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Abstract

We study self-avoiding walks on the canonical one-sided graphs of Lindstrøm nested
fractals. We prove that the connective constant µ exists and identify logµ with the critical
inverse temperature of a finite-dimensional boundary-state renormalization. If the boundary-
state partition vectors are bounded at criticality, then the fixed-length counts cn satisfy two-
sided polynomial bounds around µn. We also prove that h-flexibility implies cn+h/cn → µh.
For regular polygonal N -gaskets, we derive exact crossing recursions, determine the smallest
flexibility step h, and obtain explicit algebraic connective constants for the 6- and 9-gaskets.
The Vicsek graph has no flexibility step, and its successive ratios do not converge.
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(a) Sierpiński gasket (b) Lindstrøm snowflake (c) Vicsek set (d) Pentagasket

Figure 1: Four standard nested fractals.

O
F0 F1 F2

Figure 2: The one-sided blow-up F0 ⊂ F1 ⊂ F2 for the Sierpiński gasket. The red vertex is the
fixed root O.

1 Introduction

Self-avoiding walks arose as lattice models for long-chain polymers. Early systematic mathemat-
ical study and numerical estimation began with Hammersley and Morton [6], and Hammersley
later isolated their exponential growth rate, now called the connective constant [5]. It has since
become one of the basic quantities in the subject; see Madras and Slade [19]. Let cn denote the
number of n-step self-avoiding walks from the origin on Zd, with d ≥ 2. Submultiplicativity

shows that µ = limn→∞ c
1/n
n exists and that µn ≤ cn. Hammersley and Welsh proved [7]

cn ≤ µn exp{O(
√
n)}

and Hutchcroft later replaced O(
√
n) by o(

√
n) [15]. The precise subexponential correction

remains unknown in dimensions 2, 3, 4; for d ≥ 5, the lace expansion gives cn ∼ Aµn [8, 9].
The convergence of fixed-step counting ratios is a separate and more delicate problem. On
Zd, Kesten’s two-step ratio limit cn+2/cn → µ2 is closely tied to local pattern replacement [16].
Exact values are exceptionally rare: among the standard two-dimensional lattices, the only

rigorously known one is the honeycomb value µ =
√

2 +
√

2, proved by Duminil-Copin and
Smirnov [3].

Nested fractal graphs are self-similar but not transitive. A walk rooted at one vertex therefore
cannot usually be split into two walks rooted in the same way. Finite ramification provides
a different tool: the connections made by a walk at the boundary of a finite graph cell can
be recorded by finitely many states. Ben-Avraham and Havlin used this idea to study self-
avoiding walks on finitely ramified fractals [2]. Hattori, Hattori and Kusuoka developed an exact
renormalization for self-avoiding paths on the pre-Sierpiński gasket [11]. Building on this special
two-variable crossing recursion, Hattori and Kusuoka established the existence of the connective
constant for the Sierpiński gasket [13]. See also the construction of a self-avoiding process as a
renormalization limit on the Sierpiński gasket [10], and its higher-dimensional extensions [12, 14].

On a general nested fractal, there may be more boundary vertices, and the part of a walk
inside one graph cell may have several path components. The Sierpiński gasket recursion therefore
does not extend directly. In this paper, our first result is a geometric proof that the connective
constant exists on nested fractal graphs. The argument combines graph cells and the Lindstrøm

2



O
O O

F0

F1 F2

Figure 3: The first three finite graphs of the hexagonal snowflake. The red vertex is the fixed
root O, and the red subgraphs in F1 and F2 identify the copy of the preceding graph. The
one-sided construction therefore expands away from O.

reflection symmetries with a finite convolution inequality, which bounds walks from arbitrary
starting vertices by finite products of walk counts from the distinguished root. In particular, the
proof requires no dynamical analysis.

For the Sierpiński gasket, Hattori and Kusuoka obtained polynomial upper and lower
corrections to the exponential growth of the fixed-length walk counts [13]. Their upper bound
localizes a walk by the smallest graph cell containing it and estimates the corresponding critical
partition functions. The rooted counts on the gasket are not submultiplicative, so the direct
lower bound available on Zd has no immediate analogue. Hattori and Kusuoka instead derived it
from a substantially more detailed analysis of the special two-variable renormalization dynamics,
including the limiting distribution of the critical path length and the regularity of its density.
We retain the scale-localization idea in the upper bound, but derive the lower bound directly
from the finite convolution estimate used in our existence proof, without a separate analysis of
the critical dynamics. This is our second result: the boundary-state renormalization identifies
its critical inverse temperature with the logarithm of the connective constant and, whenever
the partition vectors remain bounded at criticality, gives corresponding two-sided polynomial
bounds for the fixed-length walk counts.

Our third result is a fixed-step ratio theorem. We show that h-flexibility forces the ratio of
the walk counts at lengths n+ h and n to converge to the h-th power of the connective constant.

For regular polygonal N -gaskets, which include the Sierpiński gasket as the case N = 3, we
can say considerably more. We derive exact crossing recursions, identify the crossing critical
inverse temperature, and determine the smallest flexibility step h. As on the honeycomb
lattice [3], these recursions yield explicit algebraic connective constants for N = 6, 9.

We begin with the homogeneous iterated function system used throughout. Fix d ≥ 1, let
I = {0, . . . ,M − 1}, where M ≥ 2, and consider contractive similitudes

Ψi(x) = λ−1Uix+ νi, i ∈ I, λ > 1, (1)

where each Ui is orthogonal. Their attractor is the unique nonempty compact set K satisfying

K =
M−1⋃
i=0

Ψi(K).

The compact set K is the self-similar fractal generated by the iterated function system. Let pi
be the fixed point of Ψi. A fixed point pi is essential if there exist a fixed point pj and distinct
indices k, ` ∈ I such that Ψk(pi) = Ψ`(pj). Write

V0 = {q0, . . . , qb−1}

for the set of essential fixed points, where b = #V0 ≥ 2.
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For a word w = w1 · · ·wr ∈ Ir with r ≥ 1, write

Ψw = Ψw1 ◦ · · · ◦Ψwr , Kw = Ψw(K), ∂Kw = Ψw(V0).

For r = 0, let ∅ be the empty word, set I0 = {∅}, and put Ψ∅ = id and K∅ = K. The set Kw

is a level-r fractal cell, and ∂Kw is its boundary. The term fractal cell will always refer to a
subset of K; finite cells of the graph will be called graph cells. For distinct x, y ∈ V0, let Rx,y be
reflection in the affine hyperplane {z ∈ Rd : |z − x| = |z − y|}.

Definition 1.1 (Lindstrøm nested fractal [18]). The attractor K of the similitudes in (1) is a
nested fractal if the following conditions hold.

(NF1) There is a nonempty bounded open set U such that Ψi(U) ∩ Ψj(U) = ∅ for i 6= j and⋃
i Ψi(U) ⊂ U .

(NF2) The set K is connected.

(NF3) For every distinct x, y ∈ V0, the reflection Rx,y preserves V0 and, for each r ≥ 1, permutes
the level-r fractal cells together with their boundaries.

(NF4) For distinct i, j ∈ I,
Ψi(K) ∩Ψj(K) = Ψi(V0) ∩Ψj(V0).

Four standard examples are shown in Figure 1.
Definition 1.1 is the homogeneous form of Lindstrøm’s definition. Iterating (NF4) shows that

the same boundary-intersection identity holds for any two distinct fractal cells of the same level.
Much of the work on nested fractals adopts the one-point intersection condition as a standing
axiom:

#
(
Ψu(V0) ∩Ψv(V0)

)
≤ 1 (u 6= v, |u| = |v|). (2)

This condition appears in [4, Proposition 2.2(4)] and as assumption (A5) in [17]. Together with
(NF4), it says that two distinct fractal cells of the same level are either disjoint or meet at one
common boundary point. Whether it follows from the Lindstrøm axioms is unknown; see [1,
Remark 5.25].

On V0, join the pairs at the smallest positive Euclidean distance. Thus, with

δ0 = min{|x− y| : x, y ∈ V0, x 6= y},

let
F0 = (V0, E0), E0 =

{
{x, y} ⊂ V0 : |x− y| = δ0

}
.

Choose O ∈ V0, relabel the maps if necessary, and assume that Ψ0(O) = O. The finite
approximating graphs and the canonical one-sided infinite graph are

Fm =
⋃

w∈Im

(
Ψ−m0 ◦Ψw

)
(F0), F∞ =

⋃
m≥0

Fm. (3)

Here powers of Ψ0 denote its iterates or inverse iterates. Put Vm = V (Fm), V∞ = V (F∞),
v1 = #V1, and

∂Fm = Ψ−m0 (V0).

This one-sided blow-up is the graph-theoretic analogue of zooming into the fixed point O.
Figures 2 and 3 show how the construction produces, respectively, the familiar one-sided

Sierpiński gasket graph and the hexagonal snowflake graph. In both examples the distinguished
root remains fixed while a new collection of isometric graph pieces is added at every step.
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A walk of length n is a sequence w = (w(0), . . . , w(n)) of vertices such that {w(j−1), w(j)} ∈
E(F∞), 1 ≤ j ≤ n. We write L(w) = n, and call w self-avoiding if its vertices are distinct. For
a ∈ V∞, define

Wa,n = {w : w(0) = a, L(w) = n, w is self-avoiding},
ca,n = #Wa,n, cn = cO,n, un = sup

a∈V∞
ca,n.

