,2 (∂0K)

for

some C2 > 0 depending only on k. �

7. A uniform resistance estimate

In this section, we provide a uniform estimate on the resistance metric R(·, ·) for a Dirichlet
form on USC satisfying (C1), (C2). Same as the last section, here uniform means that the
estimate only depends on k, does not depend on the choice of K.

To achieve a uniform estimate, we will adopt the geodesic metric on USC, instead of the
Euclidean metric. For a USC K, the geodesic metric dG on K is defined as

dG(x, y) = inf
{
length(γ) : γ : [0, 1]→ K is a rectifiable curve , γ(0) = x, γ(1) = y

}
,

for any x 6= y ∈ K. It is not so different compared with the Euclidean metric d on K.

Lemma 7.1. There exists C > 0 depending only on K such that

d(x, y) ≤ dG(x, y) ≤ C · d(x, y), ∀x, y ∈ K.

The following theorem is the main result in this section, which is a first application of the
trace theorem, Theorem 6.14.

Theorem 7.2. Let K be a USC and (E ,F) be a Dirichlet form satisfying (C1), (C2). Let

θ = − log r
log k . Then there are C1, C2 > 0 depending only on k such that

C1 · dG(x, y)θ ≤ R(x, y) ≤ C2 · dG(x, y)θ, ∀x, y ∈ K,

C1 · ρθ ≤ R
(
x,K \B(G)

ρ (x)
)
≤ C2 · ρθ, ∀x ∈ K, 0 < ρ ≤ 1,

where B
(G)
ρ (x) = {y ∈ K : dG(x, y) < ρ}.

Proof. It suffices to show R(x, y) ≤ C2 · dG(x, y)θ and C1 · ρθ ≤ R
(
x,K \ B(G)

ρ (x)
)

for some
C1, C2 > 0 depending only on k.

“Proof of R(x, y) ≤ C2·dG(x, y)θ”. First, by Proposition 6.10 and a routine chain argument,
we see that if x′, y′ ∈ ∂0K, then R(x′, y′) ≤ C3, for some C3 > 0 depending only on k. Then,

R(x′, y′) ≤ C3 + C3 · r + C3 · r2 + · · · = C3
1−r := C4 for any x′, y′ ∈ K. As a consequence, one

can easily check that R(x, y) ≤ C4 · rn if there is w ∈Wn such that {x, y} ⊂ FwK.
Now, we consider x, y in the statement. We choose n such that k−n−1 < dG(x, y) ≤ k−n,

and w,w′ ∈ Wn such that x ∈ FwK, y ∈ Fw′K. Noticing that d(·, ·) ≤ dG(·, ·), so there are
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at most C5 = [π(1 +
√

2)2] + 1 many w′′ ∈ Wn such that dG(x, Fw′′K) ≤ k−n. Thus, we can

find a chain w = w(0), w(1), · · · , w(l) = w′ in Wn such that

l ≤ C5, Fw(l′)K ∩ Fw(l′−1)K 6= ∅, ∀1 ≤ l′ ≤ l.

Thus, we get R(x, y) ≤ C4C5 · rn ≤ C2 · dG(x, y)θ for some C2 > 0 depending only on k.

“Proof of C1 ·ρθ ≤ R
(
x,K \B(G)

ρ (x)
)
”. The proof is based on the trace theorem, Theorem

6.14, and the observation that

dG(x, ∂0K) ≤ C6,∀x ∈ K, for some C6 > 0 depending only on k. (7.1)

In fact, a very rough chain argument gives that C6 ≤ N
k · (1 −

1
k )−1. We choose n so that

k−n ≤ C−1
6 · ρ4 < k−n+1. Define u ∈ C(∂nK) to be

u(y) =
(
1− ρ−1dG(x, y)

)
∨ 0, ∀y ∈ ∂nK.

Clearly, u is Lipschitz on each edge FwLi, w ∈ Wn, i ∈ {1, 2, 3, 4}, i.e. |u(y) − u(y′)| ≤
ρd(y, y′), ∀y, y′ ∈ FwLi.

Let h ∈ Hn such that h|∂nK = u as in Theorem 6.14. It is easy to check the following:

(1). h(x) ≥ 3
4 and h|

K\B(G)
ρ (x)

≤ 1
4 .

(2). h|FwK = 0 for any w ∈Wn such that FwK∩B(G)
ρ (x) = ∅. In particular, h|FwK is nonzero

on at most C7 =
[
π(4C6k +

√
2)2
]

+ 1 many cells FwK with w ∈ Wn (similar to C5 in the
proof of the upper bound estimate).

Thus, by (2) and Theorem 6.14,

E(h) ≤ C8 ·
∑
w∈Wn

r−n[[(h ◦ Fw)|∂0K ]]2
Λ
σ(r)
2,2 (∂0K)

≤ C9 · r−n,

for some C8, C9 > 0 depending only on k. This together with (1) yields the desired estimate.
�

8. Uniqueness

In this section, we prove the uniqueness of the self-similar Dirichlet form on USC under
some assumptions.

Theorem 8.1. Let K be a USC and µ be the normalized Hausdorff measure on K. There is
a unique (up to a constant multiplier) strongly local, regular, irreducible, symmetric Dirichlet
form (E ,F) on L2(K,µ) that is self-similar in the sense of Definition 5.1 and F is compactly
embedded in L2(K,µ).

Let’s first show that the conditions (C1), (C2) are satisfied for any form under consider-
ation in the above theorem.

Lemma 8.2. Let (E ,F) be a strongly local, regular, irreducible, symmetric self-similar Dirich-
let form on L2(K,µ). There is C > 0 such that (CE ,F) satisfies (C1).

Proof. In this proof, all the functions are taken to be quasi-continuous, and we say f = g on
A if f(x) = g(x) for quasi every x ∈ A.
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First, it is clear that Cap(∂0K) > 0. In fact, since (E ,F) is irreducible and local,
Px(σ̇K\F1K < ∞) = Px(σ̇F1(∂0K) < ∞) > 0 for quasi every x ∈ F1K by Theorem 4.7.1
and Theorem 4.5.1 in []. By self-similarity, we then have Px(σ̇∂0K < ∞) > 0 for quasi every
x ∈ K. This implies Cap(∂0K) > 0 by Theorem 4.2.1 in [].

In particular, we know Cap(L2) = Cap(L4) ≥ Cap(∂0K)
4 > 0. Since (E ,F) is regular, there

is a function f ∈ F so that f |L2 = 1, f |L4 = 0. In addition, by Theorem 4.6.5. in [] (we also
use the fact Fe ∩ L2(K,µ) = F , where Fe is the extended Dirichlet space), there is h ∈ F
such that h|L2∪L4 = f |L2∪L4 and E(h) ≤ E(g) for any g ∈ F satisfying g|L2∪L4 = f |L2∪L4 .
Since (E ,F) is irreducible recurrent (as K is compact), we can see that E(h) > 0, by Theorem
4.7.1 of []. So the effective resistance R(L2, L4) = E(h)−1 associated with (E ,F) is positive
and finite. This implies that we can find C > 0 so that C−1 ·R(L2, L4) = 1.

It remains to prove 0 < r ≤ N
k2

. We can assume that r > 1
k since otherwise there is nothing

to prove. With this, the linear function u : [0, 1] → R defined by u(x) = x is in Λ
σ(r)
2,2 (see

Definition 6.1), and by a same argument in Section 6.3, one can see that there is h ∈ F such
that

h(x1, x2) = x1, ∀x = (x1, x2) ∈ ∂0K.

Without loss of generality, we assume h is harmonic in K \ ∂0K, i.e E(h) = min
{
E(f) :

f |∂0K = h|∂0K q.e.
}

. By self-similarity, and by gluing dilated and translated copies of h
together, we can obtain a h1 ∈ F such that

h1(x1, x2) = x1, ∀x = (x1, x2) ∈ ∂1K,

and

E(h1) =
r−1N

k2
E(h).

