DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS

SHIPING CAO AND HUA QIU

ABSTRACT. We construct symmetric self-similar Dirichlet forms on unconstrained Sierpinski
carpets, which are natural extension of planner Sierpinski carpets by allowing the small
cells to live off the 1/k grids. We also drop the non-diagonal assumption in this recurrent
setting. The proof of the existence is purely analytic. A uniqueness theorem is also provided.
Moreover, the additional freedom of unconstrained Sierpinski carpets allows us to slide the
cells around. In this situation, we view unconstrained Sierpinski carpets as moving fractals,
and we prove that the self-similar Dirichlet forms will vary continuously in a I'-convergence
sense.

1. INTRODUCTION

In this paper, we study the self-similar Dirichlet forms on the unconstrained Sierpinski
carpets (USC for short). See Figure |1| for some examples.

FIGURE 1. Unconstrained Sierpinski carpets (USC).

To see the meaning of the adjective “unconstrained”, let’s first recall the definition of the
classical Sierpinski carpets. Dividing the unit square into k2, k > 3 identical small squares and
deleting a few symmetrically (keeping all that boarding the boundary), we get an iterated
function system (i.f.s. for short) consisting of similarities that map the unit square to a
remaining small square. The attraction of the i.f.s is a Sierpinski carpet, as long as the
fractal is connected. See Figure [2| for the standard Sierpinski carpet, where k = 3.
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FIGURE 2. The standard Sierpinski carpet.

Clearly, all the squares are constrained on the 1/k grids in a classical Sierpinski carpet. The
larger family of fractals, the unconstrained Sierpinski carpets, are exactly those self-similar
sets generated in a similar manner, but the constraint removed by allowing the 1/k sized
squares to move around. See Definition for precise details. We will construct and study
the diffusions on unconstrained Sierpinski carpets.

The study of diffusion processes on fractals emerged as an independent research field in
the late 80’s. Initial interest in such processes came from mathematical physicists working in
the theory of disordered media [I}, 24], [42]. On self-similar sets, the pioneering works are the
constructions of Brownian motions on the Sierpinski gasket [19] 33] originated by Goldstein
and Kusuoka independently and later [9] by Barlow and Perkins. The method features the
study of a compatible sequence of graphs [30], and is extend to various fractals with finitely
ramified cell structures [45]. See [10, 1T} 13}, 14, 17 28, 29, [36], 37, 38| 40}, 43, 45] and books
[2, 30, [44] for the Dirichlet forms on such fractals.

The Sierpinski carpets are typical self-similar sets that are not finitely ramified. The
construction of diffusions on Sierpinski carpets [3], initiated by Barlow and Bass, is a milestone
in analysis on fractals.

In the pioneering work [3], the diffusion is defined to be a weak limit of renormalized
Brownian motions on domains in R?, and the method later extends to generalized Sierpinski
carpets (carpets in R, d > 3) [7]. An alternative approach, with the language of Dirichlet
forms, was given by Kusuoka and Zhou [34]. It remained a difficult question whether the
diffusions resulted from the two methods are the same until 2010 [§]. See [4] 5} 6] [7] for more
properties about the diffusions on Sierpinski carpets. Also see [20] for a recent work on the
standard Sierpinski carpet based on the resistance estimate [5] and I'-convergence [15] [39].

More or less, the constructions depend on delicate structure of the Sierpinski carpets.
In [3], the non-diagonal condition is required since Brownian motion on R? does not hit a
single point. Also, the corner moves and slide moves [3], [7] depend on the exact way that
cells intersect. In [20], the resistance estimate used transformations among different graphs,
which essentially depends on the local structure of the fractal. A more general framework is
provided in [34]. However, some extra conditions (GB), (LS) and the Knight move method
were used to fulfill the story.
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Although it may not be possible to define a good diffusion on an arbitrary fractal, it is still
one of the central question in this field to see how far we can loosen the geometric restrictions
[2]. One of our main goal in this paper is to extend the constrcutions to the more general
unconstrained Sierpinski carpets. In particular, we break the conditions (GB) and (LS)
of [34]. Since we are dealing the recurrent case, the non-diagonal condition [3| [7, §] is also
dropped.

Theorem 1. Let K be a USC and p be the normalized Hausdorff measure on K. There is a
unique (up to a constant multiplier) strongly local, reqular, irreducible, symmetric, self-similar
Dirichlet form (£,F) on L*(K, ) such that F is compactly embedded in L*(K, ).

Our approach to existence is purely analytic. We are inspired by [34], and adopt a few

results there. To overcome the essential difficulty from the worse geometry, we develop a
trace theorem. Let 0, K be the collection of boundary of cells of side length k=", we use the
trace theorem to estimate the energy of functions that are harmonic in K \ 0, K,
Cr-[[h 2 < E&(h) < Cy-[[h 2 ., Vh € H,.
[l < EB) < Co [hlan iy .
See Section 4 and Section 6 for details. Compared with [26], our story is on the opposite
direction, we deduce important results including a uniform resistance estimate and an esti-
mate of the energy measure on the boundary by the trace theorem. With all the preparation
derived, the uniqueness is routine following the celebrated work [§].

The second goal, which also inspires the authors to break the constraint, is to study the
family of USC as a whole. For example, one can perturbate the i.f.s. of the 4SC on the right
hand side of Figure[I] and imagine this as squares sliding along edges. A natural question is
whether or not the Dirichlet form varies continuously accordingly. We provide an answer to
this in Section 9.

Theorem 2. Let K, K,, n > 1 be USC, and R, R,, n > 1 be the resistance metrics on
them according to Theorem . Then R, — R if and only if the geodesic metrics dg,n on Ky,
n > 1 are equicontinuous.

The condition on the geodesic metric is essential since it prevents the creation of new
shortest path for the diffusions. More precisely, we can not allow x,,y, € K, that are
bounded away in dg,,, but get arbitrarily close in the Euclidean metric d. See Example
and Figure [7] for an illustration. The proof of Theorem [2| relies also on the trace theorem, as
well as the uniqueness theorem.

At the end, we briefly introduce the structure of the paper. First, as the preliminary
part, we introduce the precise definition and geometric properties of USC in Section [2| Later
sections can be divided into two parts.

In Section 3}f5] and also Appendix [A]B] we focus on the existence of the self-similar Dirichlet
forms. In Section we introduce the Poincare constants from [34]. For convenience of readers,
we slightly rewrite the proof of relationships between different Poincare constants in [34] in
Appendix [A} also, we provide a much shorter proof of the existence of a limit form of discrete
forms, based on I'-convergence in Appendix In Section |4 we use the idea of the trace
theorem in the discrete situation to obtain an estimate of the discrete resistance metrics.
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We use a quite different approach compared with [34], which is purely analytic. Finally, we
construct the self-similar Dirichlet form in Section Bl

In Section [6H9] we prove the uniqueness and the continuity. The main tool to provide
useful estimates is the trace theorem, developed in Section [f] In Section [7, we provide a
uniform estimate of the resistance metrics with respect to the geodesic metrics. In Section
we prove the uniqueness of the self-similar Dirichlet forms following [8]. In Section |§|7 we
prove Theorem The key technique is to use the I'-convergence developed by one of the
author [10] (summarised in Appendix , and to prove the energy measure on the boundary
is 0, which is also an application of the trace theorem.

From time to time, we will write a < b for two functions (forms, and sequences) a, b, if
there is a constant C' > 0 so that C~1-b<a < C -b.

2. THE GEOMETRY OF UNCONSTRAINED SIERPINSKI CARPETS

In this section, we present a brief review of the geometric properties of USC. Similar as
the classical Sierpinski carpets, the USC are self-similar sets generated by removing small
squares from an initial square and iterating.

Let O be a unit square in R?. We let

q1 = (070)) q1 = (170)7 q3 = (]-7 ]-)7 q4 = (07 1)
be the four vertices of [J, where we write = (21, 72) for a point in R2. In addition, we will
write
Ty={(1—-tw+ty:0<t <1},
for the line segment connecting z,y € R2.
For convenience, we denote the group of self-isometries on [ by
G = {Fm [y, de Fdza id, Frl s Frza FT3 s

where I',,, 'y, T'y, , ['g, are reflections (v for vertical, h for horizontal, d, da for two diagonals),

Ly(z1,72) = (21,1 — 12), Cp(z1,22) = (1 — 1, 22),

2.1
Dy (@1,29) = (@2,21),  Tay(w1,22) = (1 — 2,1 — 1), 1)

for x = (z1,22) € 0, id is the identity mapping, and I';,I';,, I';, are rotations
FTl(xlﬂxQ) = (1 - x27x1)7 Ly, = (1—‘7'1)27 Iy = (Fﬁ)ga (2'2)

around the center of [J counterclockwisely with angle %r, 7 =1,2,3. In this paper, we will
focus on the structures with 4-symmetry.

Definition 2.1 (Unconstrained Sierpinski carpets).

Let k >3 and 4(k — 1) < N < k? — 1. Let {F;}1<i<n be a finite set of similarities with
contraction ratio k~'. Assume the following holds:
(Nonoverlapping). F;(0) N F;(0) is either a line segment, or a point, or empty, i # j.
(Connectivity). Ufil F;(O) is connected.
(Symmetry). T(UY, F;(0)) = U, F;(0) for any T € 9.
(Boundary included). g1,¢ ¢ UY,, F;(0) c O.
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Then, call the unique compact subset K C O such that

N
K:UEK
=1

an unconstrained Sierpinski carpet (USC).
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FIGURE 3. More unconstrained Sierpinski carpets (USC).

See Figure [3| for more examples of USC. Below we highlight some basic settings.

Basic settings and notations.

(1). Throughout the paper, k, N are fixed numbers. Most constants appear in Section @]
and Section [§| only depend on k.

(2). The squares F;(0J) along the boundary of OJ is useful, and we order them in the
following way. For 0 < j <3 and 1 <i¢ <k — 1, we stipulate that

1 1 —1
Fo-njri(z) = —(z — gj41) + g1 + ——(gj+2 — gj+1) (2.3)
k k

with cyclic notation g5 = ¢q;.
(3). For convenience, we denote the four sides of OJ by

Li=q,¢2, Lo=q@ @, Li=@qa, Li=q,q. (2.4)
(4). We write 9K = |J;_, L; for the square boundary of K.

In the rest of this section, we prove some geometric properties of USC. Let’s first introduce
some more notations.

Definition 2.2. Let Wy = {0}, Wy = {1,2,--- ,N} and W,, = W{* for n > 1. Also, write
W, = o2y Wh for the space of finite words.
(a). For each w = wy ---wy, € W,,, we denote |w| = n the length of w, and write

Fy=F, 0---0F,,.

So each w € W, represents a n-cell F\, K in K.
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(b). For w,w' € W, withn > 1, we say w ~ w' if FuK N FyK # 0. For A,B C W,,
we write A ~ B if w ~ w' for some w € A and w' € B. In particular, we write w ~ A if
{w} L A.

(c). Forw=wy-- wy € Wy, w' =w) - w), € W, we write

w'w':wl--'wnwi'--w;nGWn+m.

For AC W,,,B C W,,, we denote A- B ={w-w':we Aw € B}.
(d). For A C W, we define a symmetric bilinear form Dy 4 on I(A) as,

Dpa(fi9)= Y. (fw)—f))(gw)—gw")), Vfgel(A).
w,w' €A
In particular, we write Dy A(f) := Dy a(f, f), and Dy, := Dy, w,, for short.
(e). Forn >0, we define

OWn ={we W, : F, KNJK # 0}.

Also, we write
Wi ={weW,: F,KNL; #0}, fori=1,2,3,4,
and Wy = U2 Whi-

In the following, we show that a YSC K has the following geometric properties (A1)-(A4).
In particular, (A1), (A2), (A4) are the same as in [34], Section 2, while (A3) is relaxed for
USC.

(A1). The open set condition: there exists a non-empty open set U C R? such that
UN,FUCU and FUNF;U =0,Yi#j e {1,--- ,N}.

(A2). For f € (W), Dn(f) =0 if and only if f is a constant function.

(A3). There is a constant 0 < ¢y < 1 satisfying the following.

(1). If z,y € K and d(z,y) < cok™", then there exist w,w',w" € W,, such that x € F,K,
y€ FyK and Ffu, K N Fyn K # 0, FwKNFuwK % 0.

(2). If w,w' € W, and there is no w" € W, so that

Fo,KNEywK #0, FyKNFunK#0.

Then d(z,y) > cok™™ for any x € FyK andy € Fy K.
(A4). OW,, # W, forn > 2.

Remark 1. By (A1), the Hausdorff dimension of K is dy = lﬁ)ggjlj . Let u be the normalized

dg-Hausdorff measure on K, i.e. u is the unique self-similar measure on K such that p =

L ZN o F1

N 2ui=1 KO -

Remark 2. In [34], (A3)-(2) was stated as:

If w,w' € Wy, and Fy KN Ey K =0, then d(z,y) > cok™ for any x € F, K and y € Fy K.
One can check (A3)-(2) does not hold if we allow two cells F;K, F;K,i# j € {l,--- ,N}

to have intersection length

oo
|FiK n FjK\ _ Z k_z(z-;n ’
=1
where |F; K N F; K| denotes the length of F; K N F}K.
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Proof of (A1)-(A4).
(A1), (A2), (A4) are obvious. It remains to verify (A3).

(A3)-(1). Let
o = min{%,k ‘min {d(F,K, F;K) : ;K NF;K =0,1<i,j < N}}.
We will show ¢}, works for (A8)-(1). Let z,y € K with d(z,y) < ¢,k for some n > 1. Let
mg = 1 + min {m > 0: thereis 7 € W, such that z,y € FTK}.

We will see that either of the following two cases happens.

Case 1. There is w € W, such that z,y € F,K.
Case 2. There are w # w' € Wy, and i,i" € {1,2,3,4} such that

F,KNFy K #0,

and
x € U FooK, Yy € U F oK.

ﬂ)GLi,n,mO ’LUGLZI n—mg

In fact, if n < mg, Case 1 happens clearly. If n > mg, there are 7 € Wy,,—1 and 7 # j so
that = € F;;K, y € F;;K. Since d(F-lz, F-ly) < cf)k_"ﬂmo_l) < cpk™1, by the definition
of ¢y, we have F;K N F; K # 0, and so F,;K N F; ;K # (. So Case 2 happens by choosing
w=r7-iand w' =7 j, noticing that ¢, < 1.