(4)

We set ca,0 = c0 = u0 = 1, and write

D = sup
x∈V∞

degF∞(x).

The two counting sequences cn and un have the same exponential growth rate, even though
F∞ need not be transitive.

Theorem 1. The limits of the rooted and uniform self-avoiding walk counts exist and are equal:

µ := lim
n→∞

c1/n
n = lim

n→∞
u1/n
n = inf

n≥1
u1/n
n .

Moreover,
1 ≤ µ ≤ D − 1 <∞.

Thus µ is the connective constant of F∞.

At scale m, finite ramification leaves only finitely many possible connection patterns at ∂Fm.
For β ≥ 0, let Zm(β) be the vector of their partition functions, where a connection using ` edges
has weight e−β`. Define

B =

{
β ≥ 0 : sup

m≥0
‖Zm(β)‖∞ <∞

}
, βc = inf B.

The precise boundary states are defined in Section 4. Their partition functions characterize
the connective constant and, when they remain bounded at β = βc, control the remaining
subexponential factor in the walk counts.

Theorem 2. (i) The critical inverse temperature βc is finite, and µ = eβc.

(ii) If βc = minB, then there are constants A ≥ 1 and p ≥ 0 such that

A−1µnn−p ≤ cn ≤ Aµnnp, n ≥ 1.

We also study regular polygonal N -gaskets. Starting from a regular N -gon, we place a
homothetic copy of the polygon at each vertex and choose the common contraction ratio at which
neighboring copies first meet. When N ≥ 3 and 4 - N , the resulting attractor is a nested fractal.

Let F
(N)
∞ be its one-sided graph. Let µN and βc,N be its connective constant and boundary-state

critical inverse temperature, respectively. At each scale, the boundary-to-boundary crossings fall
into finitely many types according to the boundary vertices they visit. We collect their partition

functions in the crossing vector C
(N)
m (β) (see the exact definition in Section 5).

These crossing functions identify the crossing critical inverse temperature directly and give
explicit connective constants when N = 6 or 9.

Theorem 3. Let N ≥ 3 and 4 - N . The crossing vector of the regular polygonal N-gasket
satisfies a closed finite-dimensional polynomial recursion. Define its crossing critical inverse
temperature by

βcr
c,N := inf

{
β ≥ 0 : sup

m≥0
‖C(N)

m (β)‖∞ <∞
}
.
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Then µN = eβ
cr
c,N .

For N ∈ {6, 9}, put τ = (
√

5− 1)/2 and dN = N/3. Then

µN =

(√
1 + 4τ1/dN − 1

2

)−1/dN

. (5)

In particular, µ6 and µ9 are algebraic numbers.

The crossing recursions contain more detailed information than is needed for Theorem 3.
Appendix A gives the complete behavior of these N -gasket recursions above, below, and at the
critical value, and Appendix B determines their off-critical rates. These results are stated there
as a complete phase diagram theorem (Theorem 5) and an off-critical rate theorem (Theorem 6).
For the Sierpiński gasket, this dynamical viewpoint originates in the work of Hattori, Hattori
and Kusuoka [11]; among the remaining polygonal recursions, the N = 5 case requires the most
detailed argument in our treatment, owing in part to its four-variable crossing recursion.

Remark 1.2. For every regular polygonal N -gasket, Theorem 5 and Proposition 5.4 show that the
boundary-state partition vectors are bounded at βc,N . By Definition 4.2, the infimum defining
βc,N is therefore a minimum; hence Theorem 2(ii) applies to these graphs.

We call the graph h-flexible if, at some finite scale, every realizable boundary connection
has two internal forest realizations whose numbers of edges differ by h. The formal definition is
given in Section 6.

This condition yields a fixed-step ratio limit. For regular polygonal N -gaskets, its smallest
possible step can be determined explicitly, while the Vicsek graph shows what can happen
without flexibility.

Theorem 4. (i) If the nested fractal graph is h-flexible, then

lim
n→∞

cn+h

cn
= µh. (6)

In particular, 1-flexibility implies

lim
n→∞

cn+1

cn
= µ.

(ii) For the regular polygonal N -gasket with N ≥ 3 and 4 - N , write

N = 4kN + `N , `N ∈ {1, 2, 3}, sN = kN + 1,

and put
hN = gcd

(
N − 2sN , 2sN − (N − 2sN )

)
.

Then hN is the smallest flexibility step. In fact, the graph is hN -flexible at scale 2, and

hN =


2, N ≡ 2 (mod 4),

3, N ≡ 9 (mod 12),

1, otherwise.

Consequently,

lim
n→∞

cn+hN

cn
= µhNN .
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(iii) The standard Vicsek graph is not h-flexible for any h ≥ 1. Its connective constant is µ =
√

2,
but, for every k ≥ 2,

c3k−2 = 2(3k+1)/2,

c3k−1 = 3 · 2(3k−3)/2,

c3k = 3 · 2(3k−1)/2.

(7)

Consequently,
c3k−1

c3k−2

=
3

4
,

c3k

c3k−1

= 2,

and the successive ratios do not converge.

The rest of the paper is organized as follows. Section 2 develops the geometry of graph cells
and establishes the basic properties of F∞. Section 3 proves the existence of the connective
constant stated in Theorem 1. Section 4 introduces the boundary-state recursion and proves
both the critical identity and the two-sided fixed-length bounds in Theorem 2. Section 5 studies
regular polygonal N -gaskets and proves Theorem 3. Section 6 proves the ratio-limit results,
determines the smallest flexibility step of each regular polygonal N -gasket, and gives the Vicsek
counterexample in Theorem 4. Appendix A gives the complete phase diagram of the crossing
recursions for regular polygonal N -gaskets, and Appendix B gives their off-critical rates.

2 Nested fractal graphs

The reflections in (NF3) preserve Euclidean distance and V0, and therefore act by automorphisms
of the nearest-neighbor graph F0. In this section, we record the graph-theoretic consequences of
the nested fractal axioms.

Proposition 2.1. The graph F0 is connected. Moreover, Fm ⊂ Fm+1 for every m, and F∞ is
an infinite, connected graph of uniformly bounded degree.

Proof. Choose u, v ∈ V0 with |u− v| = δ0. Every x ∈ V0 has a neighbor in F0: this is v when
x = u, and otherwise it is Rx,u(v), since

|Rx,u(v)− x| = |Rx,u(v)−Rx,u(u)| = |v − u| = δ0.

If F0 were disconnected, choose x, y in different components with δ∗ = |x− y| minimal, and
let z be a neighbor of x. Then |x− z| = δ0 < δ∗. Let H be the perpendicular bisector of z and
y, and set

dy = dist(y,H), dx = dist(x,H).

Since |x − z| < |x − y|, the point x lies on the same side of H as z. Projection onto the line
perpendicular to H therefore gives δ∗ ≥ dy + dx. Since z and y are also in different components,

2dy = |z − y| ≥ δ∗.

It follows that 2dx ≤ δ∗. Equality would force x and z to be the same point on the line
perpendicular to H, which is impossible. Thus 2dx < δ∗. Since Rz,y is an automorphism of
F0 and sends z to y, it maps the component containing x onto the component containing y.
Therefore x′ = Rz,y(x) is in the component of y, whereas

|x− x′| = 2dx < δ∗.

This contradicts the minimal choice of x, y. Hence F0 is connected.
For i ∈ I, set

Sm,i = Ψ
−(m+1)
0 ΨiΨ

m
0 .
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Then Sm,i is an isometry, Sm,0 is the identity, and (3) gives

Fm+1 =
M−1⋃
i=0

Sm,i(Fm).

Since Sm,0 is the identity, Fm ⊂ Fm+1. Since K is connected by (NF2), the incidence graph
of the level-m fractal cells is connected; here its vertices are the cells, and two vertices are
adjacent when the corresponding cells intersect. Otherwise, the union of the cells would split into
two disjoint nonempty compact sets. By (NF4) and (2), two adjacent cells meet at a common
boundary vertex. Since each copy of F0 is connected, their union Fm is connected. Hence F∞ is
connected. Moreover,

diam(∂Fm) = λm diam(V0),

so F∞ is infinite.
Finally, we prove that the degrees are uniformly bounded. For r ≥ 0 and α ∈ Ir, call the

subgraph Ψ−r0 Ψα(F0) an elementary copy ; it is an isometric copy of F0 in F∞. Choose a closed
ball B(xU , ρ) ⊂ U . To each elementary copy Ψ−r0 Ψα(F0), associate the ball Ψ−r0 Ψα(B(xU , ρ)).
Because the two similarities have reciprocal ratios, all these associated balls have radius ρ.

Fix x ∈ V∞, and consider any finite family of distinct elementary copies containing x. If
s ≥ r, then

Ψ−r0 Ψα(F0) = Ψ−s0 Ψs−r
0 Ψα(F0).