On the other hand, we should have E(h1) ≥ E(h). This gives that r ≤ N
k2

. �

Lemma 8.3. Let (E ,F) be a strongly local, regular, irreducible, symmetric, self-similar
Dirichlet form on L2(K,µ), and assume F is compacted embedded in L2(K,µ). Then (C2)
holds.

Proof. To verify (C2), we use the additional assumption that F is compactly embedded in
L2(K,µ). As a simple consequence,∥∥f − ∫

K
fdµ

∥∥2

L2(K,µ)
≤ C · E(f), ∀f ∈ F ,

for some constant C > 0. With this, and the property (C1) (following from Lemma 8.2), it
is direct to prove

|f(x)− f(y)|2 ≤ C ′ · E(f), ∀f ∈ F ∩ C(K) (8.1)

for some C ′ > 0, for any x, y ∈ K, which can be fulfilled by a similar argument as Lemma
3.6. Then, by the regular property of (E ,F), it follows that F ⊂ C(K) and (8.1) holds for
any f ∈ F . Thus, Cap({x}) > 0 for any x ∈ K. This finishes the proof of (C2). �

Thus, in the rest of this section, we can always assume (C1), (C2). The proof of Theorem
8.1 is an application of the heat kernel estimate. To be more precise, let p(t, x, y) be the heat



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 31

kernel associated with the heat operator Pt of a Dirichlet form (E ,F), i.e. {Pt}t>0 is the
unique strongly continuous semigroup on L2(K,µ) such that

E(f) = lim
t→0

1

t
< (1− Pt)f, f >L2(K,µ),

where < f, g >L2(K,µ)=
∫
K f(x)g(x)µ(dx). We can prove the following heat kernel estimate,

c1 · t−dH/dW exp
(
− c2·(

d(x, y)dW

t
)

1
dW−1

)
≤ p(t, x, y)

≤ c3 · t−dH/dW exp
(
− c4 · (

d(x, y)dW

t
)

1
dW−1

)
, ∀0 < t ≤ 1, x, y ∈ K,

(8.2)

for some constants c1, c2, c3, c4 > 0, where dH = logN
log k is the Hausdorff dimension of K,

dW = − log r
log k + dH is named walk dimension in various contents []. For short, we will write

θ = − log r
log k .

In fact, with conditions (C1), (C2), a same method on affined nest fractals and on p.c.f.
fractals [] applies. We briefly explain the proof in the follows.

First, using Theorem 7.2 (only the upper bound estimate for R is needed) and the self-
similarity of the Dirichlet form (E ,F), we obtain the Nash inequality by a well known argu-
ment. See Theorem 8.1 in the book [] for details.

Proposition 8.4 (Nash inequality). Let dS = 2dH
dH+θ with θ = − log r

log k and f ∈ F , we have

‖f‖2+4/dS
L2(K,µ)

≤ C ·
(
E(f) + ‖f‖2L2(K,µ)

)
· ‖f‖4/dS

L1(K,µ)
,

for some constant C > 0 depending only on K.

The Nash inequality provides an upper bound estimate p(t, x, y) ≤ c1 · t−dS/2 for 0 < t ≤ 1.

In addition, |p(t, x, y) − p(t, x, y′)| ≤ c2 · t−1−dS/2R(y, y′),∀0 < t ≤ 1, x, y, y′ ∈ K. See [?] or
[] for a proof.

Furthermore, by the resistance metric estimate (Theorem 7.2) and the Ahlfors regularity

of the measure µ, there is a lower bound estimate p(t, x, y) ≥ c3 · t−dS/2 and an estimate of
the hitting time c4 · ρdW ≤ Exτ(x, ρ) ≤ c5 · ρdW , where τ(x, s) = inf

{
t ≥ 0 : Xt /∈ Bρ(x)

}
and

Bρ(x) = {y ∈ x : d(x, y) < ρ}. See [] for details.
Finally, by Theorem 3.1.1 of Barlow’s book [] or by following [], noticing that dG � d, we

can obtain (8.2).

Proposition 8.5. Let K be a USC and (E ,F) be a Dirichlet form satisfying (C1), (C2).

Let θ = − log r
log k , dH = logN

log k and dW = θ + dH . We have (8.2) holds for some c1, c2, c3, c4 > 0

depending only on K.

The rest of this subsection is just the same as that in []. First, we refer to [] for a

characterization of F as a Besov space B
σ(r)
2,∞ (K).

For σ > 0, define the Besov space Bσ
2,∞(K) on K as

Bσ
2,∞(K) =

{
f ∈ L2(K,µ) : [[f ]]Bσ2,∞(K) <∞

}
,
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where

[[f ]]Bσ2,∞(K) =

√
sup

0<ρ<1
ρ−2σ−dH

∫
K

∫
Bρ(x)

|f(x)− f(y)|2µ(dy)µ(dx).

Notice that the Hausdorff dimension dH does not depend on the form (E ,F).

Proposition 8.6 ([]). Let K be a USC and (E ,F) be a Dirichlet form on K satisfying (8.2).

(a). F = B
dW /2
2,∞ (K), and there are C1, C2 > 0 depending only on c1, c2, c3, c4 such that

C1 · [[f ]]
B
dW /2
2,∞ (K)

≤ E(f) ≤ C2 · [[f ]]
B
dW /2
2,∞ (K)

, ∀f ∈ F .

(b). dW /2 = inf
{
σ > 0 : Bσ

2,∞(K) = Constants
}

.

As an immediately consequence of Proposition 8.5 and 8.6, we see any Dirichlet forms
satisfying (C1), (C2) are not very different.

Corollary 8.7. Let K be a USC, and (E ,F), (E ′,F ′) be two Dirichlet forms on L2(K,µ)
satisfying (C1), (C2). Then, we have F ′ = F , and there is a constant C > 0 depending
only on K so that

C−1 · E ′(f) ≤ E(f) ≤ C · E ′(f), ∀f ∈ F = F ′.
We finalize the proof with an argument of []. The following Proposition 8.8 is essentially

the same as Theorem 2.1 in [].

Proposition 8.8 ([]). Let K be a USC, and (E ,F), (E ′,F) be two Dirichlet forms on L2(K,µ)
satisfying (C1), (C2), with a renormalization factor 0 < r ≤ N

k2
. If

E(f) ≤ E ′(f), ∀f ∈ F ,
then for η > 0,

(
(1+η)E ′−E ,F

)
is also a Dirichlet form on L2(K,µ) satisfying (C1), (C2)

with the renormalization factor r.

proof of Theorem 8.1. By Lemma 8.2, 8.3, it suffices to consider Dirichlet forms satisfying
(C1), (C2).

The existence follows from Theorem 5.2. We prove the uniqueness by contradiction. As-
sume (E ,F) and (E ′,F ′) be two different Dirichlet forms satisfying (C1), (C2). By Corollary
8.7, we know F = F ′. In addition, letting

sup(E ′|E) = sup
{E ′(f)

E(f)
: f ∈ F \Constants

}
, inf(E ′|E) = inf

{E ′(f)

E(f)
: f ∈ F \Constants

}
,

we know that
sup(E ′|E)

inf(E ′|E)
≤ C2, (8.3)

where C is the same constant in Corollary 8.7. Now for η > 0, let E ′′(f) = (1 + η)E ′(f) −
inf(E ′|E)E(f), for any f ∈ F . By Proposition 8.8, and by choosing a suitable constant C ′ > 0,
one can see that (C ′E ′′,F) is also a Dirichlet form satisfying (C1), (C2). In addition,

sup(C ′E ′′|E)

inf(C ′E ′′|E)
=

sup(E ′′|E)

inf(E ′′|E)
=

(1 + η) sup(E ′|E)− inf(E ′|E)

η inf(E ′|E)
>

1

η
·
(sup(E ′|E)

inf(E ′|E)
− 1
)
.