Now if n < myg, Case 1 happens and (A3)-(1) holds immediately. Otherwise if n > my,
Case 2 happens, then we let v be the word in w - L; 5,—m, such that z € F,K, and let v be
the word in w’- Ljs ;,_p,, such that y € F,y K. It is clear that if (A3)-(1) does not hold, then
d(z,y) > k™™ > ¢4k™", a contradiction.

(A3)-(2). It is a consequence of (A3)-(1). In fact, let
co = cy/2.

We can prove (A3)-(2) by contradiction. Let w,w’ € W,,, and assume there is no w” € W, so
that F(y, K N Fyn K # 0, By K N Fyyn K # (). If there are € F, K,y € Fy K so that d(z,y) <
cok™™, then we can find 2’ € F,(K \ oK) and ¢ € Fy (K \ 0pK) so that d(z’,y") < cxk™".
By (A3)-(1), we know there is w” € W, satisfying F(, K N Fyn K # 0, Fy K N Fyn K # 0. A
contradiction. 0

3. A LIMIT FORM OF KUSUOKA AND ZHOU

In this section, we will introduce the celebrated results of Kusuoka and Zhou [34]. First,
we define the Poincare constants, which was introduced in [34]. We modify the definition of
R, for the compatibility with the weaker version of (A3)-(2).

Definition 3.1 (Poincare constants [34]). Forn >0, A C W, and f € [(A), we write
[fla=#A) ) fw

weA
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(a). For n > 1, define
Mo=sup{ Y (f(w) = [flw,)": £ € UWa), Du(f) = 1},

weW,
(b). Forn > 1, define

)\(D)—Sup{N” : f € UWh), flow, = 0,Dn(f) =1}.
(c). For A,B C W, define
Ru(A, B) = max {(D,(f)) " : f € UWn), fla=0,f|p = 1}.
Forw € W,, we write
N =|J{w' € Wjy : there is w” € W} so that Fy K N FynK # 0, Fy K 0 Fyn K # 0}
Then, for m > 1, define
(d). Form >1 and w ~ w', define
m 2
Jm(wa w/) = sup {N ([f]me - [f]w’-Wm) (€ l(VV|w|+m)¢D|w|+m,{w,w’}~Wm(f) = 1}
For m > 1, define
Om = sup {op(w,w') :n > 1Lw,w € W,,w~uw'}.
One of the important results in [34], based on the conditions (A1)-(A4), is the comparison

of the Poincare constants. Below, we copy the theorem ([34], Theorem 2.1) for convenience
of readers.

Proposition 3.2 ([34], Theorem 2.1). Assume (A1)-(A4). There is a constant C > 0 such
that

AP < ¢, n>1,
N"Rphy <C- Ay, ny,m>1,
Antm < C - Apom, n,m > 1,
Onam < C - 0pom, n,m > 1,
(2N~ < C- Ry, n>1.

In particular, in our setting, (A3)-(2) is a little weaker than the original one in [34].
However, the proof in [34] still works perfectly. For convenience of readers, in Appendix
we rewrite the proof of the inequality N R, A, < C - Ap+m- The other inequalities are less
or not affected by the change of (A3).

On the other hand, to get a self-similar form on K, we would expect N™"\, =< r~" for
some 7 > (0. Proposition is still not enough for this purpose. We need to investigate the
geometry of the fractals more carefully for the following two inequalities.

(B1). There is a constant C > 0 such that o, < C - AP , for n>1.
(B2). There is a constant C' > 0 such that A, < C - N"R,,, for n > 1.

In the following Lemma we list some important consequences of (B1) and (B2).
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Lemma 3.3. Assume (A1)-(A4) and (B1), then there are C1,Cy > 0 such that
C1- AP <\, <Cy - AP v > 1.

Lemma 3.4. Assume (A1)-(A4) and (B1)-(B2), then there are r > 0 and C1,C2 > 0
such that
Ci-rm "< N "\, <Cq-r™™ V¥n>1.
In addition, r < kﬂ?
Proof. 1t suffices to show that there are constants Cs, Cy > 0 so that
CS : )\n)\m S >\n+m S C14 ' )\n)\m

for any n,m > 1.

First, by Proposition and (B1), we have, for some constant C' > 0, 0,,, < C' - A$,?) <
C? - A\, and thus Ay < C - Apom < C3 - A

Second, by the second inequality in Proposition and (B2), we know, for some constant
C >0, A\pym >C-N"R\, > C? - M.

Finally, by the second and last inequalities of Proposition |3.2 we know, for some constant
C>0, N\ >C-Rp >C* (2N"H)™. Sor < 5. O

We call r the renormalization factor in this paper. For USC, we always have

N 1
r < = <1- =

In [34], it is shown that a limit form of the discrete energies D,, can be well defined under
the above assumptions. We combine Theorem 5.4 and Theorem 7.2 in [34] together into the
following Theorem

In the following, with some abuse of notations, for f € L'(K,pu), we write D,(f) =
Dy (Pof), where P, : LY(K, ) — [(W,,) is defined as (P, f)(w) = N" waK f(z)p(dz),Yw €
W,.

Theorem 3.5. Assume (A1)-(A4),(B1)-(B2) and 0 <r < 1. Let
F={feL*K,p):supr "Dy(f) < co}.
n>1

(a). For any B € (0, —%SSZ), there is a constant C > 0 such that

@) = S < C- dw ) (upr™Dulf)), Yoy VS €T
In particular, F C C(K). B
(b). There are a reqular symmetric Dirichlet form (£, F), C1,Co > 0 such that
Cy-supr "D, (f) < E(f) < Co - liniinfr*"Dn(f), VfeF.
7121 n—oo

Theorem (b) was proved with a probabilistic approach in [34]. It is also possible to
prove it directly by the I'-convergence method, when we have the condition r < 1. See
Appendix [B| for a short proof of Theorem

It remains to verify (B1),(B2) in the USC setting. (B1) is easy, while (B2), which
is essentially linked with the regularity of the form is hard. In [34], the method of “Knight
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moves” of Barlow and Bass [] is applied to show (B2). However, the same idea fails essentially
on USC. We will develop a method that does not depend on “Knight moves”, or on the
probabilistic consideration, to prove (B2). The method will involve a rough idea of the trace
theorem, which will be stated in detail in Section [6]

In the rest of this section, we will verify (B1). The new method to prove (B2) will be
postponed to the next section.

3.1. Verification of (B1). Since we allow two cells to intersect at a single point, we will
take the advantage that we are just focusing on 2-dimensional carpets (which is essential
since we need the process hinting points). In the following lemma, we will use the facts that
lim inf % log R, > 2logk —log N > 0 and N~"\, > C-N~'\R,_; for some C' > 0, which are
n—oo

provided by Proposition [3.2

2

Lemma 3.6. There is C' > 0 such that ‘f(w) - [f]Wn| < C - N7T"\Dy(f) for any n >

L,bwe Wy, and f € [(W,).

Proof. Let w = wj---w, be the word appears in the lemma. Let B, = W,, and B, =
wy - wp—y - Wy for 0 <1 < n—1. By applying the definition of \;, we have

f5, — s < NS (f@) — [f])°
w'€B;_1
< N“HIND,(f).

Thus, | f(w) = [flw,| < Xt VNHIN - /Du(f) < C - /N"A\,Dy(f). The lemma then

follows from Proposition [3.2] O

Now we proceed to prove (B1). For convenience, for a function f € I{(W,,4,) and w € W,
we use the notation f o F,, to denote the function in I[(W,,) with f o Fy,(7) = f(w - 7).

Proof of (B1). Let m > 1 and choose n > 1, w,w’ € W, such that w ~ w' and oy, (w,w') >
om/2. Let f be the function on A = {w,w'} - Wy, such that D,y a(f) =1, and

2 _
([f]me - [f]w’-Wm) =N mUm(wﬂﬂ/)-
Let R : A — A be the symmetry with respect to the middle point of Fi, K N F,vK. By
symmetry, we can assume that f = —f o R and f|,.w,, > 0, so that

Flow., = %\/N*mam(w,w’).

Pick 7 € w- Wi, and 7 € w' - Wi, so that n "2 7/ and n = R(n'). Clearly, we have
|f(n) — f(n')] <1 and so f(n) < 1. Next, by Proposition and Lemma for m large
enough, we can find ! independent of m such that

lowos — D] < v

4
where ¢ is the unique word in W, ; such that n € ¢ - W,,,_;. Thus by choosing m large,
1
[f]L-Wm,l < i[f]w-wma

noting that by Proposition N=""gp, > C - R, — oo for some constant C' > 0.
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Now we consider two cases based on [f];, 7 € w - OW].

Case 1. MaXrcyw-ow, [f]T'Wm—l < %[f]me
In this case, by a same reason as above, we have f(k) < %[f}w.wm forall k € w-OW;-Wp,_.

Let u be the function such that ul|y.ow,.w,, , = flw.ew,-w,,_, and

Dn+m,w~Wm (U) = inf{Dn+m,w-Wm (ul) : ul|w-8Wl~Wm_l = f|w-8Wl~Wm_l}-

In other words w is the harmonic extension of f|y.aw,.w,,_, onto w-W,,. Let f= (f—u)oFy,

then one can see that f\an =0, [f]wm > i[f]w.wm = %\/N_mam(w,w’) and Dm(f) < %
This implies that )\g,? ) > C - oy, for some constant C' > 0.

(¢]

Case 2. max,cy.ow,[flrw,, , > %[f]w.wm.
In this case, one can find C; > 0 (depending only on k,[) and ¢1,t2 € w - OW, such that

0 "y and oWyt = [Fliawyni| > C1+v/N="0p(w,w'). As a consequence, one can see
that there are Cy > 0 depending only on [, and a pair v,v" € OW; with ~ L ~', such that

Um—l(7>7/) > Cy o

So we reach the standard case that is dealt with in Section 8 of [34].

Without loss of generality, we let v = 1111---1 and v' = 1111---1(4k — 4). So Fy/ K is
located above F,K, and share a common side with F,K. Let g be the unique function on
{77 71} ' Wmfl so that D{’y,'y’}'Wm,l(g) =1 and ([g]’Y-Wm_l - [g]’)/"Wm,l)Q = N7m+lamfl(’77 7/)
Still, we assume g is antisymmetric with respect to F, K N I,y K, symmetric with respect to
the bisection of F, K N F.y K, and g|,.w,, , > 0, so that [g],.w,, , = %\/N_m”am,l('y,’y’).

Let g4 = go Fy € [(Wy,—;). We will construct a function h € I[(W,—113), hlow,,_,., = 0 by
using the copies of ¢g;. Recall the symmetries I'y, 'y, ,I'g, defined in , which naturally
act on Wy,_;. We define gq4,, 94, € {(W,,,—1) as follows

(w) = g+(w), if By K N {(71,22) 1 22 > 21} # 0,
I g+ olg (w), if FuyKN{(z1,22): 22 >21} =0.
(w) = g+ (w), if By K N{(x1,22) :x0 >1—m1} #0,
Jdz g+oFd2(w), iwaKﬂ{(xl,xg) 133221—1’1}:

Next, we define a function h’ € W,,,_;;1 as follows,

9d, (w2 e wm—l+1)’ if w1 = ]-a
g (wa - wp—yy1), f2<w <k-1,
ga, (w2 -+~ wp—y41), ifw =k,
0, otherwise,

b (w) =

where w = wiwy -+ Wy,—;4+1 in the above formula. Finally, we define h € [(W,,_;13) as
follows:

hIOFh(wg"~wm,l+3), if w1 = 1,w2 = k,
h(w) = h/(w;g C Wi—143), ifw =1, we =k + 1.
0, otherwise.
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One can easily see that hlaw,, ., =0, [hlw,,_,,; = Cg-\/N*mHo*m_l(% ") and Dy, —143(h) <

Cy for some C3,Cy > 0 independent of m. This implies that )\7(7? ) > Ch - )\an_)l 432 Cg - om,

for some C5, Cg > 0. O

4. AN EXTENSION ALGORITHM AND ITS APPLICATION TO (B2)

The essential difficulty of (B2) for USC is caused by the unconstrained style of neighbour-
hood Ny, w € W, which may be of infinitely many different types. Recall that in [], the
condition (B2) is verified by the “Knight moves” method due to Barlow and Bass [] for a
limited range of local symmetric fractals including the standard Sierpinski carpets. However,
there are very limited results about slide moves and corner moves in the USC setting, when
the process travels near the intersection of cells. Also, we can not construct functions of
controllable energy simply by only using symmetry as before.

We will invent a new technique to construct functions with nice boundary condition, for
both the discrete case and the continuous case. The argument in this section will be purely
analytic, and will not involve the “Knight moves” method in [].

We start this section with an introduction to the technique, and leave some estimates to
the last part of this section, from which the condition (B2) follows as an application.

4.1. Building bricks. We will break the fractal K near boundary into infinitely many pieces
(building bricks), and glue functions on building bricks together to arrive desired boundary
values.

Definition 4.1. Let K be a USC.
(a). For m > 1, we define T, k = U
(b) Let BK = Cl(TLK \ T27K).
For each w € Wy1 = ;2o Whn,1, the set F,Bx is called a level-|w| building brick. We

can decompose 17 x as the union of infinitely many bricks, or of lower wall T}, x and finitely
many bricks,

werwyy FuK.

m—2
Tk = ( U FwBK) UL1 = ( U U FwBK) UTm,K, for m > 2. (4.1)
weEWi 1 n=0 weW, 1

See Figure[4 for an illustration. In this section, since we are considering the discrete energies
D,, on cell graphs, we focus on the finite decomposition of 77 x. We will consider the infinite
decomposition of T7 j in the continuous case in Section @

We introduce some new notations for cell graph case.

Definition 4.2. Let K be a USC. B
(a). Form >1 and n > m, we define Ty, n, = {weW,: FuK C Tk}
(b). Forn > 2, we define B, ={w e W, : F,, K C Bg}.

We can rewrite the second decomposition in (4.1]) as

n—2
Tin=( U v B)| T, n=2 (4.2)

=0 weW;



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 13

)

FIGURE 4. A finite decomposition of T3 g with m = 4.