The composition Ψs−r
0 Ψα equals Ψβ for a word β ∈ Is, so the right-hand side is an elementary

copy. Choose s no smaller than the parameters r of all the copies in the family. The above
identity then represents every member of the family with the same parameter s. Their associated
balls are then pairwise disjoint by (NF1). If

R = max
y∈K
|xU − y|,

then the center of every associated ball is at distance at most R from x. Thus all these radius-ρ
balls lie in B(x,R+ ρ). Comparing d-dimensional volumes shows that the family contains at
most

C =

(
R+ ρ

ρ

)d
<∞.

This bound is independent of x and of the chosen family. Every edge incident with x belongs to
an elementary copy, and one copy contributes at most maxy∈V0 degF0

(y) incident edges. Hence

degF∞(x) ≤ C max
y∈V0

degF0
(y),

uniformly in x.

We shall repeatedly use finite copies of Fm inside F∞. For m ≥ 0, r ≥ m, and α ∈ Ir−m,
define

S(m)
r,α = Ψ−r0 ΨαΨm

0 , ∆m;r,α = S(m)
r,α (Fm), ∂∆m;r,α = Ψ−r0 Ψα(V0). (8)

The map S
(m)
r,α has similarity ratio one and is an isometry. Let

Tm = {∆m;r,α : r ≥ m, α ∈ Ir−m},

where repeated copies of the same subgraph are identified. An element of Tm is a graph m-cell.
When no confusion with a fractal cell can arise, we simply call it an m-cell. Thus a graph m-cell
is a finite subgraph of F∞ isometric to Fm, including all vertices and edges of that copy, and its
boundary consists of the #V0 vertices specified in (8).
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Proposition 2.2. For every m ≥ 0, Fm is an m-cell. Two distinct m-cells are either disjoint
or meet at one common boundary vertex. Consequently, every edge of F∞ lies in exactly one
m-cell. If m ≥ 1, every m-cell is the union of M (m− 1)-cells, and the union of the boundaries
of these M subcells contains v1 vertices.

Proof. The representation in (8) shows that every m-cell is a copy of Fm. If two distinct m-cells
meet, the iterated form of (NF4) says that their intersection is contained in the intersection of
their boundary sets. By (2), this intersection has at most one vertex. Thus two distinct m-cells
cannot share an edge. Conversely, every edge of F∞ belongs to an elementary copy Ψ−r0 Ψα(F0)
for some r ≥ 0. If r ≥ m, write α = α′α′′, where α′ has length r−m. Since Ψα′′(F0) ⊂ Ψm

0 (Fm),
we have

Ψ−r0 Ψα(F0) ⊂ Ψ−r0 Ψα′Ψ
m
0 (Fm) = ∆m;r,α′ .

Thus the edge is contained in the m-cell ∆m;r,α′ . If r < m, the elementary copy is one of the
copies in the union defining Fr, hence is contained in Fr ⊂ Fm = ∆m;m,∅. Thus the edge again
lies in an m-cell. Hence every edge belongs to exactly one m-cell.

If ∆ = ∆m;r,α and m ≥ 1, the decomposition in (8) gives

∆ =
M−1⋃
i=0

∆m−1;r,αi.

The graphs on the right are the M (m− 1)-subcells of ∆. Their boundary union is the image of⋃
i Ψi(V0) under the injective similarity Ψ−r0 Ψα, and hence its cardinality is

#

(
Ψ−1

0

(⋃
i

Ψi(V0)

))
= #V1 = v1.

Proposition 2.1 shows that 2 ≤ D <∞. Since F∞ is infinite, connected, and locally finite,
König’s infinity lemma gives an infinite self-avoiding ray starting at O. Consequently,

1 ≤ cn ≤ un ≤ D(D − 1)n−1, n ≥ 1. (9)

3 Existence of the connective constant

We prove Theorem 1 in two steps. First, the reflection axiom gives a local operation which moves
any boundary point of a finite cell to the distinguished root. We then combine the resulting
uniform comparison with submultiplicativity.

3.1 A convolution inequality

Lemma 3.1. For every r ≥ 0 and every x ∈ ∂Fr, there is a Euclidean isometry Ar,x whose
restriction to Fr is a graph automorphism and which satisfies Ar,x(x) = O.

Proof. Write x = Ψ−r0 (q) with q ∈ V0. If q = O, take the identity. Otherwise define

Ar,x = Ψ−r0 Rq,OΨr
0. (10)

When r = 0, the reflection Rq,O preserves V0 by (NF3) and is therefore an automorphism of
the nearest-neighbor graph F0. When r ≥ 1, (NF3) in Definition 1.1 says that Rq,O permutes
the level-r fractal cells and their boundaries. Since it preserves Euclidean distances, it also
transports every copy of the nearest-neighbor edge set E0 to the corresponding edge set. Hence
the map in (10) preserves Fr in either case. Finally,

Ar,x(x) = Ψ−r0 Rq,O(q) = Ψ−r0 (O) = O,

because Rq,O interchanges q and O, and O is fixed by Ψ0.
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Lemma 3.2. Let
η = (x0, . . . , x`), ` ≥ 1,

be a finite polygonal path in Rd, with consecutive vertices distinct. For y ∈ V∞, let Ey(η) be the
set of distinct vertex sequences

(T (x0), . . . , T (x`))

such that T is a Euclidean isometry of Rd, T (x0) = y, and

{T (xj−1), T (xj)} ∈ E(F∞), 1 ≤ j ≤ `.

Then
#Ey(η) ≤ Dd.

The same estimate holds if T (x`) = y is prescribed in place of T (x0) = y.

Proof. Set
r(η) = dim Aff(x0, . . . , x`),

where Aff(x0, . . . , x`) is the smallest affine subspace of Rd containing the vertices of η. For
0 ≤ j ≤ `, put

Aj = Aff(x0, . . . , xj).

We construct a possible image sequence from left to right. Suppose that the images

T (x0), . . . , T (xj)

have already been fixed. If xj+1 ∈ Aj , there are coefficients λ0, . . . , λj such that

xj+1 =

j∑
i=0

λixi,

j∑
i=0

λi = 1.

Every Euclidean isometry is affine. Hence every isometry compatible with these previously fixed
images must satisfy

T (xj+1) =

j∑
i=0

λiT (xi).

Thus the next image T (xj+1) is uniquely determined.
If xj+1 /∈ Aj , then T (xj+1) must be a neighbor of the already fixed vertex T (xj). There are

at most D choices. At exactly such a step,

dimAj+1 = dimAj + 1.

Since dimA0 = 0 and dimA` = r(η), the dimension increases exactly r(η) times. A factor D
occurs only at those times, and this proves the desired estimate. If the image of the terminal
vertex is prescribed, apply the result just proved to the reversed path (x`, . . . , x0).

Set
Q = v1 + 1, C = Dd.

Both constants depend only on the fixed nested fractal graph. The next proposition is the main
combinatorial estimate in the proof of the existence of the connective constant.

Proposition 3.3. For every a ∈ V∞ and n ≥ 1,

ca,n ≤
min{Q,n}∑
q=1

Cq
∑

`1+···+`q=n
`i≥1

q∏
i=1

c`i . (11)

The terms in (11) have a direct interpretation. A walk is divided into q pieces of positive
lengths `1, . . . , `q. After a suitable isometry, each piece becomes a self-avoiding walk from O,
which accounts for the product

∏
i c`i . The number of pieces is at most Q, and at most Cq

original walks can give the same q-tuple of walks from O.

10



minimal cell ∆(w)

a

z1 z2 z3

γ1 γ2 γ3 γ4

cell isometries and boundary reflections

O O O O

γ̂1 γ̂2 γ̂3 γ̂4

Figure 4: Decomposition inside the smallest cell containing the walk. The upper walk is split
whenever two consecutive edges lie in different children. The first piece is reversed, and Lemma 3.1
then moves the initial point of every piece to O.

Figure 4 illustrates the decomposition and the normalization of its pieces.

Proof. Fix a ∈ V∞ and w ∈ Wa,n. Since w has only finitely many edges, it is contained in some
Fs. By Proposition 2.2, Fs is an s-cell. Hence

m(w) = min{m ≥ 0 : some ∆ ∈ Tm contains every edge of w}

is well defined. There is only one m(w)-cell containing all the edges of w. Indeed, two such
cells would both contain the first edge of w, which is impossible by Proposition 2.2. Denote this
unique cell by ∆(w).

Suppose first that m(w) = 0. Every vertex of the 0-cell ∆(w) belongs to its boundary.
Choose a representation of ∆(w) in (8) and use the inverse of its isometry to move w to F0.
Then apply Lemma 3.1 to move its initial point to O. This produces one walk in WO,n.

Now suppose that m = m(w) ≥ 1. By Proposition 2.2, the cell ∆(w) has M children of level
m − 1, and every edge of w lies in exactly one of them. Divide w into maximal consecutive
pieces for which all edges lie in the same child. Write

w = γ1 ◦ · · · ◦ γq, γi ⊂ Λi, Λi 6= Λi+1, L(γi) = `i ≥ 1,

q∑
i=1

`i = n.

Here Λi is the child containing the edges of γi. The minimality of m implies q ≥ 2, because
otherwise all edges of w would lie in one (m− 1)-cell.