When η is small, this contradicts Corollary 8.7, since a same bound estimate as (8.3) with E ′
replaced by C ′E ′′ should hold by Corollary 8.7. �
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9. Continuity: sliding the USC

By removing the constrain that squares living on grids, we are able to view the USC family
(with same k,N) as a collection of moving fractals, instead of isolated ones in the GSC setting.
In this section, we no longer focus on one USC, but let the USC slide around. This situation
is essentially new compared with the old setting.

Recall the Hausdorff metric on compact subsets of Rs is defined as

δ(A,A′) = inf
{
ρ : A ⊂ Uρ(A′), A′ ⊂ Uρ(A)

}
, ∀ compact A,A′ ⊂ Rs,

where Uρ(A) =
⋃
x∈ABρ(x) and Bρ(x) = {y ∈ Rs : d(x, y) < ρ}. We say An converges to A

with respect to the Hausdorff metric if δ(An, A)→ 0 as n→∞, and we simply write An → A
for short. Clearly An → A implies An ×An → A×A as well.

Definition 9.1. For n ≥ 1, let compact An ⊂ Rs and fn ∈ C(An).
(a). We say fn, n ≥ 1 are equicontinuous if and only if

lim
ρ→0

(
sup{|fn(x)− fn(y)| : n ≥ 1, x, y ∈ An, d(x, y) < ρ}

)
= 0.

(b). Let An → A and f ∈ C(A) for a compact A ∈ Rs. We write fn � f if fn(xn)→ f(x)
for any xn → x with xn ∈ An, n ≥ 1 and x ∈ A.

In this section, we will always let K be a USC, Kn, n ≥ 1 be a sequence of USC with
same k,N , and assume Kn → K. We will always write R for the resistance metric associated
with the Dirichlet form (E ,F) on K satisfying (C1), (C2), and write Rn, (En,Fn) for the
according metric and form on Kn, n ≥ 1. Recall that Theorem 8.1 ensures the existence and
uniqueness of such forms and metrics.

The following is the main result in this section.

Theorem 9.2. Let K, Kn, n ≥ 1 be as above. Then Rn � R if and only if the geodesic
metrics dG,n on Kn, n ≥ 1 are equicontinuous.

There are some consequences of Theorem 9.2. One can consider the convergence of resol-
vent kernels. Let uα, α > 0 be the resolvent kernel associated with (E ,F), i.e. uα(x, y) =∫∞

0 e−αtp(t, x, y)dt, where p(t, x, y) is the heat kernel. Let uα,n, n ≥ 1 be the according ones
on Kn.

Theorem 9.3. Assume the geodesic metrics dG,n on Kn, n ≥ 1 are equicontinuous. Then
for each α > 0, the resolvent kernels uα,n on Kn converges to the resolvent kernel uα on K
in the sense of uα,n � uα.

See [] for a proof. Readers can read [] for more consequences of Theorem 9.3.
In [], one of the author studied the similar problem on fractals satisfying the finitely ramified

property by using the technique of Γ-convergence (see Appendix C for necessary results that
will be used in the USC setting) and the uniqueness theorem. For the USC, additional
difficulty arises on the boundaries of cells, so that we can not obtain the self-similarity of
the limit form directly. This will be resolved with the trace theorem, Theorem 6.14 and an
estimate of energy measure.
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9.1. Equicontinuity of the geodesic metrics. Before proving Theorem 9.2, we would like
to explain the condition about the geodesic metrics a little more. One explanation comes
from Theorem 7.2, where one can obviously see that Rn, n ≥ 1 fail to be equicontinuous if
the condition does not hold. However, it is still not clear when the condition holds. For this,
we would like to provide some equivalent characterizations of the condition with Proposition
9.4, 9.5.

Proposition 9.4. dG,n, n ≥ 1 are equicontinuous if and only if dG,n(xn, yn) → 0 for any
xn, yn ∈ Kn such that xn → x and yn → x for some x ∈ �.

Proof. The “only if” part is obvious. We prove the “if” part by contradiction. Notice that
dG,n, n ≥ 1 are equicontinuous if and only if

lim
ρ→0

(
sup{dG,n(x, y) : n ≥ 1, x, y ∈ Kn, d(x, y) < ρ}

)
= 0,

by using the triangle inequality. Assume that dG,n are not equicontinuous, then there are
ε > 0, a subsequence nl, and xnl , ynl ∈ Knl , l ≥ 1 so that

inf
l≥1

dG,nl(xnl , ynl) ≥ ε, lim
l→∞

d(xnl , ynl) = 0.

By choosing a further subsequence if necessary, we can additionally assume xnl → x, ynl → x
for some x ∈ �. This contradicts the fact that dG,n(xn, yn) → 0 for any xn, yn such that
xn → x and yn → x for some x ∈ �. �

The USC are complicated, it is convenient to consider their first level approximation in-
stead.

Proposition 9.5. Let {Fi}Ni=1, {F (n)
i }Ni=1 be the associated i.f.s. of K, Kn, n ≥ 1.

(a). Kn → K if and only if
⋃N
i=1 F

(n)
i �→

⋃N
i=1 Fi� as n→∞.

(b). The following three conditions are equivalent:
(b1). dG,n, n ≥ 1 are equicontinuous.

(b2). d̃G,n, n ≥ 1 are equicontinuous, where d̃Gn is the geodesic metric on
⋃N
i=1 F

(n)
i �.

(b3). d̃G,n(xn, yn) → 0 for any xn, yn ∈
⋃N
i=1 F

(n)
i � such that xn → x and yn → x for

some x ∈ �.

Proof. (a). The “only if” part is trivial. The “if” part follows from a same proof as Corollary
3.3 in [].

(b). “(b1)⇒ (b2)”. This is due to d̃G,n(x, y) ≤ dG,n(x, y), ∀x, y ∈ Kn.

“(b2)⇒ (b1)”. By (7.1), dG,n(x, y) ≤ C · d̃G,n(x, y) if x, y do not belong to a same 1-cell of
Kn, where C > 0 depends only on k,N . As a consequence, by the self-similarity of Kn, one
can see that for any x, y ∈ Kn,

dG,n(x, y) ≤ C · k−lx,y d̃G,n
(
(F (n)

w )−1x, (F (n)
w )−1y

)
where w ∈ W∗, lx,y are chosen such that x, y ∈ F

(n)
w Kn, |w| = lx,y and lx,y = max{l′ :

there is w′ ∈Wl′ so that x, y ∈ F (n)
w′ Kn}.

As a consequence, for any ε > 0, there are m > 0 and 0 < c ≤
√

2k−m such that

dG,n(x, y) ≤ C ·
(
k−m ∨ sup

1≤l≤m∧lx,y
k−lψ(kl

(
d(x, y))

)
≤ ε,
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holds for any n ≥ 1, x, y ∈ Kn and d(x, y) < c, where ψ ∈ C+[0,
√

2] is chosen such that

ψ(0) = 0 and d̃G,n(x, y) ≤ ψ
(
d(x, y)

)
for any x, y ∈

⋃N
i=1 F

(n)
i � and n ≥ 1.

“(b2)⇔ (b3)” follows by a same argument as Proposition 8.4. �

Example 9.6. Let k = 7 and N = 4(k−1)+8 = 32. For 1 ≤ i ≤ 24, Fi are defined as usual.
Define F25(x) = 1

7x + (z + 2
7 ,

1
7), with 0 ≤ z ≤ 1

14 . To satisfy the symmetry conditions, the
contraction maps Fi for 25 ≤ i ≤ 32 are uniquely determined. We write K(z) for the unique

compact K such that K =
⋃32
i=1 FiK, see Figure 7. We can see there are two cases.

Case 1. z 6= 0, z 6= 1
14 . In this case, if zn → z, then the geodesic metric dG,n of K(zn),

n ≥ 1 are equicontinuous.
Case 2. z = 0 or z = 1

14 . In this case, if zn → z, then the geodesic metric dG,n of K(zn),
n ≥ 1 are not equicontinuous (unless zn = z for all n ≥ n0 for some n0).

z = 1
28 z = 0 z = 1

14

Figure 7. The USC K(z).