4.2. Functions with linear boundary values. We will use the decomposition (4.2]) to
construct functions in [(W,,), with good boundary condition on dW, n > 2.

To start with, let’s define a building brick function b, on B,,n > 2. This takes several
steps.

Step b.1. Let h, be the unique function on W, such that
{ hnlWpa =0, halw,, =1,
Dn(hn) = min {Dy(f) : flw,, = 0, flw,, = 1, f € (W)}
Let A, ={weW,:w Tin}, b, be the unique function on W, such that
holwas =1, hpla, =0,
{ Do) = min {Dulf) : flwny = 1, fla, =0, f € U(Wa)}.
Step b.2. Next, we define b e I(B,) and b e I(Wp\ Thn) as
bV (i - w) = Ry (w) - ho(i-w), V1<i<kVwe Wy \ T,
and
b2 (w) = (1 — hl,(w)) - hn(w), Yw € Wy, \ Ty .
Step b.3. Lastly, we define b,, € I(B,,) as

1 — 1 -
bn(l . U)) = b%l)(l . ’U)) + Eb$1221(w) + ! L y V1 S 7 S k,Vw S Wn—l \Tl,n_l.

We present some important observations of b, in the following lemma.

Lemma 4.3. Let n > 2 and b, € [(B,) be the function defined in Step b.1-b.3.

(a) B | I Tt SRS I N _ 1\ 5 L.
(O W, ) By kO O Wy 1201 B k7 - = ¢ =

(a’)‘ bn|(1-Wn,1’4)ﬂBn = 07 bn|(k-Wn,1’2)an =1
(b) bn(w) = hn(w), Yw € W171 . Wn_173.




14 SHIPING CAO AND HUA QIU

(C) bn, (Z w) k lhn 1( ) Vlgigk,VwEAn,l\TLn,l.
(d). D, 5, (bn) <C- ( n(hn) + Dp1(hl,_,)), where C > 0 is independent of n.

In particular, Lemma (a) shows that we can glue small copies of b, horizontally without
introducing across energy. Lemma (b),(c) imply that we can glue b,, with scaling copies of

bn—1 vertically still without introducing across energy. by-adding-alittle-energy{controlled
by the energv ol b, 0 (1.7

Next, we make a function that is linear on OW,, with controllable energy. For convenience,
for each f € LYK, pu) and n > 1, we define Py, f € [(0W,,) as the unique function such that

(Py, f)(w) = N" f(@)p(dx), Yw e OW,.
FuK

Lemma 4.4. Let u € I[(K) defined by u(z1,z2) = x1, Vo = (x1,29) € K. Then there is
fn € L(Wy) such that fnlow, = Ps,u and

n—2
Dn(fn) SC- (k" + ) k7'D, 15 (b)), (4.3)

=0
for some constant C' > 0 independent of n > 2.

Proof. First we consider v’ € [(K) defined by v/(x1,x2) = %(1‘1 instead of u. Then

)
we have (Py, u')(w) = ,f,(ff)l, where e(w) = 377, ki (w; — 1) for w = wy -+ w, € Wi
In particular, (Py u/)(1---1) = 0 and (Py,v')(k---k) = 1. Now we construct a function
gn € L(W},) such that g,|ow, = Ps, (u') by the following two steps.

Step 1. We first define gl, on T . Let

g =Py (u 1|TM+Z Z w) +by_10Fpt) 1yp,
= OwEWll

where by a little abuse of the notation, b,,_; o F, 1'is the function supported on w - B,,_; such
that b,_; o F; ' (w - n) = b,_i(n) for any n € B,_;.

Step 2. We use symmetry and hy, in Step b.1 to extend g, to g, € l(W,). Recall the
reflection I'y(z1,x2) = (21,1 — x2) which naturally acts on W,,. We define

gn(w), ifwe Tl,m
gn(w) =< g, oTy(w), if we LTy,
h(w), otherwise.

Clear, gy, satisfies the boundary condition g,|ow, = Ps, (u).
It suffices to define f,, = %gn + ﬁ such that f,|aw, = Ps,u. The energy estimate

(4.3) of f, follows from Lemma O

In the next subsection, we will show the following two estimates.

limsup & log(N~"),) < logk — log 2, (4.4)

n—0o0

Dy(hy) < C- N"A;! (4.5)
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for some C > 0 independent of n. With these estimates, we have a more clear explanation

of .

Corollary 4.5. Assume and hold. Let f,, be the same as in Lemma . Then
Dp(fn) <C-N"A,! (4.6)

for some constant C > 0 independent of n.

Lemma and Corollary are enough for us to verify (B2).

Proposition 4.6. Assume and hold. Then (B2) holds.

Proof. Let n,m > 1 and w € W,,,. We need to estimate R, (w W, (Wi \ Ny) - Wn)
Let ¢y be the constant in (A3), and let p = (p1,p2) be the center of F, K. We consider
the following four linear functions on K,

ui(z1,x2) = k"er(x1 —p1) +e2 ue(zr,22) = kMer(pr — 21) + e,
ug(w1,x2) = k™Me1(we — p2) + 2,  wa(w1,22) = ke (p2 — x2) + c2,

for © = (z1,22) € K, where ¢; = \/Qcal and cg = 1+ %cl. In particular, let v =
min}_; Py (u;), one can check that o/|y.w, > 1 and o'|w, \n)-w, < 0.

By Lemma and Corollary we can construct g; € (W), 1 < i < 4 so that
gi(w' - 7) = Py(u; 0 By ) (1), V' € Wy, 7 € OW,, and Dy -w, (9i) < C - AN AL, where
C is the same constant in Corollary In addition, since g; is linear on w’ - OW,, and well
matched for any w’ ~ w”, we have the estimate

Dm+n,A(gi) < c'- Nn)\gl + kT < c". Nn)\gl,

where A = {v € Wi : v N, - Wit UWNy - W,,), and C’, C" are independent of n, m, w.
Finally, let g = ((min}_, g;) V 0) A 1. One can see that gl,.w, = 1, 9l (W \Wo)-w,, = 0 and
Dpin(g) <4C" - N1 (B2) follows immediately. O

4.3. Verification of the estimates. We prove formulas (4.4)) and (4.5]) in this last subsec-
tion. The proof is essentially based on )\%D) = A (provided by Lemma following (Bl))
and Lemma [3.6

First, we prove (4.5)), which is equivalent to the effective resistance estimate
Rn(Wn,Qy Wn,4) Z C- Nﬁn)\n

for some C' > 0 independent of n.

Let n > 1,m > 1. For a connected subset A of W, ;1 with [ = #A4 > 2, let wg) be the
most left one and wf) be the most right one in A, viewing A as a chain of cells. Define

Rn,m,A = max {D;z}l,-n,A(f) : f S l(A . Wn)vf‘w(Al).Wn = 0, f’wf)'Wn = ]_}

Clearly, R, 4 depends only the length of A, i.e. [ = #A, and is independent of m. Denote
Ry, .4 as R, ;. The intuition of the following lemma comes from the series rule of resistances.

Lemma 4.7. For n > 1, we have

1 =
Ry

> .
Rn(Wn,hWn,i’)) — 4l )
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Proof. Clearly, we see that Rn,l is increasing in [, i.e. lel > lez if [1 > 1.

The lemma is obvious for [ = 2, so we only consider the case [ > 3.

First, we consider the case [ = 3. In this case, A = {wy,w’, wy} such that wy ~ w' ~ ws.
Choose f € (A -W,) so that fluy,.w, = 0, flws-w, = 1 and Dpyyp aw, (f) = R;% Define
g €l(Wy) as

9(7) = 1w, o (7) + f(W' - 7) - L \(W, ouwa)s VT € Wi
Then, we have glw, , =0, glw,,, = 1 and Dy(9) < 2 - Dyyn,aw, (f). Thus,

1 -

1
Rn(WnJ? Wn,g) Z ipmi»n’A-Wn (f) = 5Rn73.

Next, we consider the cases [ = 2¢ + 2, d > 0. By applying symmetry, one can easily see
that
Rn72d+1+2 S 2 . Rn,2d+2. (47)

In fact, fix A with #4 = 2941 12 and choose f € I(A-W,,) so that f|uw,.w, =0, fluw, =1
and Dpyin aw, (f) = R;12d+1+2‘ We can see that

~ 1 1 1~
Rn712d+1+2 = Ditn,aw, (f) = Dimyn,aw, (f V 5) + Dintn,aw, (f A 5) >2- ZRn}QdH-

Thus, R, (W1, Wn3) > Zd%]?ngdw by iterating .
Finally, for general [ > 3, the estimate follows from the monotonicity of R, ;. g
Now, we prove . In the proof, we write ¢; , = {w € W), : ¢; € F,, K} for i =1,2,3,4.
Lemma 4.8. There exists C > 0 such that for any n > 1,
Ry(Whno2,Wna) = Ry(Wp1,Wp3)>C-NT"\,.

Proof. Fix a large n, and let f € {(W,) such that flow, = 0, [flw, = V N\ and
D, (f) = 1. Let 7 € W, such that
f(r) = max f(w) > [flw,.

wEWn

Choose M; > 0 so that |f(7') — f(7)| < [f]w,, for any 7/ € W,, such that 7/, = 7, for all
1 < m < M;. Noticing that by Lemma M; can be chosen independently of n (for large
n)

Next, we choose a sequence 7 = 7O ... 7CL-D W, such that 7LD € W, and
'rl(zl) e 7'](\/2[? = 71(2l+1) e T](\/2[i+1)’ for0<I< L,
@) L (2042) for0<I<L-—1.

See Figure [5| for an illustration for such sequence. Noticing that L (depending only on M)
can be a fixed number for any large n, and |f(7(2*+1) — f(7(242))| < 1 which is ignorable
compared with [f]y,. As a consequence of the choice of M, noticing that f(r(L=1) = 0,
we can find 1 <[ < L such that ‘f(’l'(m)) - f(T(QlH))‘ > & [flw,. Now we fix this [ and
consider

g=fo FT(2l>"'T(2l) e l(Wh—nr,)-
1 e
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-]

FiGurE 5. The sequence 7, where we use small squares to stand for n-cells
in 7, and big squares to stand for the associated (n — Mj)-cells.

Clearly, D, (g9) < 1, and we can choose 1 < j <4, and 1,7’ from
Wn—M1,j ﬂ {%(QZ), 7:(2H—1)7 Qi,n—Mpi = 1> 2> 37 4}7

such that g(n) —g(n) > 61L [f]Wn7 where 720 — ](\/2[l)_"_1 o 7_7(121) and #@H1) — 1(\/211—:11) B (2l+1)
Lastly, again by Lemma we choose My independently of large n and M so that
1
— < N — N < —

for any w,w’ € Wy, such that wy ---wpg, = m1 -+ - nag, and w) ---wﬁb = 77{"'”?\42- Thus,
by letting k£ = 11 - - -nar, and &' = 0 -+ -1}, , we have
N-— n/\( )

min  gw)—  max  g(w') > g(n) — g(f) — 2 —[/]

o7 S w. = =7
wER-Mp— My — M, weR'-Mp— py — M, 24L 12L

Observing that x,x" € Wyy, j, we conclude that Rn_Ml_MQJ > C'- N~")\, for some C' >
0, where [ is the length of the finite chain in Wy, ; connecting «,x’. Since My, My are
independent of large n, and [ is bounded above depending only on Ms, by using Lemma
the lemma follows. O

Finally, (4.4)) is an easy consequence of Lemma
Corollary 4.9. limsup % log(N~="\,,) < logk —log2.
n—oo

Proof. For n. > 1, let f € (W) such that flw,, = 0 and flw,, = 1 and D,(f) =
(Rn(WLn,ng))_l. Let A = {Wio, Wia}---{Wi2, Wi4} where “” repeats n times. Ge-

ometrically, A stands for the collection of 2" many straight chains of n-cells starting from
W1 and ending at Wy, 3. By collecting the energy of f on A, it is directly to see that
Dn(f) > Cy - 2"k~ for some Cy > 0. Then by Lemma we get N™"\, < Cy - 27"k" for
some Co > 0, which immediately proves the corollary. O

Proof of (B2). (B2) is a consequence of Proposition Lemma and Corollary
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5. SELF-SIMILAR FORMS

In this section, we prove the existence of a self-similar Dirchlet form on #4SC. The proof
is based on the existence of a limit form in Theorem [3.5

First, we formally introduce the definition of self-similar Dirichlet forms on K. Recall that
the capacity on K associated with (£, F) is defined as

Cap(U) =inf{E(f) : flu > 1,ae., f € F},

for open U C K. For general Borel sets B, Cap(B) = infgcy Cap(U), where the infimum is
taken over open sets U containing B. A function f € I(K) is quasi-continuous if and only if
for any ¢ > 0, there is open U C K such that Cap(U) < € and f|g\y € C(K \U).

Definition 5.1. Let K be a USC and i be the normalized Hausdorff measure on K. A
reqular Dirichlet form (€, F) on K is called self-similar if the following holds:

(1). If f € F, then foF; € F for 1 <i < N. Conversely, if f is quasi-continuous on K,
and fo F; € F, then f € F.

(2). The self-similar identity of the energy holds,

N
E(f)=> _r'e(foF), VfeF, (5.1)
i=1

where r > 0 is called the renormalization factor.

In this paper, we have F C C(K) for most of times, so we do not need to worry about the
quasi-continuity of the functions.

Theorem 5.2. Let K be a USC and p be the normalized Hausdorff measure on K. There is a
local regular, recurrent, irreducible, symmetric, self-similar Dirichlet from (€, F) on L*(K, ).
In addition, there are constants C,C" > 0 such that

C-E(f)<&(f)<C"E(f), YfeTF,
where (€, F) is the same as that in Theorem .
Proof. Recall the form (€, F) in Theorem For n > 1, we define

En(f)= Y r"E(foF,), VfeTF.