For 1 ≤ i < q, let zi be the common endpoint of γi and γi+1. The point zi lies in both Λi

and Λi+1. These children are distinct, so Proposition 2.2 shows that zi is a boundary vertex of
both. Moreover, the vertices z1, . . . , zq−1 are distinct because w is self-avoiding. The union of
the boundaries of all children of ∆(w) has v1 vertices, again by Proposition 2.2. It follows that

q − 1 ≤ v1, q ≤ Q.

This remains true if w leaves a child and later returns to it: each change from one child to
another occurs at a different vertex of w.

The first piece need not start at a boundary vertex, but it ends at z1 ∈ ∂Λ1. We therefore
reverse γ1. For i ≥ 2, the original orientation is retained, and γi starts at zi−1 ∈ ∂Λi. Thus
every oriented piece now starts at a boundary vertex of its child. For each child, choose a
representation in (8), move the corresponding piece to Fm−1 by the inverse of its isometry, and
then use Lemma 3.1. This gives a walk

γ̂i ∈ WO,`i , 1 ≤ i ≤ q.

11



Consequently, w determines q, the positive composition `1 + · · · + `q = n, and the tuple
(γ̂1, . . . , γ̂q).

It remains to estimate how many original walks can produce a fixed tuple. Fix a, q, the
lengths, and the walks γ̂1, . . . , γ̂q. Each oriented original piece is the image of the corresponding
γ̂i under a Euclidean isometry: the required isometry is the composition of the inverse boundary
automorphism from Lemma 3.1 and the corresponding isometry in (8).

When m ≥ 1, the first normalized walk represents the reverse of γ1. Its terminal image must
therefore be a. By Lemma 3.2, there are at most C = Dd possible image sequences for this
piece. Each choice determines its other endpoint, which is z1. The image of γ̂2 must start at
this prescribed vertex z1, so the same lemma gives at most C choices for the second piece. Each
of those choices determines z2. Repeating the argument piece by piece gives at most Cq possible
sequences of pieces. When m = 0, Lemma 3.2 is applied with the initial image fixed at a, and
gives the same bound C for the single piece.

Once the images of all pieces are fixed, their concatenation determines the entire walk w,
after the first piece is returned to its original orientation. Some of the image sequences counted
above may not lie in the required children, and some concatenations may fail to be self-avoiding.
Keeping these extra possibilities only enlarges the upper bound. For fixed q and fixed lengths,
there are

∏q
i=1 c`i possible tuples of walks from O. Finally, summing over 1 ≤ q ≤ min{Q,n}

and over all positive compositions of n proves (11).

Remark 3.4. Every product on the right-hand side of (11) contains at most Q rooted factors;
hence at least one factor has length at least dn/Qe. This is essential for the lower bound in
Theorem 2(ii).

3.2 Submultiplicativity and the root limit

The numbers cn are tied to the distinguished vertex O, and there is no evident submultiplicative
inequality for them. The uniform counts un, however, do satisfy such an inequality.

Lemma 3.5. For all r, s ≥ 0,
ur+s ≤ urus. (12)

Consequently, the limit

γ = lim
n→∞

1

n
log un = inf

n≥1

1

n
log un

exists and belongs to [0, log(D − 1)].

Proof. Fix a ∈ V∞, and cut a walk in Wa,r+s after its first r edges. There are at most ur choices
for the first part. Once that part is fixed, its endpoint is fixed as well. If we ignore the condition
that the remaining s edges must avoid the vertices already visited, there are at most us choices
for the second part. Thus ca,r+s ≤ urus. Taking the supremum over a proves (12).

It follows that log un is subadditive. Fekete’s lemma therefore gives the asserted limit
and the formula for its infimum. Finally, (4) and the degree estimate in Proposition 2.1 give
1 ≤ un ≤ D(D − 1)n−1, which yields 0 ≤ γ ≤ log(D − 1).

We now return to the walks from O. Taking the supremum over the starting vertex a in
Proposition 3.3, specifically in (11), gives

un ≤
min{Q,n}∑
q=1

Cq
∑

`1+···+`q=n
`i≥1

q∏
i=1

c`i . (13)

The important point in (13) is that the number of factors is bounded by the fixed constant Q,
independently of n. We use this to compare the exponential growth of cn with that of un.
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Lemma 3.6. The convolution estimate (13), together with Lemma 3.5, implies

lim
n→∞

1

n
log cn = γ.

Proof. Fix ε > 0. By Lemma 3.5, j−1 log uj → γ. Hence the finitely many small values of j can
be absorbed into a constant Aε ≥ 1 so that

uj ≤ Aε exp
(
(γ + ε)j

)
j ≥ 0.

For a fixed q, there are
(
n−1
q−1

)
positive compositions of n into q parts. Consequently, the sum

of all coefficients multiplying the products on the right-hand side of (13) is

Gn =

min{Q,n}∑
q=1

Cq
(
n− 1

q − 1

)
≤ QCQnQ−1, (14)

where we used C ≥ 1 and
(
n−1
q−1

)
≤ nQ−1. By (13), not every product on its right-hand side

can be smaller than un/Gn. Therefore there are q ≤ Q and positive integers `1, . . . , `q, with
`1 + · · ·+ `q = n, such that

q∏
i=1

c`i ≥
un
Gn

.

Let k = maxi `i, and choose one factor of this length. Since there are at most Q parts,

k ≥
⌈
n

q

⌉
≥
⌈
n

Q

⌉
.

For every other part, use c`i ≤ u`i and the preceding upper bound for u`i . The sum of those
other lengths is n− k. We obtain

ck ≥
un

GnA
q−1
ε exp

(
(γ + ε)(n− k)

) . (15)

We next compare this long rooted walk with a rooted walk of any shorter length. If 0 ≤ t ≤ k,
cutting a walk in WO,k after t edges gives

ck ≤ ctuk−t.

We now choose n = Qt. This choice guarantees that the length k selected above satisfies
k ≥ dn/Qe = t, so the last inequality can be applied. Combining it with (15) and with

uk−t ≤ Aε exp
(
(γ + ε)(k − t)

)
gives

ct ≥
uQt

GQtA
Q
ε exp

(
(γ + ε)(Q− 1)t

) . (16)

Indeed, the two exponential losses combine because

(Qt− k) + (k − t) = (Q− 1)t

and the powers of Aε are bounded by AQε , since q ≤ Q.
Taking logarithms in (16) and dividing by t gives

1

t
log ct ≥

1

t
log uQt −

1

t
logGQt −

Q

t
logAε − (Q− 1)(γ + ε).

13



By Lemma 3.5,
1

t
log uQt −→ Qγ.

Moreover, (14) shows that GQt grows polynomially in t, and hence

1

t
logGQt −→ 0,

Q

t
logAε −→ 0.

Taking the lower limit in the preceding inequality therefore yields

lim inf
t→∞

1

t
log ct ≥ Qγ − (Q− 1)(γ + ε) = γ − (Q− 1)ε.

Letting ε ↓ 0 gives

lim inf
t→∞

1

t
log ct ≥ γ.

On the other hand, ct ≤ ut by (4), and Lemma 3.5 therefore gives

lim sup
t→∞

1

t
log ct ≤ γ.

The two inequalities prove the lemma.

Proof of Theorem 1. By Lemmas 3.5 and 3.6,

lim
n→∞

c1/n
n = lim

n→∞
u1/n
n = eγ = inf

n≥1
u1/n
n .

Moreover, Proposition 2.1 and König’s infinity lemma give an infinite self-avoiding ray from O,
so cn ≥ 1. The same proposition gives the degree bound cn ≤ D(D − 1)n−1. Taking n-th roots
proves 1 ≤ µ ≤ D − 1 <∞.

4 The critical inverse temperature

In this section, Subsections 4.1 and 4.2 introduce finite boundary states and compare their
partition functions with the generating function for walks from O, thereby proving Theorem 2(i).
Subsection 4.3 combines this comparison with the finite convolution bound from Section 3 to
prove Theorem 2(ii).

For m ≥ 0, identify the boundary of Fm with V0 by

ιm : V0 −→ ∂Fm, ιm(q) = Ψ−m0 (q).

Definition 4.1 (Boundary states). A linear forest is an acyclic graph whose vertices have degree
at most two. A boundary forest in Fm is a nonempty edge subgraph Γ ⊂ Fm such that

(i) Γ is a linear forest;

(ii) every vertex of degree one belongs to ∂Fm;

(iii) every connected component contains at least one edge.

Thus every component is a self-avoiding path with two distinct endpoints in ∂Fm.
An abstract boundary forest is a nonempty linear forest whose vertex set is contained in V0

and which has no isolated vertices; equivalently, each connected component is a path containing
at least one edge. Let S be the finite set of all such abstract boundary forests. Thus an element
σ ∈ S may consist of one path or of several vertex-disjoint paths; it records only a possible finite
combination of boundary connections, not an actual walk in Fm.