Finally, it is more natural to let the USC sliding continuously and consider whether the
associated resistance metric or form changes continuously. It is obvious that Theorem 9.2
applies to the following continuously (admissible) sliding situation.

Definition 9.7 (Sliding paths of USC). Let Γ : [0, 1]→ {the family of USC with same k,N}.
(a). Say Γ is a sliding path of USC if Γ is continuous in the Hausdorff metric.
(b). Say Γ is an admissible sliding path if in addition

dG,n(xn, yn)→ 0, for any tn → t ∈ [0, 1], xn, yn ∈ Γ(tn), and d(xn, yn)→ 0.

Then there is a continuous version of Theorem 9.2 as follows.

Theorem 9.8. Let Γ be an admissible sliding path, then R(t, x, y) is continuous on K :={
(t, x, y) : x, y ∈ Γ(t), 0 ≤ t ≤ 1

}
, where R(t, ·, ·) is the resistance metric on Γ(t) (associated

with the unique form satisfying (C1), (C2)).

A natural intuition is to split the space of USC with same k,N into “orbits”, where any
two USC in a same orbit are linked by an admissible sliding path. A topology on the USC
family may be induced according to these orbits. However, it seems quite complicated, so we
postpone the orbits of USC to further studies. See Section 10 for more details.
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9.2. The limit form. Let K, Kn, R, Rn, (E ,F), (En,Fn), {Fi}Ni=1, {F (n)
i }Ni=1 be the same

as above. We will adopt the following Γ-convergence on C(�). See Definition C.4 and [] for
more details.

Definition 9.9. Let (En,Fn) be quadratic forms defined on C(Kn), and (E ,F) be a quadratic
form defined on C(K). (set E(f) = ∞ if f /∈ F , and the same for Fn.) We say (En,Fn)
Γ-converges to (E ,F) on C(�) if and only if (a),(b) hold:

(a). If fn � f , where fn ∈ C(Kn), n ≥ 1 and f ∈ C(K), then

E(f) ≤ lim inf
n→∞

En(fn).

(b). For each f ∈ C(K), there exists a sequence fn ∈ C(Kn), n ≥ 1 such that fn � f and

E(f) = lim
n→∞

En(fn).

We begin with an easy observation by Theorem 7.2, Theorem C.3, Theorem C.5 and
Theorem C.6.

Lemma 9.10. Assume the geodesic metrics dG,n on Kn are equicontinuous, then there is a
subsequence nl and a resistance metric R0 on K so that Rnl � R0. In particular, (Enl ,Fnl)
Γ-converges on C(�) to (E0,F0), where (E0,F0) is the form associated with R0.

In addition, (E0,F0) is strongly local and regular. Also, there is 0 < r0 < 1 so that rnl → r0,
where rn is the renormalization factor of (En,Fn).

To prove Theorem 9.2, we need to verify R0 = R. We will apply the uniqueness theorem,
Theorem 8.1, but the main difficulty is to verify that (E0,F0) is a self-similar form. Never-
theless, it is not hard to see a partial result. For short, let’s assume Rn � R0 in the following
lemmas.

Lemma 9.11. Let f ∈ F0 and assume f |∂1K = 0, then we have f ◦ Fi ∈ F0, 1 ≤ i ≤ N and

E0(f) =
∑N

i=1 r
−1
0 E0(f ◦ Fi).

Proof. There is a sequence fn ∈ Fn such that fn � f and E0(f) = limn→∞ En(fn). Clearly,

for each 1 ≤ i ≤ N , fn ◦ F (n)
i � f ◦ Fi, so by Lemma 9.10,

E0(f) = lim
n→∞

En(fn) = lim
n→∞

N∑
i=1

r−1
n En(fn ◦ F (n)

i ) ≥
N∑
i=1

r−1
0 E0(f ◦ Fi).

This also gives that f ◦ Fi ∈ F0, 1 ≤ i ≤ N .
To see the other direction, we will use the condition f |∂1K = 0. For each 1 ≤ i ≤ N , we pick

a sequence gi,n ∈ C(Kn), such that gi,n � f ◦ Fi and E0(f ◦ Fi) = lim
n→∞

En(gi,n). In addition,

we may assume gi,n|∂0K = 0, since otherwise we only need to take gi,n =
(
|gi,n|−ε

)+·sgn(gi,n),
where ε > 0 is a small enough depending on gi,n. Then, for each n, we glue gi,n together to

obtain a function gn ∈ C(Kn), so that gi,n = gn ◦ F (n)
i , 1 ≤ i ≤ N . Then,

N∑
i=1

r−1
0 E0(f ◦ Fi) = lim

n→∞

N∑
i=1

r−1
n En(gi,n) = lim

n→∞
En(gn) ≥ E0(f).

�
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Since the form (E0,F0) is strongly local and regular, we can apply the tool of energy
measure. For each function f ∈ F0, noticing that f ∈ C(K) in our setting, we can define the
energy measure νf associated with f to be the unique Radon measure on K such that∫

K
g(x)νf (dx) = 2E0(fg, f)− E0(f2, g), ∀g ∈ F0.

In particular, it is well known that νf (K) = 2E0(f) (see Lemma 3.2.3 of []). A useful fact is
that the measure of νf on a Borel subset A ⊂ K only depends on the value of f on A.

Lemma 9.12. Let f, g ∈ F0 and assume f = g on a subset A in K, then νf (A) = νg(A).

Proof. We have the triangle inequality for the energy measures
√
νf (A) ≤

√
νg(A)+

√
νf−g(A)

(see [], page 123 for a proof). Also, by [], νf
(
{x ∈ K : f(x) = 0}

)
= 0 for any f ∈ F0. �

Let’s make Lemma 9.11 a little stronger with the language of the energy measure.

Lemma 9.13. Let f ∈ F0, then for any A ⊂ K \ ∂1K, we have

νf (A) =
N∑
i=1

r−1
0 νf◦Fi

(
F−1
i (A)

)
.

Proof. First, if f |∂1K = 0, we can see from Lemma 9.11 that∫
K
g(x)νf (dx) = 2E0(fg, f)− E0(f2, g)

=
N∑
i=1

r−1
0

(
2E0((f ◦ Fi)(g ◦ Fi), f ◦ Fi)− E0(f2 ◦ Fi, g ◦ Fi)

)
=

N∑
i=1

r−1
0

∫
K
g ◦ Fi(x)νf◦Fi(dx),

for any g ∈ F0 such that g|∂1K = 0. Clearly, {g ∈ F0 : g|∂1K = 0} is dense in {g ∈ C(K) :
g|∂1K = 0} in our setting (see Theorem 2.3.3 in [] for a result on general Dirichlet forms). So
the lemma holds for any f ∈ F0 with f |∂1K = 0.

For general f ∈ F0, we first consider compact A ⊂ K \ ∂1K. Since (E0,F0) is regular, we
can find ψ ∈ F0 so that ψ|A = 1 and ψ|∂1K = 0. So by Lemma 9.12,

νf (A) = νfψ(A) =

N∑
i=1

r−1
0 ν(fψ)◦Fi

(
F−1
i (A)

)
=

N∑
i=1

r−1
0 νf◦Fi

(
F−1
i (A)

)
.

Since νf is a Radon measure, the lemma follows immediately. �

9.3. Energy on the boundary. We now show that νf (∂1K) = 0 for any f ∈ F0, which by
Lemma 9.13, will immediately yield that (E0,F0) is indeed a self-similar form. We will fulfill
this by an elegant application of the trace theorem, Theorem 6.14.