’wGWn
We claim that

Cror " Da(f) < En(f) < Co - liminfr "D (f), Vf € F (5.2)

for some C1,C5 > 0 independent of n. B
On one hand, by Theorem there is C > 0 such that £(f) < Cy-liminf r="D,,(f) for

m—r0o0

any f € F. It follows from the definition of D,,, we have
o — -ng < T —n—m
En(f) Z r "E(foFy) < Cy I}TILIBOI})f Z T Din(f o Fy)

weWy, weWn
< Co - liminf r~ "D, (f).

m—r0o0
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On the other hand, still by Theorem F C C(K) and |Pyf — f(:):)‘2 < C3-&(f),Vr €
K,Vf e F, for some C3 > 0, where Pyf = [, f(y)u(dy). Thus, for any w 2w in Wy,

[(Paf)(w) — (Puf)(w)|* < 2C5 - (E(f 0 Fu) + E(f 0 Fuy)),

where (P, f)(w) = N" waK f(y)p(dy) as previous sections. By summing over all w ~ w’, we
get C1 -7 "Dy,(f) < E(f) for some Cp > 0.
Let F be a Q-vector subspace of F, that is dense in F with respect to the norm || f||g, :=

\/ ESN)+ 112, (k- Lhen by a diagonal argument, there is a subsequence {n;};>1 such that
the limit

exists for any f € F. In addition, by |D and Theorem we know
Ci-E(f) E(f) < C5-E(f), VfEF,

for some constant Cy, Cs > 0. Thus, we can extend & continuously to F with respect to &;.

Immediately, (£, F) is a regular symmetric self-similar Dirichlet form on K. In particular,
one can easily see that f € C(K) and fo F; € F,V1 < i < N imply f € F. The local
property follows from the self-similarity of the form. Since 1 € F and £(1) = 0, by Theorem
1.6.3 of [], (€, F) is recurrent. Finally, since F C C(K), so 14 € F implies u(A4) € {0,1}. So
(&€, F) is irreducible. O

6. A UNIFORM TRACE THEOREM

From now on, we turn to the second topic of this paper. We will consider whether the
self-similar form (£,F) on a USC constructed in Theorem is unique, and whether the
form depends in a continuous way on the underlying USC.

As a preparation, we will develop a uniform trace theorem for forms on 4SC. Here uniform
means the constants C' appearing in this section do not depend on K (only depends on k).
To achieve this, we need to normalized self-similar forms on 4SC in a natural way.

Basic settings. Throughout Section we fix kK and N. We introduce the following
conditions on a form (&£, F) on K for short.

(C1). (&,F) is local regular, recurrent, irreducible and self-similar with a renormalization
factor 0 < r < % In addition,
R(Ly,L3) =1, (6.1)

where R(A, B) = (inf{&(f): fla=0, flp = 1})71 for any A, B C K with positive capacity.
(C2). Ewvery point in K has positive capacity. In particular, R(z,y) := R({z},{y}) is
well-defined for any x # vy in K.

Clearly, the form constructed in Theorem satisfies (C1) and (C2) if we normalize it
with a constant so that R(L;, L3) = 1. In this section we will present an extension theorem
in Subsection where (C1) is quite enough, and a trace theorem in Subsection where
(C2) is needed.
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6.1. Besov spaces on [0,1]. The Besov spaces on the line segment [0, 1] naturally appear
in the trace theorem of Dirichlet spaces. See [] for related works. In this paper, we will admit
the following discrete version of Besov spaces on [0, 1].

Definition 6.1. Let 3 < o < 1. For each u € C[0,1], define

S (20—1)m — ! [+1y2
[ullag, = | D_ & > () —ul=0)%
m=0 =0
and
Aj, = {u e C[0,1] : [[uHAgZ < oo}.
Throughout this section, we always choose o = o(r) = _21?0gg1”k + £, so that

km—1 l Tl
[ullxg = Z Z ()™
We remark that k is a fixed integer and 0 < r < 1 is the factor in (C1). We also write

lull g = \/Hu]]igg) + lull g0y
o(r)

for the norm on A, 5, where L?[0,1] is with respect to the Lebesgue measure on [0, 1].

Finally, for a line segment T, Y, With x 7é y in R?, we identify #,7 with [0, 1] by the linear
map Yzy

y 337
1/2—0o(r

[[u]]/\g‘(”(:ﬂ “:U y‘ ) HU © VWHA;(;) )

and A35)(@79) = {u € C@D) : [l] 500 )

that [[U] ] Ag’(;) (ﬂ)

6.2. Building bricks and boundary graph. Let K be a USC. For m > 1, recall that in
Definition we have defined T}, k = | FyK, and Bg = cl(Th k \ T2 k). In addition,
T,k can be decomposed into

< oo}, where |Z,7| is the length of 7, 7. Noticing

= [[u]] A ()’ the norm depends only on x,y, not on the order of them.
22" Y,

’LUeWm,l

Tix=( |J FuBk)|JL,
weWi 1

where each F, By is called a level-|w| building brick.
We introduce two graphs based on By and Ti k.

Definition 6.2. Let K be a USC.
(a). Define Vg, = {Fiqa, Frgz} U {Fi1qa, Firgs}}—y,

Ep, = {{Fia, Fraz}, {Fras, Friaa}, {Fra3, Feras}} U {Fnas, Fras}ioi },

and denote G, = (VB,, Epy) the associated finite graph.
(b). Define Vi = Uwew*,1 FuVBi, Ex = Uyew, , Fu(EBy), and denote Gk = (Vi, Ek)
the associated infinite graph. See Figure[d| for an illustration.
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Gk

FiGURE 6. The infinite graph Gg.

The points in Vg, are vertices on the boundary of By, while the set Vi is the collection
of boundary points of all bricks, with the lower boundary L as its limit. We call G the
boundary graph of K.

In the following, we define an energy on Gg.

Definition 6.3. (a). For f € [(Vp,.), define
Dap ()= D (fl@)—fWw)"
{z,a'}eEp,,
(b). For f € I(Vk), define
Dop(f)= Y. rDa, (foFy),
weWi 1

where 1 is the renormalization factor in (C1).

As before, we use the R?-coordinate to represent points in V. Readers can check that

Vi, = {(0, %), (L%)}U {(é%) :0< 1<k},

and -
l 1
m=0

6.3. An extension theorem. In this subsection, we always assume (&, F) is a Dirichlet
form on K satisfying (C1). We begin our story with an extension theorem. The method is
similar to that in Section First, we introduce a finite dimensional space of functions that
support on Bg.

Definition 6.4. Let (£, F) be a Dirichlet form on K satisfying (C1).
(a). Let h be the unique function such that h|p, = 0, hlr, = 1 and h is harmonic in
K \ (LQ U L4).
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(b). Let h' be the unique function supported in K\ T i such that h'|r, =0, h,Uf:1 Py = 1,
and h' is harmonic in K \ (T x U L3) and in each Bk N F;K \ F;(Ls UTy k), i=1,--- , k.
(c). Let BN, B?) ¢ C(K) be defined as
BW(z) = (1 —h(z))-H(z), BP(x)=h(z) k), z€ckK.
(d). For each f € l(Vp,. ), we define By € C(Bg) as

By(x) =f(Fig))BY () + f(Frgs)B? (x)
k
+ Z (f(Fi1q4)B(1) ) Fi_l(:r) + f(Fikqg)B(z) ) Fi_l(;r)), r € By,
=1

where we admit the convention

_ g(F-1z),  if F;'x is in the support of g,
go Fw 1($) — ( w ) . w
0, otherwise.

Next, for convenience, on a simple set A = Uf\i 1 F, oK, where My < oo, w® € W, and
w(Fyoy KNF, inK)=0forany 1 <i# i < My, we define

Fa={feC(A): foF,ueF,1<i< M},

and
M

—w®
gA(f?.g):Zr o ‘g(fo w(i)agon(i))a vf?.gE]:A~
i=1
It is easy to check that (€4, F4) is a Dirichlet form on L?(A, ). Write £a(f) := Ea(f, f) for
short.
We immediately have the following lemma. In particular, Lemma (b) is a consequence
of the construction of By and Lemma (a).

Lemma 6.5. Let f, f' € (Vg ), and By, By be the functions defined in Definition .
(a). If f =c on Vp,., then By = ¢ on Bg.
(b). By € Fp, and there exists C > 0 depending only on k, so that

€ (Bf) < C - Day, (f)-
(¢). If f(Fras) = f'(Fiqs) and f(Firas) = f'(Fiiqa), then
By(z) = By (z — (1,0)), Vz € Ly N Bg.
(d). If f(Fiqa) = f'(Firqs) and f(Fygs) = f'(Firgs) for some 1 <i <k, then
By o Fy(x) = By(x), Vo € Fiqq, Frgs.
In addition,
By(z) = f(Fiqa) - (1 — h(z)) + f(Frgs) - h(z), Vi € Fiqy, Frgs.

Remark. Lemma (c),(d) imply that the functions By can be scaled and glued together
easily by only looking at the values of f on Vg, , and Lemma (b) provides a good energy
estimate of By on By in terms of that of f on Vp,.
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Theorem 6.6. Let f € (Vi) with Dg, (f) < oo, and define g € C(T1,x \ L1) as
9(x) = Byor, © Fy,'(z), if v € FuBr,w € W, 1.

Then, g extends continuous to g € Fr,  C C(T1k). In addition, there is C' > 0 depending
only on k, such that

ng,K (g)<C- Dg, (f)-

Proof. Let h be the unique function such that h|z, = 0, h|r, = 1 and h is harmonic in
K\ (L2 U Lyg). For m > 2, define g,, on T g as follows,

g (l‘) _ g(%‘), ifzx e TI,K \ Tm,K,
" (f(FuFiga)(1 = h) + f(FuFras)h) o Fyl(z), if z € F,Thk, for some w € W11

By Lemma it is easy to see that gn, € Fry , and

for some C' > 0 depending only on k. Clearly, {||gm]| L2(Th )} is uniformly bounded, so we
can find a subsequence of {g,,} converging weakly to g in Fry - Thus, g € Fry ., and the
desired estimate holds. O

Corollary 6.7. Let u € Agg) (L1). There exists g € Fr, ;. such that

g‘Ll =u,

<C- 2
Er,c(6) < O [l
for some constant C' > 0 depending only on k. In addition, if u(q1) = u(q2) = ¢, we can
Tequire g‘LQI"ITLK = g‘L4l"‘IT17K = g|FiL3 =C, V]- S 1 S k.

Proof. Define f € (Vi) as f(z1,22) = u(xy) for any x = (x1,22) € Vk. It is easy to check
that Da, (f) < (1+7)[[u])? . The corollary then follows from Theorem [6.6/and Lemma

A9 (L)

We will deal with L;,i = 1,2, 3,4 together at the end of this section after we have estab-
lished the associated trace theorem.

6.4. Resistance between q1, g2, q3,q4. Next, we will consider the converse direction to the
last subsection, the trace of F to L;,i = 1,2,3,4. Before doing that, we need to consider the
resistance between points.

In the remaining of this section, we will always assume that (€, F) is a Dirichlet form on
K satistying both (C1) and (C2). A uniform estimate will be provided, independent of K
and the form (£, F). To achieve this, we will apply the celebrated method of slide moves and
corner moves by Barlow and Bass, see [] for details. Readers can refer to Section 4.2 in [] for
a more general version.

Following [], let’s write (2, M, Xy, P,;) for the Hunt process associated with (£, F) and
L*(K, u). By (C2), we have

Py(ca<o0)=1,Vee K,ACK
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where
ca=inf{t >0: X, € A}.

Since a USC is complicated in its inner cells, we only consider the slide and corner moves
on the boundary cells, i.e. cells intersection L;,1 < ¢ < 4. The following result is a simple
case of Proposition ??74.57 in [], noticing that (£, F) satisfies both (C1) and (C2). Readers
can also read [| for a proof which is essentially an argument of symmetry.

Proposition 6.8 ([]). Letn>1,1 <1< k™ —1 and

e (Bt S A U (G % 0, )

Let
-1 1 [+1 1 -1 l+1
Z = — — -
204+i—3 20+1i— .
X; =] 2k” T ] {0}, 1=1,2,3,4,
1
Then, there is p > 0 which does not depend on anything such that
P.(6x, <6z) > p, V1l <i<5h.

Using Proposition one can easily get the following estimate.
Lemma 6.9. Let n > 2, z € {z} x [0, 53] and Y1 = {0} x [0, 51=], Yo = [0, 51=] x {0} and
Z ={3}x[0,1]. Then,
Py(oy, < 67,6y, < 67) 2 p°,
where p is the same as in Proposition [6.8.

Using Lemma we can have an estimate of the effective resistance R(q1, g2).

Proposition 6.10. Let (£, F) be a form on K satisfying (C1) and (C2). Then R(q1,q2) <
C for some C > 0 depending only on k.

Proof. Let h be the unique function on K such that
4
h(g1) = 1,h(q2) = —1,E(h) = —,
(@) = Lh(e2) = ~LE() = s

i.e. h is harmonic in K \ {q1,q2}. We need to show that £(h) > C - E(h'), where C' > 0
depends only on k and A/ is the unique function such that
1
h'|p, = 0,1 LEMN)= ———=1.
‘L4 ’ ’LQ ( ) R(LQ, L4)
First, noticing that r < ﬂg < k2 ,
Then, one can see that h(F'g2) > 2 By a routine stopping time argument as in the proof
of Theorem 3.1 in [|, one can find a path ~ : [0, 1] — K such that

we can find n depending only on k so that r" < %6.

1
7(0) = Fi'g2,7(1) = g1, and h(y(t)) > 5, Y0 <t < 1.
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We let Z = {3} x [0,1]. Now, by Lemma for any z € {75} x [0, 3=, we have

Pr(6y(0,1)) < 0gp) = P’

As a consequence, since h is harmonic in K \ (v([0,1]) U Z), we have

3
: p 1
h(z) = Eq (f(60,17)02)) = o vre { —} x [0, W]’
Where we use the fact that h|znx = 0 by symmetry. Clearly, by symmetry, we have h(x) <
—E for any z € {¥= [ -
Fmally, for A = {1, 2, kI {11, k... k}, we have

3

E(h) > Ea(h) > Ea(H) = (k"+ —2)r~ o (B )2 ),

3 3
/"o, . . Y7i P " D
where h” is the unique function on A such that h |Fln+1L2 =5,h |F]:L+1L4 =—5. O

6.5. A trace theorem. Now, for a Dirichlet form (£, F) on K satisfying (C1) and (C2),
we proceed to study the trace of F on L;,7 = 1,2,3,4. As an immediate application of
Proposition we have the following estimate, as a reverse direction of Lemma (b).