To pass from the actual boundary forest Γ ⊂ Fm to its abstract boundary pattern, consider
each component of Γ in Fm. List the boundary vertices in the order in which the path meets

14



them. Keep only these listed vertices, replace each portion between two consecutive listed vertices
by one abstract edge, and relabel the retained vertices by ι−1

m . This compression operation is
called taking the boundary trace. The resulting nonempty linear forest on V0, hence an element
of S, is the boundary state of Γ, denoted by trm(Γ). It records which boundary vertices are
visited and how consecutive visits are connected along each path; it does not record the internal
vertices or the lengths of the individual portions.

For σ ∈ S, put

Cm(σ) = {Γ ⊂ Fm : Γ is a boundary forest and trm(Γ) = σ},

and, for β ≥ 0, define

Zσm(β) =
∑

Γ∈Cm(σ)

e−β#E(Γ), Zm(β) =
(
Zσm(β)

)
σ∈S . (17)

We call Zm(β) the boundary-state partition vector. We adjoin the empty state ∅ and set
Z∅
m(β) = 1.

Definition 4.2 (Critical inverse temperature). Let

B =

{
β ≥ 0 : sup

m≥0
‖Zm(β)‖∞ <∞

}
, βc = inf B, (18)

where the infimum is initially understood in the extended half-line [0,∞]. The number βc is the
critical inverse temperature of the boundary-state renormalization.

4.1 Boundary-state recursions

The boundary-state construction in Definition 4.1 retains every possible connection pattern at
the boundary of a cell. This is necessary when #V0 ≥ 4, because the intersection of one global
self-avoiding walk with a cell may have more than one path component.

The order retained in Definition 4.1 matters. For example, a component whose boundary
trace is q0 − q1 − q2 has degree two at q1, whereas a component with trace q0 − q2 does not use
q1.

Fm

ιm(q0) ιm(q1)

ιm(q2) ιm(q3)

take the trace

q0 q1

q2 q3

boundary state σ

Figure 5: A boundary forest and its boundary state. Internal vertices and the shapes of the two
paths are suppressed, while their boundary connections are retained.

Figure 5 records precisely the information kept by a boundary state.

Proposition 4.3. There is a polynomial map

Φ : RS+ −→ RS+

with nonnegative integer coefficients such that

Zm+1(β) = Φ
(
Zm(β)

)
, m ≥ 0, β ≥ 0. (19)

The map depends only on the incidence pattern of the first-level fractal cells and the identifications
of their boundary vertices.
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Proof. Let S0 = S ∪ {∅}. For a tuple σ = (σ0, . . . , σM−1) ∈ SM0 , transport σi to the boundary
Ψi(V0) of the first-level fractal cell Ψi(K), and identify vertices which represent the same point.
This produces an abstract graph whose vertex set is contained in

M−1⋃
i=0

Ψi(V0).

We call the tuple admissible if this graph is acyclic, has maximum degree at most two, and every
vertex of degree one belongs to V0, the boundary of the parent cell. Suppressing all vertices
outside V0 then produces a well-defined state in S. Let Cσ be the finite set of admissible tuples
whose resulting state is σ.

We claim that

Zσm+1(β) =
∑
σ∈Cσ

M−1∏
i=0

Zσim (β), Z∅
m(β) = 1. (20)

Indeed, Proposition 2.2 assigns every edge of Fm+1 to a unique m-subcell. Restricting a boundary
forest to these subcells therefore gives a unique tuple in SM0 . Any degree-one vertex created by
the restriction lies on the boundary of the corresponding subcell. After the portions of the forest
inside each child copy of Fm have been compressed to their child states, the resulting abstract
union records the original forest, including the junctions at the junction vertices in the interior
of the parent cell that arise from the boundaries of its m-subcells. Suppressing these internal
junctions gives exactly the boundary state of the original forest. Hence the tuple is admissible.

Conversely, let σ = (σ0, . . . , σM−1) ∈ Cσ. For each i ∈ {0, . . . ,M − 1}, choose a forest
Γi ∈ Cm(σi) when σi 6= ∅, and set Γi = ∅ when σi = ∅. Distinct child copies of Fm have disjoint
edge sets and meet only at boundary vertices by Proposition 2.2. More precisely, admissibility
means that

⋃
i Γi is acyclic, every vertex of this union has degree at most two, and every

degree-one vertex belongs to the boundary V0 of the parent cell. Therefore
⋃
i Γi is a boundary

forest with state σ.
These two operations are inverse to each other. Moreover, the edge sets of distinct child

copies are disjoint. Hence the number of edges in the union is the sum of the edge counts in the
children, while its weight is the product of their weights. Summing over all admissible tuples
proves (20).

The first-level incidence pattern is the same at every scale, so the finite sets Cσ do not depend
on m. Collecting (20) over σ ∈ S gives (19).

We also require states with one free endpoint. A marked boundary forest in Fm is a pair
(Γ, ξ), where Γ satisfies conditions (i) and (iii) of Definition 4.1, ξ is a distinguished degree-one
vertex, and every degree-one vertex other than ξ belongs to ∂Fm. The point ξ is allowed to lie
on ∂Fm. We introduce a new formal symbol ?, which is not a vertex of Fm or V0, to represent a
marked endpoint lying in the interior of Fm. The marked boundary trace tr•m(Γ, ξ) is defined by
applying the same compression procedure to (Γ, ξ), with the following modification: if ξ ∈ ∂Fm,
the corresponding vertex ι−1

m (ξ) ∈ V0 is marked; if ξ /∈ ∂Fm, the symbol ? is marked instead.
In both cases the trace records which component contains the marked point. Let S• be the
resulting finite set of marked states, and set

Aσ
•
m (β) =

∑
(Γ,ξ) marked
tr•m(Γ,ξ)=σ•

e−β#E(Γ), Am(β) =
(
Aσ
•
m (β)

)
σ•∈S• .

Proposition 4.4. There is a matrix L(x), whose entries are polynomials in x = (xσ)σ∈S with
nonnegative integer coefficients, such that

Am+1(β) = L
(
Zm(β)

)
Am(β). (21)
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Consequently, if supm ‖Zm(β)‖∞ <∞, then there is Cβ <∞ such that

‖Am(β)‖∞ ≤ Cm+1
β , m ≥ 0. (22)

Proof. The marked vertex ξ has degree one in Γ, so exactly one edge of Γ is incident with ξ. By
Proposition 2.2, this edge belongs to exactly one child copy of Fm. We put the mark on that
child restriction. Every other nonempty child restriction is an unmarked boundary forest, even
if its copy shares the boundary vertex ξ.

For a fixed marked state of the parent cell, whether a given collection of child states can
be joined to form that parent state is determined solely by the child states, as in the proof
of Proposition 4.3. Therefore each parent marked partition function is a finite sum of terms
consisting of exactly one marked factor and at most M − 1 unmarked factors. This gives the
exact linear recursion (21).

If ‖Zm(β)‖∞ ≤ Kβ for all m, the finitely many entries of L are bounded on the cube [0,Kβ ]S .
Hence

‖Am+1(β)‖∞ ≤ Cβ‖Am(β)‖∞
for some Cβ < ∞. Iteration, with one further increase of Cβ to include ‖A0(β)‖∞, proves
(22).

Since all terms in (17) are nonnegative, Zm(β′) ≤ Zm(β) coordinatewise whenever β′ ≥ β.
Hence β ∈ B and β′ ≥ β imply β′ ∈ B. Proposition 4.3 gives the fixed finite-dimensional
polynomial recursion for the boundary-state partition functions, while Proposition 4.4 gives
the corresponding linear recursion and growth estimate for marked partition functions. We use
these two recursions below to analyze bounded orbits and the critical inverse temperature in
Definition 4.2.

4.2 Comparison with rooted walks

Lemma 4.5. There are constants c0, c1 < ∞, depending only on the graph, such that every
self-avoiding walk of length n starting at O is contained in Fm(n), where

m(n) ≤ c0 + c1 log(n+ 1).

Proof. By the definition of δ0, every edge has length δ0, and distinct points of V0 are at least δ0

apart. The degree of O is finite and F∞ =
⋃
m Fm, so there is m0 such that every edge incident

with O belongs to Fm0 . For n ≥ 1, choose

m(n) = max {m0, dlogλ(n+ 1)e} .

Suppose that a self-avoiding walk w from O has an edge outside Fm(n), and consider its
first such edge. Its initial vertex is a point at which Fm(n) meets a different m(n)-cell. By
Proposition 2.2, this point belongs to ∂Fm(n). It cannot be O: an exit through O on the first
step is excluded by the choice of m0, and a later exit through O would revisit the initial vertex.
The walk must therefore reach ιm(n)(q) for some q ∈ V0 \ {O} before it exits. The length of the
part already traversed is at least

|ιm(n)(q)−O|
δ0

=
λm(n)|q −O|

δ0
≥ λm(n) ≥ n+ 1 > n,

which is impossible. Thus w ⊂ Fm(n). The asserted logarithmic bound follows immediately from
the definition of m(n).

For β ≥ 0, let

χ(β) =

∞∑
n=0

cne
−βn, (23)

be the rooted self-avoiding walk susceptibility, or equivalently its length-generating function.
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Proposition 4.6. For every β ≥ 0, the following implications hold.

(i) If β ∈ B, then χ(β′) <∞ for every β′ > β.