Lemma 9.14. Let

H′ =
{
h ∈ F0 : E0(h) = inf{E0(f) : f |∂1K = h|∂1K , f ∈ F0}

}
,

which is the space of functions that are harmonic in K \ ∂1K with respect to (E0,F0).
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Then, we have H′|∂1K = Λ
σ(r0)
2,2 (∂1K). In addition, there are C1, C2 > 0 depending only on

k such that

C1 · [[h|∂1K ]]2
Λ
σ(r0)
2,2 (∂1K)

≤ E0(h) ≤ C2 · [[h|∂1K ]]2
Λ
σ(r0)
2,2 (∂1K)

, ∀h ∈ H′.

Proof. First, we show the upper bound estimate. For a u ∈ Λ
σ(r0)
2,2 (∂1K), we can find a

subsequence nl, l ≥ 1 and for each l, a function unl ∈ Λ
σ(rnl )

2,2 (∂1Knl) such that unl � u

(in fact, we can choose unl to be piecewise constant). Let gnl be the harmonic extension of
unl on Knl , l ≥ 1. Clearly gnl are equicontinuous, so we can find a limit g ∈ C(K) and a
subsequence, still denoted by nl, l ≥ 1, such that gnl � g. By Theorem 6.14, we see that

E0(h) ≤ E0(g) ≤ lim inf
l→∞

Enl(gnl) ≤ C2 · lim inf
l→∞

[[unl ]]Λ
σ(rnl

)

2,2 (∂1Knl )
≤ C2 · [[u]]

Λ
σ(r)
2,2 (∂1K)

,

where C2 > 0 is the same constant in Theorem 6.14, and h ∈ H′ such that h|∂1K = u.
Next, we show the lower bound estimate. For h ∈ H′, we can find a sequence of functions

gn ∈ Fn such that gn � h and E0(h) = lim
n→∞

En(gn). Then by Theorem 6.14,

E0(h) = lim
n→∞

En(gn) ≥ C1 · lim inf
n→∞

[[gn|∂1Kn ]]
Λ
σ(rn)
2,2 (∂1Kn)

≥ C1 · [[h|∂1K ]]
Λ
σ(r0)
2,2 (∂1K)

,

where C1 > 0 is the same constant in Theorem 6.14, and in the last inequality we use Fatou’s
lemma. �

Lemma 9.15. For any f ∈ F0, we have νf (∂1K) = 0.

Proof. For each m ≥ 1, we divide ∂1K into 4Nkm pieces, denoted by {Il,m}4Nk
m

l=1 , where each
piece is of the form FwLj with w ∈ Wm+1, j ∈ {1, 2, 3, 4} and FwLj ⊂ ∂1K. Let u = f |∂1K ,

then by Lemma 9.14, u ∈ Λ
σ(r0)
2,2 (∂1K). We have the following two observations.

Observation 1. lim
m→∞

∑4Nkm

l=1 [[u]]2
Λ
σ(r0)
2,2 (Il,m)

= 0.

Observation 2. Let supp(u) be the support of u, and assume maxx,y∈supp(u) d(x, y) ≤ k−m−1

for some m ≥ 1, then

[[u]]2
Λ
σ(r0)
2,2 (∂1K)

≤ C1 ·
4Nkm∑
l=1

[[u]]2
Λ
σ(r0)
2,2 (Il,m)

,

for some C1 > 0 depending only on r0.

The first observation is obvious, so we only consider the second one. It is more convenient
to consider ũ define on [0, 1], which is supported on a subinterval of length at most k−m. It
is easy to see

[[ũ]]2
Λ
σ(r0)
2,2

=

∞∑
m′=0

r−m
′

0

km
′∑

i=1

(
ũ(

i

km′
)− ũ(

i− 1

km′
)
)2

≤
km∑
i=1

[[ũ]]2
Λ
σ(r0)
2,2 ([ i−1

km
, i
km

])
+ 2 ·

m−1∑
m′=0

r−m
′

0 ‖ũ‖2L∞[0,1],
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and by a routine chain argument, ‖ũ‖L∞[0,1] ≤ C2 ·rm/20 [[ũ]]
Λ
σ(r0)
2,2 ([ i−1

km
, i
km

])
for some 1 ≤ i ≤ km

and C2 > 0 depending only on r0. Thus [[ũ]]2
Λ
σ(r0)
2,2

≤ C1 ·
∑km

i=1[[ũ]]2
Λ
σ(r0)
2,2 ([ i−1

km
, i
km

])
for some

C1 > 0 depending only on r0. Observation 2 then follows immediately.

Now, fix m ≥ 1, by Observation 2 (noticing that the observation can be generalized to the
case that u is constant outside a small area of diameter k−m), by a routine construction of

this paper, for each 1 ≤ l ≤ 4Nkm, we can find ul,m ∈ Λ
σ(r0)
2,2 (∂1K) such that

(1). ul,m|Il,m = u|Il,m .
(2). [[ul,m]]

Λ
σ(r0)
2,2 (∂1K)

≤ C3 · [[u]]
Λ
σ(r0)
2,2 (Il,m)

, for some C3 > 0 depending only on r0.

For each l, let hl,m ∈ H′ such that hl,m|∂1K = ul,m. Then we have

νf (∂1K) =
4Nkm∑
l=1

νf (Il,m) =
4Nkm∑
l=1

νhl,m(Il,m) ≤ 2 ·
4Nkm∑
l=1

E0(hl,m) ≤ C4 ·
4Nkm∑
l=1

[[u]]2
Λ
σ(r0)
2,2 (Il,m)

,

for some C4 > 0 depending only k, r0, where we use Lemma 9.12 in the second equality, and
use Lemma 9.14 in the last inequality. By letting m → ∞, and using Observation 1, we
obtain that νf (∂1K) = 0. �

Proof of Theorem 9.2. Let (E0,F0) be the limit form as in Lemma 9.10. Then F0 ⊂ C(K),
and by Lemma 9.11 and Lemma 9.14, it is not hard to see that f ∈ F0 if and only if
f ◦ Fi ∈ F0, 1 ≤ i ≤ N . It follows from Lemma 9.13 and Lemma 9.15 that (E0,F0) is a
self-similar form. It is also direct to check R0(L1, L2) = 1 by using Γ-convergence.

So we can see that (E0,F0) satisfies (C1), (C2). By the uniqueness theorem, Theorem
8.1, it follows that R0 = R, where R is the resistance metric associated with the unique form
(E ,F) on K satisfying (C1), (C2).

As a consequence of Lemma 9.10, there is a subsequence Rnl , l ≥ 1 such that Rnl � R. We
have the same result holds for any subsequence of Rn, so we claim that Rn � R. (Otherwise,
we can find ε > 0, a subsequence n′l and xl → x, yl → y with xl, yl ∈ Kn′l

and x, y ∈ K such

that
∣∣Rn′l(xl, yl)−R(x, y)

∣∣ > ε.) This finishes the proof. �

10. Further questions

Appendix A. Proof of Proposition 3.2

In this appendix, we prove Proposition 3.2. The proof is essentially the same as that in
[](Theorem 2.1), with slightly adjustment due to the change of condition (A3). We reproduce
it here for the convenience of readers.

In the following context, all the constants C > 0 appeared depends only on USC.
For l ≥ 1 and w ∈Wn, n ≥ 1, let’s define

Nl,w =
{
w′ ∈W|w| : there exist w(i), 0 ≤ i ≤ l,w(0) = w,w(l) = w′,

Fw(i)K ∩ Fw(i+1)K 6= ∅, ∀0 ≤ i < l
}
.

In particular, note that N2,w = Nw in Definition 3.1 (c).
We first prove the inequality NmRmλn ≤ C · λn+m in Proposition 3.2, which might be

affected by the change of (A3).
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Lemma A.1. Let m,n ≥ 1, and {ψw}w∈Wn be a collection of nonnegative functions in
l(Wn+m) such that

∑
w∈Wn

ψw = 1 and ψw(v) = 0, ∀w ∈Wn, v ∈ (Wn \ Nw) ·Wm.
Then for each f ∈ l(Wn), we have

Dn+m(f̃) ≤ C ·
(

max
w∈Wn

Dn+m(ψw)
)
Dn(f),

for some constant C > 0, where f̃ =
∑

w∈Wn
f(w)ψw ∈ l(Wn+m).