Lemma 6.11. There is C' > 0 depending only on k such that
(a)' DGBK (f) <C- gBK(f) for any f € ]:BK7
(5). Da(f) < C-E(f) for any f € F.

We will focus on L for convenience. For a function v on L1, we introduce the notation

kn—1
Du(w) =, ¥ (u(kl—n, 0) - u(t—nl,o))z.

=0

Then, [[ul] yotr) ) = [P Du()]] 2 = /20 Ze 7" IDn(w)]?.
Also, for f € C(cl(Vk)), we write

Du(f) = > Day, (foFu).

we{1,2,+ K}

Then, Daye (f) = 2o " | Dal£)I*
Lemma 6.12. Let f € C(cl(Vk)), then we have

f|L1 S Z , Vn Z 0.

m=n

Proof. Clearly, for 0 <1 < k™, we have

! > 11
f(ﬁvo):f kn kn—i—l +ﬂ; kn km-‘r? f(/?n’W))-
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Thus,
kn—1
! I+1
Du(fle) = | D (g 0) = F (5 0)°
\ 1=0
e I+1 1 , o1 2
:\ (f(k*n’W)—f(,Tn’WH > (-1 ’Z kn km+2 f(]?n’W)D
1=0 U=l,l+1
i | 41 1 o & i N U+l 1 o
S\lz:(f(knaknJrl)_f( kn 7k;n+1)) +ZZZ lz:(f( En 7km+2)_f(kT7W))
=0 m=n'=0,1 =0

Combining Lemma and we can easily prove the following trace theorem.

Theorem 6.13. Let (£, F) be a Dirichlet form on K satisfying (C1) and (C2). There
exists C' > 0 depending only on k such that

(11117 Ay SCEW), VIEeF.

Proof. The theorem follows from the following inequality,

Hf|L1HAg,(2T>(L1) = HTﬁn/an(ﬂfd)le
<3 H Z T'_n/2Dm(f)le

=5 32 D (1)

m=0
21— (mdn) /2 1/2 I el)2
<3 Zorm/ 7= 2 D n(D 2 € 7573 P (F) < C7-E2()),
m=
where we use Lemma in the second line and use Lemma (b) in the last inequality.
Here C’ depends only on k noticing that r < % O

Finally, at the end of this section, we consider a trace result considering the whole square
boundary 0gK = U?Zl L; of K. For short, we write
oK = |J Fu(@K), Yn=>1.
weWn,
In addition, for u € C(0pK), we write

o(r

M%

10 a5 o0ty =

s
Il
—
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and define A (T)((?OK) ={ue C(K) : [[u N 7
For u € C(0,K), we write

[[ ]] ‘T(T)(a K Z UOF G(T)(a K)
’LUGWn

(B0 K) < oo}

and define Agg)(anK) ={ue C(0,K): [[u]]A;(;)(anK) < 00}
Theorem 6.14. Let (£, F) be a Dirichlet form on K satisfying (C1) and (C2). Forn >0,
we define
Hy = {h € F:E(h) =mnf{E(f): flo.x = hlo.x, f € F}},
which is the space of functions that are harmonic in K \ 0, K.
Then, we have Hy|s, k = Agg)(anK). In addition, there are C'1,Cy > 0 depending only on
k such that

Cl ' Hh‘anK]]ig(;)(anK) S g(h) S CQ ' [[h’an H U(T (anK) Vh € Hn

Proof. We consider the n = 0 case only, since the n > 1 case follows immediately from it.
First, by Theorem 6.13] one can see Holg,x C Agg) (00K), and there is C > 0 depending

only on k so that £(h) > C - [[h]a, x]]? AT (o) for any h € H,.

For the other direction, it suffices to show that for any u € AU( )(801( ), there is f € F
such that

floox = u
E(f)<Cy- Huﬂi;(;)(ao]()

for some Cy > 0 depending only on k. To achieve this, we apply the construction in Corollary
[6.71 We take two steps to construct a desired f.

Step 1. We find f' € F such that f'|r, = ulr,, 'Ly = u|Ls, and
E(f') < Cs - [0l
2,2

for some C3 > 0 depending only on k.
To complete Step 1, we first use Corollary to construct f' on T} g and I',T (recall

Iy in ) For the middle part, we take
() =u(a) (1 = h(z)) ' (z) + u(g2) h(z)H (z)

+ u(gz)h(z)(1 = 1 () + w(gs) (1 — h(z)) (1 = k' (z)), Vo€ K\ (T1,x UTWTi k),

where h is the unique function such that h|r, = 0, h|r, = 1 and h is harmonic in K\ (LaULy);
h’ is the unique function such that h'|r, , = 1,[r, 1, ,, = 0 and A is harmonic in K\ (Tl,K U
T, K) Clearly, f’ € F and satisfies the desired conditions.

(oK)’

Now, let v’ = u — f'|g,x. We have

/ /
[[U HAZ’(;)(BOK) S Hu“/\gg)(aoK) + Hf |8OKHA;(2T)((90K) g 04 ' [[UHAZ’(;)((,OK)
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2

for some Cy > 0 depending only on k, where we use the estimate E(f') > C;- Hf/|30KHAU(r)(a X)
2,2 0

and Step 1 in the last inequality. In additon, we see that

U/‘LluLg =0.
Step 2. We construct f" € F such that f"|g,x = v and E(f") < Cs - ([[U/]]Aﬂ(ﬂ(aoK))Q.
2,2
This can be fulfilled with a same argument as Step 1. First, we construct f” on I'y, T} g
and I'g,T5 g using Corollary so that f"|r,uL, = v'|1,0L, (recall Iy, ,Tg, in ) Then
we extend f” to K with 0. The energy estimate of f” is clear, and f”|p,ur, = 0 is guaranteed
by the construction.

Finally, we take f = f' + f”. We then have f|g,x = v and E(f) < Cs - Huﬂf\"(”(a K)
2,2 0

some Co > 0 depending only on k. O

for

7. A UNIFORM RESISTANCE ESTIMATE

In this section, we provide a uniform estimate on the resistance metric R(-, ) for a Dirichlet
form on USC satisfying (C1), (C2). Same as the last section, here uniform means that the
estimate only depends on k, does not depend on the choice of K.

To achieve a uniform estimate, we will adopt the geodesic metric on USC, instead of the
Euclidean metric. For a USC K, the geodesic metric dg on K is defined as

dg(z,y) = inf {length(v) : v : [0,1] — K is a rectifiable curve ,v(0) = z,v(1) =y},
for any x # y € K. It is not so different compared with the Euclidean metric d on K.
Lemma 7.1. There exists C' > 0 depending only on K such that
d(z,y) < dg(z,y) < C-d(z,y), Ve,y € K.

The following theorem is the main result in this section, which is a first application of the
trace theorem, Theorem [6.14]

Theorem 7.2. Let K be a USC and (€, F) be a Dirichlet form satisfying (C1), (C2). Let
6 = —18"  Then there are Cy,Co > 0 depending only on k such that

" logk
Cy - do(x,y)’ < R(z,y) < Co-do(w,y)’,  Vay €K,
Cl~p9§R(x,K\B£,G)(x))§C’2-p9, Vee K,0<p<1,
where B,(;G)(J:) ={y e K :dg(z,y) < p}.

Proof. It suffices to show R(z,y) < Cs - dg(z,y)? and Cy - p? < R(z, K \ B,gG) (z)) for some
C1,Cy > 0 depending only on k.

“Proof of R(x,y) < Cy-dg(x,y)?”. First, by Proposition and a routine chain argument,

we see that if 2,y € 9K, then R(z',y") < Cs, for some C3 > 0 depending only on k. Then,
R, y)<C3+C5-1+C3-172 4. = % := Cy for any 2/,y’ € K. As a consequence, one
can easily check that R(x,y) < Cy- 7™ if there is w € W), such that {z,y} C F,K.

Now, we consider x,% in the statement. We choose n such that k="' < dg(z,y) < k™™,

and w,w’ € W, such that z € F,K,y € F,yK. Noticing that d(-,-) < dg(,-), so there are
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at most Cs = [7(1 +v/2)?] + 1 many w” € W, such that dg(z, F,v K) < k~™. Thus, we can
find a chain w = w©®, w® ... w® = ' in W,, such that

l S C5, Fw<l/)Kﬂ Fu)(l/*UK 7é @, Vl S l/ S l
Thus, we get R(z,y) < C4C5 -r™ < Cy - dg(z,y)? for some Cy > 0 depending only on k.

“Proof of Cy - p? < R(z, K\ B,(,G) (z)) 7. The proof is based on the trace theorem, Theorem
and the observation that

dg(x,00K) < Cg,Vzx € K, for some Cg > 0 depending only on k. (7.1)

In fact, a very rough chain argument gives that Cg < % (1 - %)_1. We choose n so that
k™" < Gyt 2 < k7L Define u € C(9,K) to be

u(y) = (1 — p_ldg(m,y)) Vo0, Vyeod,K.

Clearly, u is Lipschitz on each edge F,L;, w € Wy, i € {1,2,3,4}, ie. |u(y) —u(y)| <
pd(yv y/)v Vy, y/ € Fsz
Let h € H,, such that h|s, x = u as in Theorem It is easy to check the following:

(1). h(z) > 2 and A <

(2). h|p,x = 0 for any w € W,, such that FwKﬂB,()G) (x) = (. In particular, h|g, i is nonzero
on at most C7 = [7‘(‘(406]{7 + \/5)2] + 1 many cells F, K with w € W, (similar to C5 in the
proof of the upper bound estimate).

Thus, by (2) and Theorem

-n 2 —n
E(h) < Cs - wezvjv r"[[(ho Fw)|80K”Agg>(aOK> <Cy-r",

for some Cg,Cy > 0 depending only on k. This together with (1) yields the desired estimate.
]

8. UNIQUENESS

In this section, we prove the uniqueness of the self-similar Dirichlet form on #/SC under
some assumptions.

Theorem 8.1. Let K be a USC and p be the normalized Hausdorff measure on K. There is
a unique (up to a constant multiplier) strongly local, regular, irreducible, symmetric Dirichlet
form (€, F) on L?(K, i) that is self-similar in the sense of Deﬁnition and F is compactly
embedded in L*(K, ).

Let’s first show that the conditions (C1), (C2) are satisfied for any form under consider-
ation in the above theorem.

Lemma 8.2. Let (€, F) be a strongly local, reqular, irreducible, symmetric self-similar Dirich-
let form on L*(K,u). There is C > 0 such that (CE,F) satisfies (C1).

Proof. In this proof, all the functions are taken to be quasi-continuous, and we say f = g on
A if f(x) = g(x) for quasi every z € A.
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First, it is clear that Cap(0gK) > 0. In fact, since (£,F) is irreducible and local,
P\ < 00) = Pu(0p 9yx) < 00) > 0 for quasi every x € F1K by Theorem 4.7.1
and Theorem 4.5.1 in []. By self-similarity, we then have P,(dg,x < 00) > 0 for quasi every
x € K. This implies Cap(9pK) > 0 by Theorem 4.2.1 in [].

In particular, we know Cap(Le) = Cap(L4) > w > 0. Since (€, F) is regular, there
is a function f € F so that f|r, =1, f|, = 0. In addition, by Theorem 4.6.5. in [] (we also
use the fact F, N L?(K,u) = F, where F, is the extended Dirichlet space), there is h € F
such that h|r,ur, = flr,ur, and E(h) < E(g) for any g € F satistying g|r,ur, = flrouL,-
Since (€, F) is irreducible recurrent (as K is compact), we can see that £(h) > 0, by Theorem
4.7.1 of []. So the effective resistance R(Lz, Ly) = £(h)~! associated with (&, F) is positive
and finite. This implies that we can find C' > 0 so that O~ - R(Ly, L4) = 1.

It remains to prove 0 < r < % We can assume that r > % since otherwise there is nothing

to prove. With this, the linear function w : [0,1] — R defined by u(z) = z is in Ag’g) (see

Definition 6.1]), and by a same argument in Section one can see that there is h € F such
that

h(z1,z9) = x1, Vo= (x1,22) € WK.

Without loss of generality, we assume h is harmonic in K \ 9K, i.e £(h) = min {E(f) :
flaox = hlagk q.e.}. By self-similarity, and by gluing dilated and translated copies of h
together, we can obtain a h; € F such that

h1($1,$2) =ux, Vr= (.%'1,.%'2) S 61K,

and
r~IN
E(hy) = 12 E(h).
On the other hand, we should have £(h1) > £(h). This gives that r < % O

Lemma 8.3. Let (£, F) be a strongly local, regular, irreducible, symmetric, self-similar
Dirichlet form on L*(K,p), and assume F is compacted embedded in L*(K, ). Then (C2)
holds.

Proof. To verify (C2), we use the additional assumption that F is compactly embedded in
L?(K, it). As a simple consequence,

7= [ fulliae,y < €€ vEET,

for some constant C' > 0. With this, and the property (C1) (following from Lemma , it
is direct to prove

[f() = fW)P <C"-E(f), VfeFnCO(K) (8.1)
for some C’ > 0, for any z,y € K, which can be fulfilled by a similar argument as Lemma

Then, by the regular property of (€, F), it follows that F C C(K) and (8.1]) holds for
any f € F. Thus, Cap({z}) > 0 for any = € K. This finishes the proof of (C2). O

Thus, in the rest of this section, we can always assume (C1), (C2). The proof of Theorem
is an application of the heat kernel estimate. To be more precise, let p(t, x,y) be the heat
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kernel associated with the heat operator P, of a Dirichlet form (&, F), i.e. {P:}i>0 is the
unique strongly continuous semigroup on L?(K, i) such that

£(f) = hm% <= PSS > 1o

where < f, g >r2k ) = [uf K wu(dz). We can prove the following heat kernel estimate,
d(zx, 1
c - t_dH/dW exp ( _ 62.((3))d 71) < p(t T y)
d(z, dw 1
< c3 .t_dH/dW exp ( —cy - ((7y))dw—l), Vo<t<l,z,y€K,
(8.2)
for some constants cq,co,c3,¢4 > 0, where dg = lﬁ)gg],:[ is the Hausdorff dimension of K,
dy = —igg; + dp is named walk dimension in various contents []. For short, we will write
= — logr
- logk-

In fact, with conditions (C1), (C2), a same method on affined nest fractals and on p.c.f.
fractals [| applies. We briefly explain the proof in the follows.