(ii) If χ(β) <∞, then β ∈ B.

Proof. First suppose that β ∈ B. By Proposition 4.4, there is Cβ ≥ 1 such that (22) holds. Fix
n ≥ 1, and use Lemma 4.5 to choose m = m(n). Every w ∈ WO,n, marked at its terminal vertex,
is a marked boundary forest in Fm, because its other endpoint is O ∈ ∂Fm. Consequently,

cne
−βn ≤

∑
σ•∈S•

Aσ
•
m (β) ≤ #S•Cm+1

β ≤ C(n+ 1)κβ

for constants C, κβ <∞ which may depend on β, but not on n. If β′ > β, it follows that

cne
−β′n ≤ C(n+ 1)κβe−(β′−β)n.

The series on the right is summable, and hence χ(β′) <∞. This proves (i).
For (ii), suppose that χ(β) <∞, and fix σ ∈ S. Let k be the number of components of σ.

The state σ specifies the two endpoints of each component and determines which boundary
vertices belong to the same component. Order the components using the fixed order q0, . . . , qb−1

of V0, and orient each one from the endpoint with the smaller index to the other endpoint.
For Γ ∈ Cm(σ), write its components as Γ(1), . . . ,Γ(k). The initial vertex of every oriented
component belongs to ∂Fm. Applying Lemma 3.1 to all components produces an ordered k-tuple
of nonempty self-avoiding walks starting at O, with the same respective lengths.

The map from Γ to this tuple is injective. Indeed, the initial boundary vertex of each
component is fixed by σ, so the inverse of the corresponding automorphism in Lemma 3.1
recovers that component. If `i = #E(Γ(i)), then

#E(Γ) = `1 + · · ·+ `k.

Using (17) and dropping the requirements that the recovered components be mutually disjoint
and have state σ, we obtain

Zσm(β) ≤
∑

`1,...,`k≥1

k∏
i=1

c`ie
−β`i =

(
χ(β)− 1

)k
.

The number k is bounded by b, and there are only finitely many states. Hence supm ‖Zm(β)‖∞ <
∞, so β ∈ B, as required.

Proof of Theorem 2(i). By (9), χ(β) <∞ whenever β > log(D−1). Proposition 4.6(ii) therefore
shows that B 6= ∅, so βc <∞.

Define the susceptibility threshold

βχ = inf{β ≥ 0 : χ(β) <∞}.

If β ∈ B, Proposition 4.6(i) gives χ(β′) < ∞ for every β′ > β. Hence βχ ≤ β, and taking the
infimum over β ∈ B yields

βχ ≤ βc.

Conversely, if χ(β) <∞, then Proposition 4.6(ii) gives β ∈ B. Taking the infimum over such β
yields

βc ≤ βχ.
Thus βc = βχ.

Finally, Theorem 1 gives

lim
n→∞

(
cne
−βn)1/n = µe−β.

The root test applied to (23) shows that χ(β) converges for β > logµ and diverges for β < logµ.
Therefore βχ = logµ, and hence βc = logµ. Equivalently, µ = eβc , as claimed.
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4.3 Polynomial bounds

We now prove Theorem 2(ii), assuming that the infimum in (18) is attained. The upper-bound
argument is the boundary-state form of the scale-localization method used by Hattori and
Kusuoka on the Sierpiński gasket [13]. Their lower bound used a detailed analysis of the critical
two-variable recursion; the lower bound below instead follows from the finite convolution estimate
(13).

Proof of Theorem 2(ii). Assume that βc = minB. By Theorem 2(i), µ = eβc .
Upper bound. Since βc ∈ B, Proposition 4.4 applies at β = βc. Together with Lemma 4.5, it

gives constants K ≥ 1 and a ≥ 0 such that, for n ≥ 1,

cne
−βcn ≤ #S• ‖Am(n)(βc)‖∞ ≤ K(n+ 1)a.

Since n+ 1 ≤ 2n for n ≥ 1, increasing K gives

cn ≤ Kµnna, n ≥ 1.

Lower bound. Recall the constants C,Q from Proposition 3.3 and the quantity Gn from (14).
Put

s = Q− 1 + aQ, B = QCQKQ.

The upper bound just proved, together with (13) and (14), gives

uj ≤ GjKQµjjaQ ≤ Bµjjs, j ≥ 1.

Fix t ≥ 1 and set n = Qt. Since µ = infj≥1 u
1/j
j by Theorem 1, we have un ≥ µn. By (13)

and (14), there are q ≤ Q and positive integers `1, . . . , `q, with `1 + · · ·+ `q = n, such that

q∏
i=1

c`i ≥
un
Gn
≥ µn

QCQnQ−1
.

Let k = maxi `i. Then k ≥ dn/Qe = t. Applying the upper bound to all factors except one of
length k yields ∏

i 6=i∗

c`i ≤ K
q−1µn−kna(q−1), `i∗ = k.

Since q ≤ Q, the definitions of B and s therefore give

ck ≥ B−1µkn−s.

On the other hand, cutting a rooted k-step walk after t edges gives

ck ≤ ctuk−t ≤ Bctµk−t(k − t+ 1)s.

Here the last inequality follows from the preceding bound when k > t, and from u0 = 1 when
k = t, after increasing B if necessary. Since k ≤ n = Qt, both n and k − t+ 1 are at most Qt.
Combining the last two estimates gives

ct ≥ B−2Q−2sµtt−2s.

Taking p = 2s and increasing a single constant A ≥ 1 to cover both bounds proves the
assertion.

We conclude this section with a useful criterion for the uniform boundedness of Zm(β).
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Remark 4.7. For distinct i, j ∈ {0, . . . , b − 1}, let eij ∈ S be the abstract boundary forest
consisting of the single edge {qi, qj}, and put

P ijm (β) = Z
eij
m (β).

Then
sup
m≥0
‖Zm(β)‖∞ <∞ ⇐⇒ sup

m≥0
max
i 6=j

P ijm (β) <∞.

Indeed, put Pm(β) = maxi 6=j P
ij
m (β). Fix σ ∈ S and Γ ∈ Cm(σ). Cutting each component of

Γ at its successive visits to ∂Fm produces, for every abstract edge {qi, qj} of σ, a self-avoiding
path in Cm(eij). These paths partition the edge set of Γ. The resulting tuple determines Γ, and
its weights multiply. Hence

Zσm(β) ≤
∏

{qi,qj} an edge of σ

P ijm (β).

Since σ is a linear forest on at most b vertices, it has at most b− 1 edges. Consequently,

Pm(β) ≤ ‖Zm(β)‖∞ ≤ max{1, Pm(β) b−1}.

5 Polygonal N-gaskets

This section proves Theorem 3. We first determine the contact geometry of the first-level fractal
cells and the exact crossing recursions. We then compare the crossing critical inverse temperature
with the critical inverse temperature of the boundary-state renormalization and compute the
connective constants for N = 6 and N = 9. The complete dynamics of the recursions is given in
Appendix A.

Definition 5.1 (Regular polygonal N -gaskets). Let N ≥ 3 with 4 - N . Identify R2 with C, and
put

qj = exp(2πij/N), V
(N)

0 = {qj : j ∈ Z/NZ}.

Let F
(N)
0 be the cycle on V

(N)
0 . Write

kN = bN/4c, `N = N − 4kN , sN = kN + 1,

and define

ρN =
sin(π/N)

sin(π/N) + sin((2sN − 1)π/N)
, Ψ

(N)
j (x) = qj + ρN (x− qj).

The attractor of the N homotheties {Ψ(N)
j : j ∈ Z/NZ} is the regular polygonal N-gasket. Its

finite graphs and its one-sided graph are denoted by F
(N)
m and F

(N)
∞ . In the construction (3), the

indices are relabeled by Z/NZ, the root is O = q0, and Ψ
(N)
0 is the map fixing O. The number

ρN is the first-contact ratio [20, Section 7]. When 4 | N , two consecutive first-level fractal cells

in the first-contact construction share a non-degenerate line segment. Since V
(N)

0 is finite, this
intersection cannot equal the intersection of their boundary vertex sets. Thus (NF4) fails, so
this construction is not a nested fractal and is excluded from the definition.
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ζ0

q0 q0

(a) the 5-gasket (b) the 6-gasket

Figure 6: First-level polygonal hulls for two polygonal N -gaskets. The dashed polygon has

vertex set V
(N)

0 , and each blue polygon is the hull of one first-level fractal cell. In (a), ζ0 marks
the contact point between two adjacent first-level fractal cells.

Figure 6 illustrates the first-contact construction. For a fixed polygonal N -gasket, put

aj,m = (Ψ
(N)
0 )−m(qj), j ∈ Z/NZ, m ≥ 0.

A crossing of F
(N)
m is a self-avoiding walk between two prescribed distinct vertices of ∂F

(N)
m .

If N /∈ {3, 5}, define

X(N)
m (β) =

∑
w:a0,m→asN ,m

w self-avoiding in F
(N)
m

e−βL(w),

Y (N)
m (β) =

∑
w:a−sN ,m→asN ,m

w self-avoiding in F
(N)
m

e−βL(w).
(24)

Thus X
(N)
m joins a0,m to asN ,m, whereas Y

(N)
m joins a−sN ,m to asN ,m.