Proof. The proof is same as that of [], Lemma 2.8. For any v
n+m∼ v′ in Wn+m, we write

S(v, v′) =
{
w ∈ Wn : ψw(v) + ψw(v′) > 0

}
and a(v, v′) = [u]Sv,v′ . Note that #S(v, v′) is

uniformly bounded depending only on the USC. Then,

Dn+m(f̃) =
∑

v
n+m∼ v′

(
f̃(v)− f̃(v′)

)2
=

∑
v
n+m∼ v′

( ∑
w∈Sv,v′

(
(f(w)− a(v, v′)

)(
ψw(v)− ψw(v′)

))2

≤ C1 ·
∑

v
n+m∼ v′

∑
w∈Sv,v′

(
(f(w)− a(v, v′)

)2(
ψw(v)− ψw(v′)

)2
= C1 ·

∑
w∈Wn

∑
v,v′:w∈S(v,v′)

(
(f(w)− a(v, v′)

)2(
ψw(v)− ψw(v′)

)2
where C1 = max

v
n+m∼ v′

#S(v, v′). To continue the estimate, we notice that(
(f(w)− a(v, v′)

)2 ≤ max
w′∈N5,w

(
f(w)− f(w′)

)2 ≤ 5 · Dn,N5,w(f).

Thus, we have

Dn+m(f̃) ≤ 5C1 ·
∑
w∈Wn

Dn,N5,w(f)
∑

v,v′:w∈S(v,v′)

(
ψw(v)− ψw(v′)

)2
≤ 5C1 ·

∑
w∈Wn

Dn,N5,w(f)
(

max
w∈Wn

Dn+m(ψw)
)
.

The lemma follows immediately, noticing that
∑

w∈Wn
Dn,N5,w(f) ≤ C2 · Dn(f) for some

C2 > 0. �

Lemma A.2. Let m,n ≥ 1. There exists a collection of nonnegative functions {ψw}w∈Wn in
l(Wn+m) such that

∑
w∈Wn

ψw = 1, ψw(v) = 0,∀w ∈Wn, v ∈ (Wn \ Nw) ·Wm, and

Dn+m(ψw) ≤ C ·R−1
m , ∀w ∈Wn,

for some constant C > 0.

Proof. For each w ∈Wn, let φw be the unique function supported on Nw ·Wm such that

Dn+m(φw) = R−1
n+m

(
w ·Wm, (Wn \ Nw) ·Wm

)
≤ R−1

m , φw|w·Wm = 1.

Let Φ =
∑

w∈Wn
φw and ψw = φw

Φ , noticing that Φ ≥ 1. We immediately have
∑

w∈Wn
ψw = 1

and ψw(v) = 0, ∀w ∈Wn, v ∈ (Wn \Nw) ·Wm. It remains to estimate the energy of each ψw.
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First, we notice that Φ ≥ 1, so
∣∣ 1

Φ(x) −
1

Φ(y)

∣∣ ≤ |Φ(x)− Φ(y)|. Thus, we have

Dn+m,N3,w(1/Φ) ≤ Dn+m,N3,w(Φ) ≤ Dn+m

( ∑
w′:N2,w′∩N3,w 6=∅

φw′
)

≤ C1 ·
∑

w′:N2,w′∩N3,w 6=∅

Dn+m(φw′) ≤ C2 ·R−1
m ,

for some C1, C2 > 0. As ψw is supported on Nw = N2,w, we then have√
Dn+m(ψw) =

√
Dn+m,N3,w(φw/Φ)

≤
√
Dn+m,N3,w(φw) +

√
Dn+m,N3,w(1/Φ) ≤ (C

1/2
2 + 1) ·R−1/2

m ,

noticing that 0 ≤ φw ≤ 1,Φ ≥ 1. �

Proposition A.3. There is a constant C > 0 such that

NmRmλn ≤ C · λn+m+2, ∀n,m ≥ 1.

Proof. Let f ∈ l(Wn) so that Dn(f) = 1 and
∑

w∈Wn

(
f(w)− [f ]Wn

)2
= λn. Let f̃ ∈ l(Wn+2)

be defined as f̃(w · τ) = f(w), ∀w ∈Wn, τ ∈W2. Clearly,

Dn+2(f̃) ≤ 3k2Dn(f) = 3k2.

Next, we let {ψw}w∈Wn+2 be defined as in Lemma A.2, and define
˜̃
f =

∑
w∈Wn+2

f̃(w)ψw.

By Lemma A.1 and A.2, we know there is a C1 > 0 such that

Dn+m+2(
˜̃
f) ≤ C1 ·R−1

m Dn+2(f̃) ≤ 3k2C1 ·R−1
m .

On the other hand, let I = W2 \
(
∂W2 ∪ {w ∈W2 : w

2∼ ∂W2}
)
. We have I 6= ∅, and

˜̃
f(w · τ) = f(w), ∀w ∈Wn, τ ∈ I ·Wm.

As a consequence, we have,∑
w∈Wn+m+2

( ˜̃
f(w)− [

˜̃
f ]Wn+m+2

)2 ≥ Nm
∑
w∈Wn

(
f(w)− [f ]Wn

)2
= Nmλn.

Thus, λn+m+2 ≥
(∑

w∈Wn+m+2

( ˜̃
f(w)− [

˜̃
f ]Wn+m+2

)2)
/Dn+m+2(

˜̃
f) ≥ C2 ·NmRmλn for some

C2 > 0. �

The inequality NmRmλn ≤ C · λn+m, ∀n,m ≥ 1 follows immediately if we have λn+m+2 ≤
C ′ · λn+mσ2.

In the following, we focus on the other inequalities of Proposition 3.2. First, we introduce
the following easy lemma, which is also useful in Appendix B.

Lemma A.4. Let n,m ≥ 1, A ⊂ Wn and f ∈ l(A ·Wm). Let f ′ ∈ l(A) such that f ′(w) =
[f ]w·Wm ,∀w ∈ A. Then we have

Dn,A(f ′) ≤ 8 ·N−mσmDn+m,A·Wm(f).
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Proof. By the definition of σm, we see that
∣∣f ′(w) − f ′(w′)

∣∣2 ≤ N−mσmDn+m,{w,w′}·Wm
(f).

Taking the summation over all w
n∼ w′, w,w′ ∈ A, noticing that each w has at most 8

neighbours, we get the desired inequality. �

Proof of Proposition 3.2. We use (1)-(5) to denote the inequalities in Proposition 3.2 in se-
quence.

(5). “
(
k2N−1

)n ≤ C · Rn”. For each w ∈ W∗ \ {∅}, we let f(x) = max{0, 1 −
c−1

0 d(x, FwK)} ∈ C(K), where c0 is the constant in (A3). Then, f |FwK = 1 and f |⋃
w′∈W|w|\Nw

=

0. We define f ′ = Pn+|w|f , i.e.

f ′(v) = N |v|
∫
FvK

f(x)µ(dx), ∀v ∈W|w|+n.

One can easily check that D|w|+n(f ′) ≤ C1 · c−2
0 k−2nNn, for some C1 > 0. Thus,

C1 ·Rn
(
w ·Wn, (W|w| \ Nw) ·Wn

)
≥ c2

0(k2N−1)n.

This gives the desired estimate.

(3). “λn+m ≤ C · λnσm”. Let f ∈ l(Wn+m) so that Dn+m(f) = 1 and
∑

v∈Wn+m

(
f(v)−

[f ]Wn+m

)2
= λn+m. Let f ′ ∈ l(Wn) be defined as f ′(w) = [f ]w·Wm , ∀w ∈ Wn. Then, by

Lemma A.4, we know that

Dn(f ′) ≤ C2 ·N−mσmDn+m(f) = C2 ·N−mσm,

for some constant C2 > 0. On the other hand, we have

λn+m =
∑

v∈Wn+m

(
f(v)− [f ]Wn+m

)2
=
∑
w∈Wn

∑
v∈w·Wm

(
f(v)− f ′(w)

)2
+Nm

∑
w∈Wn

(
f ′(w)− [f ′]Wn

)2
≤ λmDn+m(f) +NmλnDn(f ′) ≤ λm + C2 · λnσm.