First, using Theorem (only the upper bound estimate for R is needed) and the self-
similarity of the Dirichlet form (&, F), we obtain the Nash inequality by a well known argu-
ment. See Theorem 8.1 in the book [| for details.

Proposition 8.4 (Nash inequality). Let dg = % with 6 = —}ggl’; and f € F, we have

+4/d 4/d
ARG < C (E) + 1 B2 p) - IS Gy
for some constant C > 0 dependmg only on K.

The Nash inequality provides an upper bound estimate p(t,z,y) < c1 -t~ /2 for0<t<1.
In addition, |p(t,z,y) — p(t,z,y")| < ¢z -t~ 1=9/2R(y,9/),V0 < t < 1,z,y,y € K. See [?] or
[] for a proof.

Furthermore, by the resistance metric estimate (Theorem [7.2]) and the Ahlfors regularity
of the measure y, there is a lower bound estimate p(t,z,y) > c3 - t=95/2 and an estimate of
the hitting time ¢4 - p™ < E*7(, p) < ¢5- p?, where 7(z,s) = inf {t > 0: X; ¢ B,(z)} and
By(x) ={y € v : d(x,y) < p}. See [] for details.

Finally, by Theorem 3.1.1 of Barlow’s book [| or by following [|, noticing that dg =< d, we
can obtain (8.2).

Proposition 8.5. Let K be a USC and (€, F) be a Dirichlet form satisfying (C1), (C2).

Let 6 = —igg;, dy = l{z)gg]: and dyy = 60 +dg. We have holds for some c1,co,c3,c4 > 0

depending only on K.

The rest of this subsection is just the same as that in []. First, we refer to [] for a
characterization of F as a Besov space BS(Q(K ).
For o > 0, define the Besov space Bf . (K) on K as

Bg,oo(K> = {f € L2(K7 :U’) : H.ﬂ]Bg’oo(K) < 00}7



32 SHIPING CAO AND HUA QIU

where

anBg,m(mz\/Osup g [ | @) = T p(ae),

<p<1
Notice that the Hausdorff dimension dg does not depend on the form (€, F).

Proposition 8.6 ([]). Let K be a USC and (€, F) be a Dirichlet form on K satisfying (8.9).
(a). F = BdW/2(K), and there are Cy,Cs > 0 depending only on c1, ca, c3,c4 such that

2,00
Cr- [ ey < 60 < Co- Ml gy < F
(b). dw/2 =inf {oc >0: B (K) = Constants}.
As an immediately consequence of Proposition and we see any Dirichlet forms
satisfying (C1), (C2) are not very different.

Corollary 8.7. Let K be a USC, and (E,F), (€', F') be two Dirichlet forms on L*(K, )
satisfying (C1), (C2). Then, we have F' = F, and there is a constant C' > 0 depending
only on K so that

cLEN<Ef)<C-Ef), VfeF=F.
We finalize the proof with an argument of [|. The following Proposition is essentially

the same as Theorem 2.1 in [].

Proposition 8.8 ([]). Let K be aUUSC, and (€, F), (£, F) be two Dirichlet forms on L?(K, )
satisfying (C1), (C2), with a renormalization factor 0 <r < k—]\g If
E(f) <E(f), VfeT,

then forn > 0, ((1+77)5’ —5,]—") is also a Dirichlet form on L?(K, ) satisfying (C1), (C2)
with the renormalization factor r.
proof of Theorem[8.1. By Lemma it suffices to consider Dirichlet forms satisfying
(C1), (C2).

The existence follows from Theorem We prove the uniqueness by contradiction. As-

sume (£, F) and (&', F') be two different Dirichlet forms satisfying (C1), (C2). By Corollary
8.7, we know F = F’. In addition, letting

sup(&'|€) = sup{i,/((]‘cf)) : f € F\Constants}, inf(€'|€) = inf {i,l((]{)) : f € F\Constants},
we know that sup('18) e )
inf(&|1€) — 7 '

where C' is the same constant in Corollary Now for n > 0, let &"(f) = (1 +n)E'(f) —
inf(&'E)E(f), for any f € F. By Proposition and by choosing a suitable constant C’ > 0,
one can see that (C'E”,F) is also a Dirichlet form satisfying (C1), (C2). In addition,
sup(C'E"1E)  sup(E”|€) (1 +mn)sup(&’|E) — inf(E'|E) - 1 (sup(é”lé’) )
inf(C'e”|€)  inf(£7|E) ninf(&’'|€) n inf(&|€) '
When 7 is small, this contradicts Corollary 8.7, since a same bound estimate as (8.3)) with &’
replaced by C’'E” should hold by Corollary |8.7] O
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9. CONTINUITY: SLIDING THE USC

By removing the constrain that squares living on grids, we are able to view the USC family
(with same k, N) as a collection of moving fractals, instead of isolated ones in the GSC setting.
In this section, we no longer focus on one USC, but let the USC slide around. This situation
is essentially new compared with the old setting.

Recall the Hausdorff metric on compact subsets of R® is defined as

§(A,A)=inf{p: ACU,A"),A CU,(A)}, V compact A, A" CR®

where U,(A) = U, Bo(z) and By(z) = {y € R® : d(z,y) < p}. We say A,, converges to A
with respect to the Hausdorff metric if 6(A,,, A) — 0 as n — oo, and we simply write 4,, — A
for short. Clearly A,, — A implies A, x A, = A x A as well.

Definition 9.1. Forn > 1, let compact A, C R® and f,, € C(A,).
(a). We say fn,n > 1 are equicontinuous if and only if

tim (sup{|fn(2) = fay)| : 0 2 L2,y € An.d(w,y) < p}) = 0.

(b). Let A, = A and f € C(A) for a compact A € R®. We write fp, — f if fu(xn) = f(z)
for any x, — x with x, € Ap,n>1 and x € A.

In this section, we will always let K be a USC, K,,,n > 1 be a sequence of USC with
same k, N, and assume K,, — K. We will always write R for the resistance metric associated
with the Dirichlet form (£, F) on K satisfying (C1), (C2), and write R, (&,,Fy) for the
according metric and form on K,,,n > 1. Recall that Theorem [8.I] ensures the existence and
uniqueness of such forms and metrics.

The following is the main result in this section.

Theorem 9.2. Let K, K,, n > 1 be as above. Then R, — R if and only if the geodesic
metrics dgn on K,, n > 1 are equicontinuous.

There are some consequences of Theorem One can consider the convergence of resol-
vent kernels. Let uy, a > 0 be the resolvent kernel associated with (€, F), i.e. uq(z,y) =
fooo e~ “p(t, z,y)dt, where p(t,z,y) is the heat kernel. Let uq, n > 1 be the according ones
on K,,.

Theorem 9.3. Assume the geodesic metrics dg, on K,, n > 1 are equicontinuous. Then
for each o > 0, the resolvent kernels uq,, on K, converges to the resolvent kernel u, on K
in the sense of Uqp = Uq-

See [] for a proof. Readers can read [| for more consequences of Theorem [9.3

In [], one of the author studied the similar problem on fractals satisfying the finitely ramified
property by using the technique of I'-convergence (see Appendix |C| for necessary results that
will be used in the USC setting) and the uniqueness theorem. For the USC, additional
difficulty arises on the boundaries of cells, so that we can not obtain the self-similarity of
the limit form directly. This will be resolved with the trace theorem, Theorem and an
estimate of energy measure.
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9.1. Equicontinuity of the geodesic metrics. Before proving Theorem[9.2] we would like
to explain the condition about the geodesic metrics a little more. One explanation comes
from Theorem [7.2] where one can obviously see that R,,n > 1 fail to be equicontinuous if
the condition does not hold. However, it is still not clear when the condition holds. For this,
we would like to provide some equivalent characterizations of the condition with Proposition

0.4, 0.5}

Proposition 9.4. dg,,n > 1 are equicontinuous if and only if dgn(Tn,yn) — 0 for any
T, Yn € K, such that x, — x and y, — = for some x € O.

Proof. The “only if” part is obvious. We prove the “if” part by contradiction. Notice that
dgn,n > 1 are equicontinuous if and only if

lim (sup{dgn(w,y):n > 1,2,y € Kp,d(z,y) < p}) =0,
P

by using the triangle inequality. Assume that dg, are not equicontinuous, then there are
e > 0, a subsequence n;, and z,,,yn, € Ky,,l > 1 so that

}g{ da,m, (xnwym) 2 €, lliglo d(xnlvynl) =0.

By choosing a further subsequence if necessary, we can additionally assume z,, = z, y,, = =
for some x € 0. This contradicts the fact that dg (2n,yn) — 0 for any z,,y, such that
Ty — x and y, — x for some x € [. O

The USC are complicated, it is convenient to consider their first level approximation in-
stead.

Proposition 9.5. Let {F;}Y {Fi(n) N | be the associated i.f.s. of K, K, n > 1.
(a). K, — K if and only if UL, Fi(n)D —UY, EO asn — oo.
(b). The following three conditions are equivalent:
(b1). dgn,n > 1 are equicontinuous.
(b2). dg.n,m > 1 are equicontinuous, where dg, is the geodesic metric on UZJ\LI Fi(n)D.
(b3). cigm(xn,yn) — 0 for any xn,yn € Ufil FZ-(")D such that x, — x and y, — x for
some x € L.

Proof. (a). The “only if” part is trivial. The “if” part follows from a same proof as Corollary
3.31n [].

(b). “(bl)= (b2)”. This is due to ngn(m, y) <dgn(z,y), Yo,y € K,.

“(b2)= (b1)”. By , dg.n(z,y) < C-dgn(z,y) if 2,y do not belong to a same 1-cell of
K,,, where C' > 0 depends only on k, N. As a consequence, by the self-similarity of K, one
can see that for any z,y € K,

dgn(t,y) < C -k~ rvdgn (FSY) " e, (FSY)y)

w

where w € Wi, [, are chosen such that x,y € F&”)Kn, lw| = lzy and Iy, = max{l’ :
there is w’ € Wy so that =,y € FS})Kn}
As a consequence, for any € > 0, there are m > 0 and 0 < ¢ < v/2k~™ such that

dG,n(xay) < C- (k_m \ sup k_l¢(kl (d(x7y))) < g,

1<ISmALy



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 35

holds for any n > 1,2,y € K, and d(z,y) < ¢, where @) € C,[0,v/2] is chosen such that
(0) = 0 and a?c,n(x,y) < w(d(x, y)) for any x,y € Uf\il Fi(”)D and n > 1.
“(b2)< (b3)” follows by a same argument as Proposition [8.4] O

Example 9.6. Letk =7 and N = 4(k—1)+8 = 32. For1 < i <24, F; are defined as usual.
Define Fas(z) = %x + (z + %, %), with 0 < z < &, To satisfy the symmetry conditions, the
contraction maps F; for 25 < i < 32 are uniquely determined. We write K(z) for the unique
compact K such that K = Uf’il F,K, see Figure @ We can see there are two cases.

Case 1. z #£0, z # ﬁ. In this case, if z, — z, then the geodesic metric dan of K(zp),
n > 1 are equicontinuous.

Case 2. z=0or z = 1—14. In this case, if z, — z, then the geodesic metric dg  of K(zy),
n > 1 are not equicontinuous (unless z, = z for all n > ng for some ng ).

FIGURE 7. The USC K (z).

Finally, it is more natural to let the USC sliding continuously and consider whether the
associated resistance metric or form changes continuously. It is obvious that Theorem
applies to the following continuously (admissible) sliding situation.

Definition 9.7 (Sliding paths of USC). Let T : [0, 1] — {the family of USC with same k, N}.
(a). Say I is a sliding path of USC if T is continuous in the Hausdorff metric.
(b). Say I" is an admissible sliding path if in addition

dGn(Tn,yn) — 0, for any t, =t € [0,1], zp,yn € I'(tn), and d(xy,yn) — 0.
Then there is a continuous version of Theorem [0.2] as follows.

Theorem 9.8. Let ' be an admissible sliding path, then R(t,x,y) is continuous on K :=
{(t,2,y) : 2,y € T(¢),0 < t < 1}, where R(t,-,-) is the resistance metric on I'(t) (associated
with the unique form satisfying (C1), (C2)).

A natural intuition is to split the space of USC with same k, N into “orbits”, where any
two USC in a same orbit are linked by an admissible sliding path. A topology on the USC
family may be induced according to these orbits. However, it seems quite complicated, so we
postpone the orbits of USC to further studies. See Section [10] for more details.
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9.2. The limit form. Let K, K, R, Ry, (£, F), (&n, Fn), {F:}Y,, {Fi(n)}ﬁil be the same
as above. We will adopt the following I'-convergence on C'(0). See Definition and [] for
more details.

Definition 9.9. Let (&,, F,) be quadratic forms defined on C(K,,), and (€,F) be a quadratic
form defined on C(K). (set E(f) = oo if f ¢ F, and the same for F,.) We say (En, Fn)
I'-converges to (€, F) on C(O) if and only if (a),(b) hold:

(a). If fn— f, where f, € C(Ky,),n>1 and f € C(K), then

E(f) < llrglnfgn(fn).
(b). For each f € C(K), there exists a sequence f, € C(Ky,),n > 1 such that f, — f and

We begin with an easy observation by Theorem Theorem Theorem and
Theorem

Lemma 9.10. Assume the geodesic metrics dg, on K, are equicontinuous, then there is a
subsequence ny and a resistance metric Ry on K so that Ry, — Ry. In particular, (E,,, Fn,)
I'-converges on C(0O) to (&, Fo), where (€, Fo) is the form associated with Ry.

In addition, (£y, Fo) is strongly local and regular. Also, there is 0 < 9 < 1 so that r,, — 7o,
where 1, is the renormalization factor of (En, Fn).

To prove Theorem [0.2] we need to verify Ryp = R. We will apply the uniqueness theorem,
Theorem but the main difficulty is to verify that (&, Fo) is a self-similar form. Never-
theless, it is not hard to see a partial result. For short, let’s assume R,, — Ry in the following
lemmas.