For N = 3, let xm(β) and ym(β) be the partition functions of crossings between two fixed
boundary vertices which, respectively, avoid and visit the third boundary vertex. For N = 5,
let φ1,m(β) and φ2,m(β) count crossings from a0,m to a2,m which, respectively, avoid and visit
a−2,m; let θ1,m(β) and θ2,m(β) count crossings from a−2,m to a2,m which, respectively, avoid and
visit a0,m. In each case the weight of a walk is e−βL(w). Define the crossing vector

C(N)
m (β) =


(xm(β), ym(β)), N = 3,

(φ1,m(β), φ2,m(β), θ1,m(β), θ2,m(β)), N = 5,

(X
(N)
m (β), Y

(N)
m (β)), N /∈ {3, 5},

and its crossing critical inverse temperature by

βcr
c,N = inf

{
β ≥ 0 : sup

m≥0
‖C(N)

m (β)‖∞ <∞
}
. (25)

The infimum is understood in [0,∞]. Let µN and βc,N denote, respectively, the connective

constant and the critical inverse temperature of F
(N)
∞ , with the latter defined by Definition 4.2.

Throughout this section, fix N ≥ 3 with 4 - N . We use the polygonal N -gasket from

Definition 5.1 and omit the superscript (N) from F
(N)
m and F

(N)
∞ , and also from X

(N)
m and Y

(N)
m .

5.1 Geometry and crossing recursions

The following proposition describes the contact pattern that determines the crossing recursions.

For a first-level fractal cell Ψ
(N)
j (K), the fixed point qj of Ψ

(N)
j is called its outer vertex.

More generally, when a parent fractal cell is decomposed into its immediate fractal subcells, the
corresponding image of qj is called the outer vertex of the j-th subcell.
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Proposition 5.2. The following statements hold.

(i) The polygonal N -gasket satisfies (NF1)–(NF4) and the one-point intersection condition (2).

(ii) The incidence graph of its first-level fractal cells is the cycle graph CN on Z/NZ, with an
edge between j and j + 1 for each j modulo N .

(iii) The outer vertex of a first-level fractal cell is its unique vertex in V
(N)

0 . Fix such a fractal

cell and identify its boundary with V
(N)

0 by applying the inverse cell map followed by a
dihedral relabeling that sends its outer vertex to q0. Under this identification, its contact
points with the previous and next first-level fractal cells in the cyclic order correspond to
q−sN and qsN , respectively.

Proof. We first prove (ii) and (iii). The standard first-contact calculation for two consecutive
homothetic regular N -gons gives

Ψ
(N)
0 (qsN ) = Ψ

(N)
1 (q1−sN ).

For 4 - N , this is the unique contact of the two fractal cells. Rotating the identity by one step in
the opposite direction also gives

Ψ
(N)
−1 (qsN−1) = Ψ

(N)
0 (q−sN ).

Thus, under (Ψ
(N)
0 )−1, the contact points of the first-level fractal cell Ψ

(N)
0 (K) with Ψ

(N)
−1 (K)

and Ψ
(N)
1 (K) correspond to q−sN and qsN , respectively. A dihedral symmetry gives the same

normalized description for every first-level fractal cell.
Rotating the configuration gives one contact for every consecutive pair, while nonconsecutive

polygonal hulls are disjoint at the first-contact ratio [20, Section 7]. Hence the incidence graph

is CN . Moreover, each first-level polygonal hull contains only its fixed point from V
(N)

0 , so this
fixed point is the unique outer vertex of the corresponding fractal cell. This proves (ii) and (iii),
as well as the first-level form of (NF4) and the one-point intersection condition.

It remains to prove (i). The interiors of the first-level polygonal hulls give (NF1), their cyclic
contact pattern gives (NF2), and the dihedral symmetries of the regular polygon give (NF3).
The preceding contact description gives (NF4) at the first level, and iteration gives the one-point
intersection condition at every level.

The symbols S, Cm(σ), and Zm refer to the boundary states, boundary forests, and boundary-
state partition vector of this polygonal N -gasket. The resulting recursions are as follows. Every
quantity in the proposition is evaluated at the same fixed β ≥ 0.

Proposition 5.3. If N = 4kN + `N /∈ {3, 5}, where `N ∈ {1, 2, 3}, then the functions in (24)
satisfy

X0 = e−(kN+1)β + e−(3kN+`N−1)β, Y0 = e−2(kN+1)β + e−(2kN+`N−2)β,

Xm+1 = X2
m

(
Y kN
m + Y 3kN+`N−2

m

)
, Ym+1 = X2

m

(
Y 2kN+`N−3
m + Y 2kN+1

m

)
.

(26)

For N = 3,

x0 = e−β, y0 = e−2β,

xm+1 = (xm + ym)2 + x2
m(xm + 2ym), ym+1 = xmym(xm + 2ym).

(27)

For N = 5, put
φ̄m = φ1,m + φ2,m, θ̄m = θ1,m + θ2,m.

22



Then
(φ1,0, φ2,0, θ1,0, θ2,0) = (e−2β, e−3β, e−β, e−4β),

φ1,m+1 = φ̄2
mθ̄m(1 + θ1,m),

φ2,m+1 = φ̄2
mθ̄mθ2,m,

θ1,m+1 = φ̄2
m + θ̄2

mθ1,mφ1,m(φ1,m + 2φ2,m),

θ2,m+1 = θ̄2
mθ2,mφ1,m(φ1,m + 2φ2,m).

(28)

Proof. At level zero, F0 = CN , so the two paths between any prescribed pair of vertices are the
two polygonal arcs. Their lengths give all the initial conditions in (26)–(28).

Inside an (m + 1)-cell, label the m-subcells ∆0, . . . ,∆N−1 so that ∆j contains the outer
vertex aj,m+1, and put

ζj = ∆j ∩∆j+1.

By Proposition 5.2(i)–(ii) and self-similarity, ζj is the unique contact between two consecutive
subcells, and each subcell meets the rest of the parent only at its two contacts ζj−1 and ζj . By
Proposition 2.2, each edge belongs to a unique m-subcell. For a crossing, its subcell itinerary is
the sequence of m-subcells containing its successive edges, with consecutive repetitions deleted.
Once a crossing enters and leaves an internal subcell, both contacts have been used, so self-
avoidance prevents a later return. An endpoint subcell cannot be re-entered either, since the
other endpoint lies in a different subcell. Hence the subcell itinerary is one of the two simple arcs
of CN . Dihedral symmetry identifies every local orientation of a piece with the corresponding
partition function.

We first prove (26). An X-crossing has two endpoint pieces of type Xm. Its short arc has
sN − 1 = kN interior pieces of type Ym, and its long arc has

N − sN − 1 = 3kN + `N − 2

such pieces. This gives the recursion for Xm+1. For a Y -crossing, the two arcs have

2sN − 1 = 2kN + 1 and N − 2sN − 1 = 2kN + `N − 3

interior cells. This gives the recursion for Ym+1. Since sN = bN/4c+ 1, the endpoint cells of an
X-crossing are adjacent only when N = 3. For a Y -crossing, they are adjacent precisely when
N − 2sN = 1, equivalently when N ∈ {3, 5}. Thus, in the present case N /∈ {3, 5}, neither pair
of endpoint cells is adjacent, and multiplication of the child partition functions is exact.

For N = 3, consider a crossing from a0,m+1 to a1,m+1. The direct itinerary (∆0,∆1) avoids
a2,m+1, and each of its two pieces may either avoid or visit its contact with ∆2. The two contacts
are distinct, so the total contribution is (xm + ym)2.

The long itinerary is (∆0,∆2,∆1). Its two endpoint subcells also meet at one common
contact. Either endpoint piece may visit that contact, but not both, since the resulting walk
would otherwise repeat the vertex. The total weight of the allowed endpoint choices is therefore

(xm + ym)2 − y2
m = xm(xm + 2ym).

The middle piece has type xm when the parent crossing avoids a2,m+1, and type ym when it
visits that vertex. The long itinerary consequently contributes x2

m(xm + 2ym) to xm+1 and
xmym(xm + 2ym) to ym+1. This proves (27), the two-variable recursion introduced in [11].

It remains to prove (28). Consider first a crossing from a0,m+1 to a2,m+1. Its short itinerary
(∆0,∆1,∆2) has two endpoint pieces of total weight φ̄2

m and one interior piece of weight θ̄m.
It avoids a3,m+1, so its contribution to φ1,m+1 is φ̄2

mθ̄m. The long itinerary is (∆0,∆4,∆3,∆2).
The piece in ∆4 has total weight θ̄m, whereas the piece in ∆3 has weight θ1,m or θ2,m, according
as it avoids or visits its outer vertex a3,m+1. Hence the long itinerary contributes φ̄2

mθ̄mθ1,m to
φ1,m+1 and φ̄2

mθ̄mθ2,m to φ2,m+1.
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Next, consider a crossing from a−2,m+1 = a3,m+1 to a2,m+1. Its short itinerary (∆3,∆2)
contributes φ̄2

m and avoids a0,m+1, so it contributes φ̄2
m to θ1,m+1. Its long itinerary is

(∆3,∆4,∆0,∆1,∆2). The pieces in ∆4 and ∆1 contribute θ̄2
m. The middle piece in ∆0 has

type θ1,m or θ2,m, according as the parent crossing avoids or visits a0,m+1. The endpoint cells
of the long itinerary share one common contact. Both endpoint pieces may visit it, but not
simultaneously. The total weight of the allowed endpoint choices is

φ̄2
m − φ2

2,m = φ1,m(φ1,m + 2φ2,m).