In addition, by Proposition A.3 and (5), we know that λn+m ≥ 2·λm, ∀n ≥ n′ for some n′ ≥ 1.
Thus, the desired inequality holds for large n. Clearly, for large m ≥ n′, the inequality also
holds. This finishes the proof.

(4). “σn+m ≤ C · σnσm”. This follows from Lemma A.4 and a same proof as (3).

(1). “λ
(D)
n ≤ C · λn”. Let f ∈ l(Wn), f |∂Wn = 0, Dn(f) = 1 and Nn[f ]2Wn

= λ
(D)
n . Let

f̃ ∈Wn+1 be given by f̃(1 ·w) = f(w), f̃(2 ·w) = −f(w) and f̃(i ·w) = 0,∀i 6= 1, 2, w ∈Wn.

Clearly, Dn+1(f̃) = 2, [f̃ ]Wn+1 = 0 and∑
v∈Wn+1

(
f̃(v)− [f̃ ]Wn+1

)2
= 2
( ∑
w∈Wn

f2(w)
)
≥ 2N−n

( ∑
w∈Wn

f(w)
)2

= 2λ(D)
n .

So λ
(D)
n ≤ λn+1. The inequality follows from (3).

(2). “NmRmλn ≤ C · λn+m”. This follows from Proposition A.3 and (3). �
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Appendix B. Γ-convergence and a short proof of Theorem 3.5

In this appendix, we briefly review the concept of Γ-convergence (with the first axiom of
countability), and provide a short proof of Theorem 3.5. Readers can find general results on
Γ-convergence in the book [].

Definition B.1. Let (X, τ) be a topological space satisfying the first axiom of countability.
For functions fn, f, n ≥ 1 on X, we say fn Γ-converges to f if the following holds.

(1). For any x ∈ X and for any sequence xn converging to x in X,

f(x) ≤ lim inf
n→∞

fn(xn).

(2). For any x ∈ X, there is a sequence xn converging to x in X such that

f(x) = lim
n→∞

fn(xn).

The concept of Γ-convergence can be defined on general topological spaces. In particular,
for topological spaces with the first axiom of countability, Definition B.1 is equivalent to the
one for general case. See [], Proposition 8.1.

Here we consider (non-negative) quadratic forms on L2(K,µ) (with the norm topology),
where K is a USC and µ is the normalized Hausdorff measure on K. Recall that a quadratic
form E is closed if and only if (F , ‖ • ‖E) is a Hilbert space, where

‖f‖E =
√
E(f) + ‖f‖2

L2(K,µ)
,

and F =
{
f ∈ L2(K,µ) : E(f) <∞

}
. Note that we do not require F to be dense in L2(K,µ)

in general.
By some well known properties of Γ-convergence (See [] Proposition 6.8, Theorem 8.5,

Theorem 11.10, Proposition 12.16), we know that Γ-convergence on L2(K,µ) is weak in the
following sense.

Theorem B.2. Let En be a sequence of (nonnegative) closed quadractic forms on L2(K,µ).
There are a subsequence nl and a closed form E on L2(K,µ) such that Enl Γ-converges to E.

proof of Theorem 3.5. (a) is an easy consequence of Lemma 3.6 and (A3).
(b). Recall that Dn can be naturally viewed as closed forms on L2(K,µ). In fact, with some

abuse of notations, for f ∈ L2(K,µ), we write Dn(f) = Dn(Pnf), where Pn : L1(K,µ) →
l(Wn) is defined as (Pnf)(w) = Nn

∫
FwK

f(x)µ(dx), ∀w ∈Wn. Also, recall

N−nσn � N−nλn � r−n,
as a consequence of Lemma 3.4 and Proposition 3.2.

By Theorem B.2, there is a subsequence nl and a limit form Ē on L2(K,µ) so that r−nlDnl
Γ-converges to Ē .

First, we show that

C1 · sup
n≥1

r−nDn(f) ≤ Ē(f) ≤ C2 · lim inf
n→∞

r−nDn(f), ∀f ∈ L2(K,µ), (B.1)

for some constants C1, C2 > 0 independent of f . Clearly, by the definition of Γ-convergence,
we have

Ē(f) ≤ lim inf
l→∞

r−nlDnl(f) ≤ C2 · lim inf
n→∞

r−nDn(f),
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where the second inequality is due to the fact r−n−m ≤ C2 · r−nN−mσm for some C2 > 0
and Lemma A.4. For the other direction, we pick a sequence fl converges to f strongly in
L2(K,µ), and Ē(f) = lim

l→∞
r−nlDnl(fl). Then, clearly

Ē(f) = lim
l→∞

r−nlDnl(fl) ≥ C1 · lim
l→∞

r−nDn(fl) = C1 · r−nDn(f), ∀n ≥ 1,

where the inequality is due to fact r−n−m ≥ C1 · r−nN−mσm for some C1 > 0 and Lemma
A.4.

Thus, we get (B.1). Clearly F = {f ∈ L2(K,µ) : Ē(f) <∞}, and (Ē ,F) is symmetric. It
remains to show the Markov property and the regular property of (Ē ,F).

The Markov property. Let f ∈ L2(K,µ), we need to show Ē(f̄) ≤ Ē(f), where f̄ = (f∨0)∧1.
To see this, we let fl → f in L2(K,µ) such that Ē(f) = lim

l→∞
r−nlDnl(fl). Without loss

of generality, we can assume (Pnlfl)(w) = fl(x) for any w ∈ Wnl and x ∈ FwK. Then, let
f̄l = (fl ∨ 0) ∧ 1, we have f̄l → f̄ in L2(K,µ), and

Ē(f̄) ≤ lim inf
l→∞

r−nlDnl(f̄l) ≤ lim inf
l→∞

r−nlDnl(fl) = Ē(f),

where we use the Markov property of Dnl on the space of piecewise constant functions
{
f ∈

L2(K,µ) : (Pnlf)(w) = f(x), ∀w ∈Wnl , x ∈ FwK
}

.

The regular property. Since F ⊂ C(K) by (a), it remains to show F is dense in C(K). It
suffices to show that for any x 6= y ∈ K, there is f ∈ F such that f(x) 6= f(y). We choose
w ∈ W∗ so that x ∈ FwK and y /∈

⋃
w′∈Nw Fw′K. For any n ≥ |w|, we can find fn ∈ l(Wn)

such that fn|FwK = 1, fn|⋃
w′ /∈Nw Fw′K

= 0 and Dn(f) ≤ R−1
n−|w|. Let f be a weak limit of fn,

one can see that f ∈ F and f seperates x, y.

Clearly, F is dense in L2(K,µ) by the regular property of (Ē ,F). �

Appendix C. Convergence of resistance metrics

This last appendix is based on one of the author’s previous work [].
We consider another setting of Γ-convergence in this section, which is related to the con-

vergence of resistance metrics. A resistance metric, which is associated with a resistance form
(in particular, such form satisfies (C1), (C2) in this paper), can be defined as follows [].

Definition C.1. Let X be a set. R ∈ l(X ×X) is called a resistance metric on X if for any
finite subset V of X, there exists a resistance form EV on V such that

R(x, y) = sup{|f(x)− f(y)|2

EV (f)
: f ∈ l(V ) \ Constants}, ∀x, y ∈ V.

Let RM(X) denote the collection of all resistance metrics on X.

We state the basic setting of this section as follows.

(Basic setting). Let (B, d) be a compact metric space with a compact subset A, and let
{An}n≥1 be a sequence of compact subsets in B such that

lim
n→∞

δ(An, A)→ 0,

where δ is the Hausdorff metric on compact subsets of B.
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We list some easy facts below without proof. Readers can find details in [], Section 2.1.