Lemma 9.11. Let f € Fy and assume flo,x = 0, then we have fo F; € Fy, 1 <i < N and
Eo(f) = ily o ' &lf o Fy).

Proof. There is a sequence f, € F,, such that f, — f and & (f) = lim, 00 En(frn). Clearly,
foreach 1 <i< N, f, o F™ f o F;, so by Lemma

)

So(f) = lim &,(fn) = hrn Zr fnoF >Zr0180 (f o F).

n—00
=1

This also gives that fo F; € Fy, 1 <i < N.
To see the other direction, we will use the condition f|g, x = 0. Foreach 1 <i < N, we pick
a sequence g; , € C(Ky,), such that g;,, — fo F; and &(f o F;) = lim &,(gin). In addition,
n—oo

+
we may assume g; |g,x = 0, since otherwise we only need to take g; ,, = (|gm| —6) -5gn(Gin)s
where ¢ > 0 is a small enough depending on g; ,. Then, for each n, we glue g;,, together to

obtain a function g, € C(K,,), so that g;,, = gn © F( n) , 1 <i < N. Then,

ZTO Eo(foFy) = ILIEOZT n(Gim) = hm Enlgn) > Eo(f).
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Since the form (&, Fy) is strongly local and regular, we can apply the tool of energy
measure. For each function f € Fp, noticing that f € C'(K) in our setting, we can define the
energy measure vy associated with f to be the unique Radon measure on K such that

/K g(@)p(de) = 260(f9. f) — Eo(f%.9). Vo € Fo.

In particular, it is well known that v¢(K) = 2&y(f) (see Lemma 3.2.3 of []). A useful fact is
that the measure of vy on a Borel subset A C K only depends on the value of f on A.

Lemma 9.12. Let f,g € Fy and assume f = g on a subset A in K, then vi(A) = v4(A).

Proof. We have the triangle inequality for the energy measures /v (A) < \/vg(A)+/vs—_4(4)
(see [], page 123 for a proof). Also, by [|, vf({z € K : f(z) =0}) =0 for any f € Fo. O

Let’s make Lemma a little stronger with the language of the energy measure.
Lemma 9.13. Let f € Fy, then for any A C K\ 1 K, we have

N
vi(A) = g vier (FH(A)).
i=1
Proof. First, if flg,x = 0, we can see from Lemma that

/K o(2)p(de) = 260(f9. ) — 012, 9)

=Y gt (280((f o Fi)(go Fy), f o Fy) — &(f% 0 Fi g o Fy))

=Y ni" [ o Fwvgen o)
i=1 K
for any g € Fp such that g|s,x = 0. Clearly, {g € Fo : glg,x = 0} is dense in {g € C(K) :
gla,k = 0} in our setting (see Theorem 2.3.3 in [| for a result on general Dirichlet forms). So
the lemma holds for any f € Fy with f|s, x = 0.
For general f € Fy, we first consider compact A C K \ 01 K. Since (&, Fo) is regular, we
can find 1 € Fy so that 9|4 = 1 and |9,k = 0. So by Lemma

N N
vi(A) = vpp(A) = D g Wppyor, (B (A) = D1 vrer, (F1(A)).
i=1 i=1
Since vy is a Radon measure, the lemma follows immediately. g

9.3. Energy on the boundary. We now show that v;(01K) = 0 for any f € Foy, which by
Lemma will immediately yield that (&, Fo) is indeed a self-similar form. We will fulfill
this by an elegant application of the trace theorem, Theorem [6.14]

Lemma 9.14. Let

H = {h e Fo:&(h) =f{E(f) : flosk = hlok. | € Fo}},
which is the space of functions that are harmonic in K \ 01K with respect to (Ey, Fo).
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Then, we have H'|s, k = AU( 0)(81[() In addition, there are C1,Cy > 0 depending only on
k such that

Cr - [[h|81KHi;(2To) < &(h) < Cy- [W&K]ﬁ;gm , Vhed

(01K) (hK)

Proof. First, we show the upper bound estimate. For a u € Aggo)(alK ), we can find a

subsequence n;, [ > 1 and for each [, a function u,, € A"(’”"l)(ale) such that u,, — u
(in fact, we can choose u,, to be piecewise constant). Let g, be the harmonic extension of
Up, on Ky, I > 1. Clearly g, are equicontinuous, so we can find a limit g € C'(K) and a
subsequence, still denoted by n;, [ > 1, such that g,, — g. By Theorem we see that
Eo(h) < &(g) < hm mf Eny(gn,) < Co - hmlnf[[umn <Oy - [[u]]Ag(;)

(01K)’

A"’("”nl ) (

O Kn,)

where Cy > 0 is the same constant in Theorem and h € H' such that hlg, x = u.
Next, we show the lower bound estimate. For h € H’, we can find a sequence of functions
gn € Fp, such that g, — h and &(h) = lim En(gn). Then by Theorem [6.14}

&(h) = Tim &,(gn) = Cy - lim infl[gn|o, ., ]] AW o) = O [[Ploy ]y (o, 10y

n—oo
where Cy > 0 is the same constant in Theorem [6.14] and in the last inequality we use Fatou’s
lemma. O

Lemma 9.15. For any f € Fo, we have vy(01K) = 0.

Proof. For each m > 1, we divide 0; K into 4Nk™ pieces, denoted by {I; ,, }1/ k™ where each
piece is of the form F,,L; with w € Wy, 41, j € {1,2,3,4} and F,,L; C 01 K. Let u= flo, x,

then by Lemma|9.14] u € AU(TO)(&K ). We have the following two observations.

. . ANE™ 2 _
Observation 1. n}gnoo -1 Hu]]/\;(;m(h,m) =
Observation 2. Let supp(u) be the support of u, and assume max, ye supp(u) AT, y) <

for some m > 1, then

k,fmfl

ANEk™

[[u]]ig(;())((%f() < Cl . Z Hu]]io(ﬁ"o)(llm)’

=1 2
for some C7 > 0 depending only on rq.

The first observation is obvious, so we only consider the second one. It is more convenient
to consider @ define on [0, 1], which is supported on a subinterval of length at most £~ It
is easy to see

i~ 1
U(’"o) Z Z - ka ))2
m—1

< Z o—(ro) i) +2- Z Tam ”uHLOO[O 1)

m'=0
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and by a routine chain argument, ||| z00(0,1] < Cg-rg)nm[[&]} for some 1 <i < k™

ASGO ([t 2 ])

and Cy > 0 depending only on r9. Thus [[&]]ig(m) <C;- Zf:l[ ﬂ”i«(m)( RN for some
2,2 2,2 T

C1 > 0 depending only on rg. Observation 2 then follows immediately.

Now, fix m > 1, by Observation 2 (noticing that the observation can be generalized to the
case that u is constant outside a small area of diameter £~""), by a routine construction of

this paper, for each 1 <1 < 4NE™, we can find v, € Aggo)(ﬁlK) such that

(1) ul7m|ll,m = u’Il,'m'
(2). H“lvm”Ag(”ﬂ(aIK) <Cs- [[UHA;’@)(IZ ) for some C'3 > 0 depending only on 7.

;2

For each [, let h;,, € H' such that himlo,xk = Uim. Then we have

4ANE™ ANE™ 4ANE™ ANE™
v K) =Y vilim) = > h(Tim) <2+ Y Eo(hum) < Co- Y [[U]Ji;gw(,l v
=1 =1 =1 =1 : "

for some C4 > 0 depending only k, rg, where we use Lemma [9.12]in the second equality, and
use Lemma in the last inequality. By letting m — oo, and using Observation 1, we
obtain that v;(01 K) = 0. O

Proof of Theorem[9.3. Let (£y, Fo) be the limit form as in Lemma Then Fy C C(K),
and by Lemma [9.11] and Lemma [9.14] it is not hard to see that f € Fy if and only if
foF;, € Fo,1 < i < N. It follows from Lemma and Lemma that (&y, Fo) is a
self-similar form. It is also direct to check Ry(L1, L2) = 1 by using I'-convergence.

So we can see that (&, Fp) satisfies (C1), (C2). By the uniqueness theorem, Theorem
it follows that Ry = R, where R is the resistance metric associated with the unique form
(€, F) on K satisfying (C1), (C2).

As a consequence of Lemma there is a subsequence R,,,, [ > 1 such that R,,, — R. We
have the same result holds for any subsequence of R,,, so we claim that R, — R. (Otherwise,
we can find € > 0, a subsequence n; and x; — x,y; — y with x;,y;, € Kn; and z,y € K such

that ‘Rn; (z1,y1) — R(z,y)| > e.) This finishes the proof. O

10. FURTHER QUESTIONS
APPENDIX A. PROOF OF PROPOSITION

In this appendix, we prove Proposition [3.2] The proof is essentially the same as that in
[|(Theorem 2.1), with slightly adjustment due to the change of condition (A3). We reproduce
it here for the convenience of readers.

In the following context, all the constants C' > 0 appeared depends only on USC.

For[>1and w € W,,n > 1, let’s define

M,w = {w’ € I/V|w| : there exist w(i),0 < i < Lw(0) = w,w(l) = W
FouiyK N FyinyK # 0,90 <i <1}

In particular, note that Na,, = N, in Definition (c).
We first prove the inequality N Ry, A, < C' - Apiy in Proposition which might be
affected by the change of (A3).
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Lemma A.1. Let m,n > 1, and {¢y}wew, be a collection of nonnegative functions in
I(Wigm) such that 3,y thw = 1 and 1y (v) = 0, Yw € Wy, v € (Wy \ Ny) - Wi,
Then for each f € (W), we have

Dn+m(f) <C- (ufrel%v}i Dn+m(¢w))pn(f)a
for some constant C > 0, where f = > wew, J (W)t € IWaim).

Proof. The proof is same as that of [|, Lemma 2.8. For any v "X Y in Wiitm, We write
Sw,v") = {w € Wy : 1y(v) + thy(v)) > 0} and a(v,v’) = [u]g, ,. Note that #S5(v,v’) is
uniformly bounded depending only on the USC. Then,

Duim(f) = Y. (f(v) - f(v)*

=Ci- > Y () = a(v, ) ($u(v) — du(@))’

weEWn v :weS(v,n’)

where C| = max ,.n , #S5(v,v’). To continue the estimate, we notice that
v o~ U

((f(w) = a(v,v"))* < max (f(w) = f(w'))? <5 Dong.,(f)-

w' €N

Thus, we have

Doim(f) <501 Y. Danen(f) Y. (Gulv) — ()’

weWnp, v, weS(v,')
<5C- > Do s (F) ( 120 Do () -
weWn, "

The lemma follows immediately, noticing that >, cy Dnns,,(f) < Ca - Dyp(f) for some
Cy > 0. O

Lemma A.2. Let m,n > 1. There exists a collection of nonnegative functions {{y twew, in

(W) such that 37, cw Y =1, 1hy(v) = 0,Yw € Wy, v € (Wi \ Ny) - Wiy, and
Dyim(thn) < C- Ryl Vo € Wy,
for some constant C > 0.
Proof. For each w € W,,, let ¢,, be the unique function supported on N, - W,,, such that
Dim(pw) = R;}—m(w Win, Wn \ Ny) - Wm) <R dwlww, =1

Let @ =)y, dwand ¥y, = %’J, noticing that ® > 1. We immediately have } |y ¥ =1
and ¥, (v) = 0,Yw € Wy, v € (W, \ Ny) - Wy, It remains to estimate the energy of each t,,.
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First, we notice that ® > 1, so ’ﬁ - ﬁ’ < |®(z) — ®(y)|. Thus, we have

Dn+m,N3,w(1/(I>) < Dn+m,N3,w (@) < Dn+m( Z ¢w’)
W' Ny 4y N3 2w 7D

<Cri- Z Dn+m(¢w’) <Cy- R;117
w’:NQYw/ﬂ/\/’s,w75@

for some C1,Cy > 0. As 1), is supported on Ny, = N2, we then have

V Dner(ww) = \/Dn+m,N3,w (¢w/q))

1/2 _
< /Pt (00) + 3/ Pusmn o (1/®) < (G5 4+ 1) - B2,
noticing that 0 < ¢, < 1, P > 1. O

Proposition A.3. There is a constant C > 0 such that
N"Rp e < C - Myima2, Vn,m > 1.
Proof. Let f € I(Wy,) so that D,,(f) =1 and Y ey (f(w)— [f]Wn)2 = M. Let f € l(Wpy2)
be defined as f(w-7) = f(w), Vw € Wy, 7 € Wa. Clearly,
Dyya(f) < 3K°Da(f) = 3k°.

Next, we let {¢y }wew,_ ., be defined as in Lemma |A.2, and define f= EwEWn+2 F(w) .
By Lemma and we know there is a C; > 0 such that

Dn+m+2(f) <Ci- R;zIDnJrQ(f) < 3k201 ’ R;ml-
On the other hand, let I = Wy \ (8W2 U{weWs:w 2 8W2}). We have I # (), and

flw-7)= f(w), YweW,, 7€l Wp,.

As a consequence, we have,

S () = W)’ 2 N™ 3 (Fw) ~ )’ = N,
WEWntm+2 weWn

Thus, >\n+m+2 > (ZwEWn+m+2 (f(w) - [.ﬂWnerJrQ)z)/,DnerJrQ(f) > 02 ’ NmRm)‘n for some
Cy > 0. O

The inequality N R\ < C - Mg, V1, m > 1 follows immediately if we have A2 <
C, . >\n+m0'2.

In the following, we focus on the other inequalities of Proposition [3.2] First, we introduce
the following easy lemma, which is also useful in Appendix [B]

Lemma A.4. Let n,m > 1, A C W, and f € I(A-W,,). Let f' € I(A) such that f'(w) =
[flww,,,Yw € A. Then we have

Dn,A(f/) <8 NﬁmamDn—&-m,A-Wm (f)
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Proof. By the definition of o,,,, we see that |f’(w) — f’(w’)‘2 < N7"0m Dy fw,uy- Wi ()-

Taking the summation over all w ~ w’, w,w’ € A, noticing that each w has at most 8
neighbours, we get the desired inequality. O

Proof of Proposition[3.9. We use (1)-(5) to denote the inequalities in Proposition in se-
quence.

(5). “(K*N"H)" < C- Ry For each w € W, \ {0}, we let f(z) = max{0,1 —
cytd(z, FyK)} € C(K), where cg is the constant in (A3). Then, f|p, x = 1 and flu.., =

w EW\w|\Nw
0. We define ' = P, [, i-e.
f/(’U) = NI f(@)p(dz), Vv € VV\wH—n'
F,K
One can easily check that Djy,|4,(f") < C1 - cazk_QnN”, for some C7 > 0. Thus,
Cr - Ro(w - W, Wiy \ Ny) - Wi) > (K N~H)™
This gives the desired estimate.

(3) “An—i—m < - )\nO'm”' Let f € Z(Wn+m> so that Dn—‘rm(f) =1and ZWGWn+m (f(v) —
[f]Wn+m)2 = Antm- Let f' € I(W,) be defined as f'(w) = [flww,,, Vw € W,. Then, by

Lemma [A4] we know that
Dn(f/) S 02 : N_mUmDn+m(f) = C2 . N_mUm7

for some constant Cy > 0. On the other hand, we have

Mvm = 3 (F0) = )’

VEWn4+m
=Y 3 (fw) - F@) NS (f(w) - [fw,)”
wWEW, vew- W, weWn,

In addition, by Propositionand (5), we know that Ay ypm > 2\, Vn > 0/ for some n’ > 1.
Thus, the desired inequality holds for large n. Clearly, for large m > n’, the inequality also
holds. This finishes the proof.

(4). “optm < C-0opop”.  This follows from Lemma and a same proof as (3).

(1). AP <€A\ Let f € (W), flow, =0, Du(f) = 1 and N*[f]2, = A Let
f € Wy be given by f(1-w) = f(w), f(2-w) = —f(w) and f(i-w)=0,Vi # 1,2,w € W,,.
Clearly, Dyy1(f) = 2, [flw, ., = 0 and
Yo (F@) = flwaa)® =20 Y ) =2N7( 3 fw)* =220
vEW 11 weWnp weWn

So )\%D) < Ant1- The inequality follows from (3).

(2). “N™RuA\p, < C - Apgn”. This follows from Proposition and (3). O
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APPENDIX B. '-CONVERGENCE AND A SHORT PROOF OF THEOREM [3.5]

In this appendix, we briefly review the concept of I'-convergence (with the first axiom of
countability), and provide a short proof of Theorem 3.5, Readers can find general results on
I-convergence in the book [].

Definition B.1. Let (X, 7) be a topological space satisfying the first aziom of countability.
For functions f, f,n>1 on X, we say f, I'-converges to f if the following holds.
(1). For any x € X and for any sequence x,, converging to x in X,

f(z) < liminf f,(x,).
n—oo
(2). For any x € X, there is a sequence x,, converging to x in X such that

The concept of I'-convergence can be defined on general topological spaces. In particular,
for topological spaces with the first axiom of countability, Definition is equivalent to the
one for general case. See [], Proposition 8.1.

Here we consider (non-negative) quadratic forms on L?(K, ;) (with the norm topology),
where K is a USC and p is the normalized Hausdorff measure on K. Recall that a quadratic
form £ is closed if and only if (F,|| e ||¢) is a Hilbert space, where

1£lle = \/ED) + 1122

and F = {f € L*(K, ) : £(f) < co}. Note that we do not require F to be dense in L?(K, u)
in general.

By some well known properties of I'-convergence (See [] Proposition 6.8, Theorem 8.5,
Theorem 11.10, Proposition 12.16), we know that I'-convergence on L?(K, ) is weak in the
following sense.

Theorem B.2. Let &, be a sequence of (nonnegative) closed quadractic forms on L?(K, p).
There are a subsequence ny and a closed form € on L*(K, ) such that &,, T'-converges to E.

proof of Theorem[3.5 (a) is an easy consequence of Lemma and (A3).

(b). Recall that D,, can be naturally viewed as closed forms on L?(K, ). In fact, with some
abuse of notations, for f € L?(K,u), we write D,,(f) = Dn(P,f), where P, : L'(K,u) —
[(Wy) is defined as (P, f)(w) = N" [ . f(z)u(dz), Yw € W,. Also, recall

N g, < N\, <xr ",
as a consequence of Lemma [3.4] and Proposition 3.2 -

By Theoremﬂ there is a subsequence n; and a limit form & on L?(K, 1) so that r~D,,
I’-converges to &£.

First, we show that

Cy -supr "Dp(f) < E(f) < Co -liminf r "D, (f), Vf € L*(K,pu), (B.1)
n>1 n—oo
for some constants C'1, Co > 0 independent of f. Clearly, by the definition of I'-convergence,
we have

E(f) <liminfr ™Dy, (f) < Cy - lirginfr_”Dn(f),

l—00
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where the second inequality is due to the fact r="™ < Cy - r "N ~™g,, for some Cy > 0
and Lemma @ For the other direction, we pick a sequence f; converges to f strongly in
L*(K,p), and E(f) = llim "Dy, (f1). Then, clearly

— 00

E(f) = lim "Dy, (fi) > Ch - llim r "Dp(fi) =C1-r"Dyp(f), Yn>1,
— 00

l—o0

where the inequality is due to fact »="~™ > C; - r""N "0y, for some C7 > 0 and Lemma

A4
Thus, we get (B.1). Clearly F = {f € L*(K,pu) : £(f) < oo}, and (€, F) is symmetric. It
remains to show the Markov property and the regular property of (&€, F).

The Markov property. Let f € L*(K, ju), we need to show £(f) < £(f), where f = (fVO)AL
To see this, we let f; — f in L?(K, u) such that £(f) = llim "Dy, (f1). Without loss
—00

of generality, we can assume (P, fi)(w) = fi(x) for any w € Wy, and = € F, K. Then, let
fi=(fivO)A1l, we have f; — f in L?(K,u), and

E(f) < liminfr_"le(ﬁ) <liminfr "Dy, (f;) = E(f),
=00 l—o0

where we use the Markov property of D, on the space of piecewise constant functions { fe
L2(K,p) : (Po, f)(w) = f(x),Vw € W,z € FyK }.

The regular property. Since F C C(K) by (a), it remains to show F is dense in C'(K). It
suffices to show that for any x # y € K, there is f € F such that f(z) # f(y). We choose
w € W, so that v € F, K and y ¢ U,en, Fur K. For any n > |w|, we can find f, € [(W),)

such that f,|p,x = 1, f”‘Uw/gNw r,x =0and Dy(f) < R;hw'. Let f be a weak limit of f,,
one can see that f € F and f seperates x, y.

Clearly, F is dense in L?(K, 1) by the regular property of (€, F). O

APPENDIX C. CONVERGENCE OF RESISTANCE METRICS

This last appendix is based on one of the author’s previous work [].

We consider another setting of I'-convergence in this section, which is related to the con-
vergence of resistance metrics. A resistance metric, which is associated with a resistance form
(in particular, such form satisfies (C1), (C2) in this paper), can be defined as follows [].

Definition C.1. Let X be a set. R € [(X x X) is called a resistance metric on X if for any
finite subset V' of X, there exists a resistance form &y on V' such that

{|f($) — f(y))?
Ev(f)

Let RM(X) denote the collection of all resistance metrics on X .

R(z,y) = sup : fel(V)\ Constants}, Vx,ye V.

We state the basic setting of this section as follows.

(Basic setting). Let (B,d) be a compact metric space with a compact subset A, and let
{Ap}n>1 be a sequence of compact subsets in B such that

lim §(A4,,A) — 0,
n—oo

where § is the Hausdorff metric on compact subsets of B.
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We list some easy facts below without proof. Readers can find details in [|, Section 2.1.

Lemma C.2. Let f, € C(A;) forn > 1.

(a). If {fn}n>1 is uniformly bounded and equicontinuous, then there is a subsequence
{fn, }1>1 and f € C(A) such that f,, — f.

(b) If fn, — [ for some f € l(A), then {fn}n>1 is uniformly bounded and equicontinuous,
and f € C(A).

(c). Let f € C(A). fn — [ if and only if there exists {gn}n>1 U{g} C C(B) such that
gnla, = fn,Vn>1, gla = f and g, = g. Here g, =% g means g, converges to g uniformly.

An important consequence of the lemma is that we can create resistance metric at the
limit. The proof is rudimentary, see [], Section 2.2 for details.

Theorem C.3. Let R, € RM(A,,) forn > 1, and assume
P1(d(z,y)) < Ru(x,y) < ¢2(d(z,y)), Vn>1Ve,ye A,
for some 11,19 € C[0,00) with 11(0) = 12(0) = 0 and a(t) > P1(t) > 0 fort > 0.
Then, there exists R € RM(A) and a subsequence {n;};>1 such that R,, — R. In addition,

Y1 (d(z,y)) < R(z,y) < ¥o(d(z,y)), Vao,y e A

It is well known (see the book [] by Kigami) that if R is a resistance metric on X so that
(X, R) is separable metric space, there is a unique form, named resistance form, (£,F) on
(X, R) such that F ¢ C(X, R), and

R(z,y)~ =if {£(f): f(x) =0.f(y) =1.f € F}, VzyeX.
The form is called regular if F is dense in C'(X, R). If (X, R) is compact, then (&£, F) is
always regular. In particular, if p is a Radon measure on X with full support, then (£, F)
becomes a regular Dirichlet form on L?(X, ). See [| for details.

Definition C.4. Let (&, F,) be quadratic forms defined on C(Ay,), and (€, F) be a quadratic
form defined on C(A). We say (En, Fn) I'-converges to (€, F) on C(B) if and only if (a),(b)
hold:

(a). If fr =2 f, where {fp}n>1 U{f} C C(B), then

E(fla) < liminf & (fnla,)-
(b). For each f € C(B), there exists a sequence { fp}n>1 C C(B) such that f, = f and
E(fla) = lm E,(fala,).

Remark. In the definition above, we always set £(f) = oo if f ¢ F and similarly for &,.
fn =2 f can be replaced with f,|4, — f|a by Lemma (c). See [] for details.

The main result in this appendix is the following theorem stating that the convergence of
resistance metrics will result in the I'-convergence of the resistance forms. We copy the proof
from [] for convenience of readers.

Theorem C.5. Let R, € RM(A,) N C(A2) forn > 1 and R € M(A). Assume that
R, — R, then we also have R € RM(A) N C(A?). Let (€., F,) be the resistance form
associated with Ry, forn > 1, and let (£, F) be the resistance form associated with R. Then,
we have (&, F,) I'-converges to (£, F) on C(B).
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Proof. That R € RM(A) N C(A?) follows from Lemma We need to prove (a),(b) in
Definition [C.4} By the remark above, we only need to let f, € C(4,), f € C(A) and f, — f
in the proof.

(a). Notice that R induces the same topology as d on A, so (A4, R) is separable. Let
Vi C Vo C -+ be a nested sequence of finite subsets of A, and assume that Vi, =, ,~; Vi, is
dense in A. Then, by Theorem 2.3.7 in [|, we have -

E(f) = supl€lv, () = lim [Elv,, (). ¥ € C(A),
where [E]y;, denotes the trace of £ on V,,,. For each n > 1, we can find a nested sequence of
finite set V1, C Vo, C -+ such that 6(Vy,, Vinn) — 0 as n — oo. In addition, for each m > 1,
we require that #V,,, = #V,,, for n large enough. To achieve this, we choose a converging
sequence x, — x with z,, € A, for each x € V,. Then, one can see that (by Lemma 2.8 of [])

v () = 1 [Ely;,,, (o),

where f,, f are the functions in the statement of (a). This implies

E(f) = lim [E]y,, (f) <liminf sup[&,ly,, , (fn) = liminf &,(f).
(b). It suffices to consider f € F. Let V;;, and Vi, 5, m > 1 be the same nest sequences in
the proof of (a), and let f] € C(A,),n > 1so that f} ~— f. There exists a sequence {my, }n>1
with m,, — oo that grows slowly enough so that

E(f) = lim [Elv,,(f) = lim [E:]y,,, .. (f2) = lm E,(fa).

where f,, is the harmonic extension of f}|v,, . on A, with respect to (&,,F;,) for each
n > 1. Since { R, },>1 is uniformly bounded and equicontinuous and {&,(fn) }n>1 is uniformly
bounded, we can see that { f,, }n>1 is also uniformly bounded and equicontinuous. By applying
Lemma, (a) and by a routine argument, we have f,, — f. O

We end this appendix with a result concerning the local property.

Theorem C.6. For each n > 1, let (€,,Fy,) be a resistance form on A, with F, C C(Ay);
let (€, F) be a resistance form on A with F C C(A). Assume (&, Fn) I'-converges to (€, F)
on C(B), and (E,,Fy) is local for each n > 1, then (€,F) is local.

Proof. Let f € C(B) such that f|4 € F, we will show that E(fy|a, f-|a) = 0, where
f+ = fVv0and f- = f A0. Then, by a linear combination, it follows immediately that
E(g,h) =0 for any g,h € F with gh = 0.

First, £(f|a) > E(IfHA) due to the Markov property, so £(f+|a, f—|a) > 0.

Next, we prove E(f+|a, f-|a) < 0. By Definition (b), we can choose f! ,, € C(B) for
each n > 1 so that

fom = frand E(fila) = lim En(fLnla,)-

Also, define f” , in a same way. Without loss of generality, we can assume that f) |4, €
Fun, I nla, € Fnforalln > 1. There is a decaying sequence of positive numbers {e,, }n>1,6n —



DIRICHLET FORMS ON UNCONSTRAINED SIERPINSKI CARPETS 47

0 such that fy, = (f}, —¢en)V0and f_, = (f_, +¢en) A0 have disjoint supports for each
n > 1. Clearly, fy, = f+ and f_, = f—. Then,
g(f|A) < hnni>1£f gn((er,n + f*,n)‘An) = hgr_l)g.}f (gn(f+,n|An) + gn(ff,n’An))
< lim (Ealfnlan) + EalF ala)) = E(Fola) + E(F-1a),

where we use Definition[C.4] (a) in the first inequality, the local property of (£, Fy) in the first
equality and the Markov property in the second inequality. This implies that E(fy|a, f-|a) <
0. O
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