Lemma C.2. Let fn ∈ C(An) for n ≥ 1.
(a). If {fn}n≥1 is uniformly bounded and equicontinuous, then there is a subsequence

{fnl}l≥1 and f ∈ C(A) such that fnl � f .
(b) If fn � f for some f ∈ l(A), then {fn}n≥1 is uniformly bounded and equicontinuous,

and f ∈ C(A).
(c). Let f ∈ C(A). fn � f if and only if there exists {gn}n≥1 ∪ {g} ⊂ C(B) such that

gn|An = fn,∀n ≥ 1, g|A = f and gn ⇒ g. Here gn ⇒ g means gn converges to g uniformly.

An important consequence of the lemma is that we can create resistance metric at the
limit. The proof is rudimentary, see [], Section 2.2 for details.

Theorem C.3. Let Rn ∈ RM(An) for n ≥ 1, and assume

ψ1

(
d(x, y)

)
≤ Rn(x, y) ≤ ψ2

(
d(x, y)

)
, ∀n ≥ 1, ∀x, y ∈ An

for some ψ1, ψ2 ∈ C[0,∞) with ψ1(0) = ψ2(0) = 0 and ψ2(t) ≥ ψ1(t) > 0 for t > 0.
Then, there exists R ∈ RM(A) and a subsequence {nl}l≥1 such that Rnl � R. In addition,

ψ1

(
d(x, y)

)
≤ R(x, y) ≤ ψ2

(
d(x, y)

)
, ∀x, y ∈ A.

It is well known (see the book [] by Kigami) that if R is a resistance metric on X so that
(X,R) is separable metric space, there is a unique form, named resistance form, (E ,F) on
(X,R) such that F ⊂ C(X,R), and

R(x, y)−1 = inf
{
E(f) : f(x) = 0, f(y) = 1, f ∈ F

}
, ∀x, y ∈ X.

The form is called regular if F is dense in C(X,R). If (X,R) is compact, then (E ,F) is
always regular. In particular, if µ is a Radon measure on X with full support, then (E ,F)
becomes a regular Dirichlet form on L2(X,µ). See [] for details.

Definition C.4. Let (En,Fn) be quadratic forms defined on C(An), and (E ,F) be a quadratic
form defined on C(A). We say (En,Fn) Γ-converges to (E ,F) on C(B) if and only if (a),(b)
hold:

(a). If fn ⇒ f , where {fn}n≥1 ∪ {f} ⊂ C(B), then

E(f |A) ≤ lim inf
n→∞

En(fn|An).

(b). For each f ∈ C(B), there exists a sequence {fn}n≥1 ⊂ C(B) such that fn ⇒ f and

E(f |A) = lim
n→∞

En(fn|An).

Remark. In the definition above, we always set E(f) = ∞ if f /∈ F and similarly for En.
fn ⇒ f can be replaced with fn|An � f |A by Lemma C.2 (c). See [] for details.

The main result in this appendix is the following theorem stating that the convergence of
resistance metrics will result in the Γ-convergence of the resistance forms. We copy the proof
from [] for convenience of readers.

Theorem C.5. Let Rn ∈ RM(An) ∩ C(A2
n) for n ≥ 1 and R ∈ M(A). Assume that

Rn � R, then we also have R ∈ RM(A) ∩ C(A2). Let (En,Fn) be the resistance form
associated with Rn for n ≥ 1, and let (E ,F) be the resistance form associated with R. Then,
we have (En,Fn) Γ-converges to (E ,F) on C(B).
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Proof. That R ∈ RM(A) ∩ C(A2) follows from Lemma C.2. We need to prove (a),(b) in
Definition C.4. By the remark above, we only need to let fn ∈ C(An), f ∈ C(A) and fn � f
in the proof.

(a). Notice that R induces the same topology as d on A, so (A,R) is separable. Let
V1 ⊂ V2 ⊂ · · · be a nested sequence of finite subsets of A, and assume that V∗ =

⋃
m≥1 Vm is

dense in A. Then, by Theorem 2.3.7 in [], we have

E(f) = sup
m≥1

[E ]Vm(f) = lim
m→∞

[E ]Vm(f), ∀f ∈ C(A),

where [E ]Vm denotes the trace of E on Vm. For each n ≥ 1, we can find a nested sequence of
finite set V1,n ⊂ V2,n ⊂ · · · such that δ(Vm, Vm,n)→ 0 as n→∞. In addition, for each m ≥ 1,
we require that #Vm = #Vm,n for n large enough. To achieve this, we choose a converging
sequence xn → x with xn ∈ An for each x ∈ V∗. Then, one can see that (by Lemma 2.8 of [])

[E ]Vm(f) = lim
n→∞

[En]Vm,n(fn),

where fn, f are the functions in the statement of (a). This implies

E(f) = lim
m→∞

[E ]Vm(f) ≤ lim inf
n→∞

sup
m≥1

[En]Vm,n(fn) = lim inf
n→∞

En(fn).

(b). It suffices to consider f ∈ F . Let Vm and Vm,n, m ≥ 1 be the same nest sequences in
the proof of (a), and let f ′n ∈ C(An), n ≥ 1 so that f ′n � f . There exists a sequence {mn}n≥1

with mn →∞ that grows slowly enough so that

E(f) = lim
m→∞

[E ]Vm(f) = lim
n→∞

[En]Vmn,n(f ′n) = lim
n→∞

En(fn),

where fn is the harmonic extension of f ′n|Vmn,n on An with respect to (En,Fn) for each
n ≥ 1. Since {Rn}n≥1 is uniformly bounded and equicontinuous and {En(fn)}n≥1 is uniformly
bounded, we can see that {fn}n≥1 is also uniformly bounded and equicontinuous. By applying
Lemma C.2(a) and by a routine argument, we have fn � f . �

We end this appendix with a result concerning the local property.

Theorem C.6. For each n ≥ 1, let (En,Fn) be a resistance form on An with Fn ⊂ C(An);
let (E ,F) be a resistance form on A with F ⊂ C(A). Assume (En,Fn) Γ-converges to (E ,F)
on C(B), and (En,Fn) is local for each n ≥ 1, then (E ,F) is local.

Proof. Let f ∈ C(B) such that f |A ∈ F , we will show that E(f+|A, f−|A) = 0, where
f+ = f ∨ 0 and f− = f ∧ 0. Then, by a linear combination, it follows immediately that
E(g, h) = 0 for any g, h ∈ F with gh = 0.

First, E(f |A) ≥ E(|f |
∣∣
A

) due to the Markov property, so E(f+|A, f−|A) ≥ 0.

Next, we prove E(f+|A, f−|A) ≤ 0. By Definition C.4 (b), we can choose f ′+,n ∈ C(B) for
each n ≥ 1 so that

f ′+,n ⇒ f+ and E(f+|A) = lim
n→∞

En(f ′+,n|An).

Also, define f ′−,n in a same way. Without loss of generality, we can assume that f ′+,n|An ∈
Fn, f ′−,n|An ∈ Fn for all n ≥ 1. There is a decaying sequence of positive numbers {εn}n≥1, εn →
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0 such that f+,n = (f ′+,n − εn) ∨ 0 and f−,n = (f ′−,n + εn) ∧ 0 have disjoint supports for each
n ≥ 1. Clearly, f+,n ⇒ f+ and f−,n ⇒ f−. Then,

E(f |A) ≤ lim inf
n→∞

En
(
(f+,n + f−,n)|An

)
= lim inf

n→∞

(
En(f+,n|An) + En(f−,n|An)

)
≤ lim

n→∞

(
En(f ′+,n|An) + En(f ′−,n|An)

)
= E(f+|A) + E(f−|A),

where we use Definition C.4 (a) in the first inequality, the local property of (En,Fn) in the first
equality and the Markov property in the second inequality. This implies that E(f+|A, f−|A) ≤
0. �
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