Multiplication of these factors gives the two θ-recursions and completes the proof of (28).

Proposition 5.4. For every β ≥ 0,

sup
m≥0
‖C(N)

m (β)‖∞ <∞ ⇐⇒ sup
m≥0
‖Zm(β)‖∞ <∞.

Consequently, βcr
c,N = βc,N .

Proof. Each partition function defining C
(N)
m (β) is a finite sum of partition functions in Zm(β):

a crossing is a one-component boundary forest, and its boundary state records the additional
boundary vertices, if any, which the crossing visits. Thus

sup
m≥0
‖Zm(β)‖∞ <∞ =⇒ sup

m≥0
‖C(N)

m (β)‖∞ <∞.

Conversely, suppose that ‖C(N)
m (β)‖∞ ≤ K for every m. Define the two total crossing weights

by

Om =


xm + ym, N = 3,

φ̄m, N = 5,

Xm, N /∈ {3, 5},
Pm =


xm + ym, N = 3,

θ̄m, N = 5,

Ym, N /∈ {3, 5}.

Both quantities are at most 2K.
For distinct i, j ∈ Z/NZ, let P ijm(β) be the one-edge partition function from Remark 4.7.

The same contact argument used in the proof of Proposition 5.3 shows that a path counted by
P ijm (β) has one of the two simple arcs of CN as its subcell itinerary. Let r ∈ {1, . . . , N − 1} be
determined by j − i ≡ r (mod N). Discarding possible intersections between the pieces gives,
for m ≥ 1,

P ijm (β) ≤ O 2
m−1

(
P r−1
m−1 + PN−r−1

m−1

)
.

Since N is fixed, the right-hand side is bounded uniformly in m, i, j; the finitely many level-zero
values are bounded as well. Remark 4.7 now gives supm ‖Zm(β)‖∞ < ∞, which proves the
reverse implication. Taking the infima in (25) and (18) proves the desired equality of critical
inverse temperatures.

5.2 Critical values and connective constants

Proof of Theorem 3. Proposition 5.2(i) places F
(N)
∞ in the class of nested fractal graphs consid-

ered in Theorems 1 and 2. The closed polynomial recursions are given in Proposition 5.3. By
Proposition 5.4 and Theorem 2(i),

βcr
c,N = βc,N = logµN .

It remains to compute this value when N = 6 or N = 9. In these two cases the initial
crossing variables in (26) are equal, and the recursion preserves their equality. Writing their
common value as tm, we have

t0 = e−dNβ + e−2dNβ, tm+1 = F (tm), F (u) = udN+1 + u2dN+1.
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The fixed points of F in [0,∞) are 0 and

t∗ = τ1/dN ,

because, for u > 0, F (u) = u is equivalent to udN + u2dN = 1, whose unique solution is t∗ since
τ + τ2 = 1. Moreover,

F (u)− u = u
(
udN + u2dN − 1

)
, sgn

(
F (u)− u

)
= sgn(u− t∗) (u > 0),

since u 7→ udN + u2dN is strictly increasing. If t0 < t∗, induction gives 0 < tm+1 < tm < t∗; its
limit is a fixed point below t∗, hence tm → 0. If t0 = t∗, then tm = t∗ for every m. If t0 > t∗,
induction gives tm+1 > tm > t∗; if the sequence were bounded, its limit would be a fixed point
above t∗, which is impossible. Hence tm →∞.

Consequently, the crossing orbit is bounded exactly when

e−dNβ + e−2dNβ ≤ τ1/dN .

Since the left-hand side decreases continuously from 2 to 0 as β runs from 0 to ∞, (25) shows
that βcr

c,N is the unique positive solution of

e−dNβ
cr
c,N + e−2dNβ

cr
c,N = τ1/dN .

Setting z = e−dNβ
cr
c,N gives

z + z2 = τ1/dN , z =

√
1 + 4τ1/dN − 1

2
.

Since µN = eβ
cr
c,N , this is precisely (5).

6 Ratio limits

We prove Theorem 4(i) as follows. In Subsection 6.1, Lemma 6.2 gives the state-preserving cell
surgery, and Proposition 6.3 gives the positive-density estimate for canonical cell patterns. In
Subsection 6.2, the marked identities of Lemma 6.4 convert this abundance, under the flexibility
hypothesis, into the regularity estimates of Proposition 6.5, and Lemma 6.6 then gives ratio
convergence. Theorem 4(i) is a finite-ramification version of the local replacement mechanism in
ratio theorems such as Kesten’s [16]. Subsection 6.3 verifies the hypothesis for the Sierpiński
gasket. Subsection 6.4 determines the smallest flexibility step for every polygonal N -gasket,
thereby proving Theorem 4(ii), and Subsection 6.5 proves part (iii).

Definition 6.1 (Finite-scale flexibility). For r ≥ 1, let

Sr = {σ ∈ S : Cr(σ) 6= ∅}.

Given an integer h ≥ 1, the graph is h-flexible at scale r if, for every σ ∈ Sr, there are forests

Γ−σ ,Γ
+
σ ∈ Cr(σ) such that #E(Γ+

σ ) = #E(Γ−σ ) + h.

Thus every realizable way of connecting the boundary of an r-cell has two internal realizations
whose lengths differ by exactly h. The graph is h-flexible if it is h-flexible at some finite scale;
such an h is called a flexibility step.
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6.1 Local surgery and canonical patterns

Fix a scale r ≥ 1. For each r-cell ∆, fix one of the isometries

S∆ : Fr −→ ∆

provided by (8). If w traverses an edge of ∆, let Γ∆(w) be the edge subgraph of ∆ consisting of
all edges of w that belong to ∆.

Lemma 6.2. Let w be a self-avoiding walk, and let ∆ be an r-cell which contains neither endpoint
of w. If Γ∆(w) 6= ∅, then S−1

∆ Γ∆(w) is a boundary forest in Fr. Moreover, it may be replaced by
any other boundary forest with the same boundary state. The replacement yields a self-avoiding
walk with the same endpoints as w. Such replacements may be performed simultaneously in any
finite collection of distinct r-cells.

Proof. Since ∆ contains neither endpoint of w, every degree-one vertex of Γ∆(w) lies in ∂∆, so
its pullback is a boundary forest. By Proposition 2.2, the unchanged part of w meets ∆ only
at boundary vertices, whose degrees and connections are recorded by the boundary state. A
same-state replacement therefore reconnects the unchanged pieces in the same order without a
new intersection. Since distinct r-cells have disjoint edges and share only boundary vertices, the
replacements may be performed simultaneously.

The next proposition gives the positive-density estimate for canonical cell patterns.

Proposition 6.3. Fix r ≥ 1. For each σ ∈ Sr, fix a forest Γσ ∈ Cr(σ). For a walk w and an
r-cell ∆ that contains neither endpoint of w and satisfies Γ∆(w) 6= ∅, put

σ∆(w) = trr
(
S−1

∆ Γ∆(w)
)
.

We call ∆ canonical for w if
S−1

∆ Γ∆(w) = Γσ∆(w).

Let mr(w) be the number of canonical r-cells of w. There is a constant a > 0 such that

lim sup
n→∞

#{w ∈ WO,n : mr(w) ≤ banc}1/n < µ. (29)

Proof. Put er = #E(Fr), and let Jr be the number of nonempty edge subgraphs of Fr; it is
enough to use the bound Jr ≤ 2er . Every edge of a walk belongs to one r-cell by Proposition 2.2,
and one r-cell contains at most er of its edges. Hence an n-step walk traverses edges in at least
dn/ere distinct r-cells.

A vertex belongs to at most D distinct r-cells. Indeed, if it belongs to more than one, it is a
boundary vertex of each of them, and each cell contributes a different incident edge; the degree
is at most D. After discarding the cells which contain one of the two endpoints of the walk, at
least ⌈

n

er

⌉
− 2D

cells remain. Thus, with $r = (2er)
−1, every sufficiently long walk has at least d$rne endpoint-

free cells with a nonempty restriction.
Let Bn(a) denote the cardinality of the set in (29). Choose a, δ > 0 with a+ δ < $r, and

put k = bδnc. From each walk counted by Bn(a), choose k of its endpoint-free cells whose
restrictions are not canonical. There are at least(

b($r − a)nc
k

)
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choices. In each chosen cell replace the restriction by the canonical forest having the same
boundary state. By Lemma 6.2, all k replacements can be made simultaneously and the output
is a self-avoiding walk with the same endpoints. Each replacement changes the length by at
most er, so the output length lies between n− erk and n+ erk.

The chosen cells were noncanonical before replacement, and no unchosen restriction is
changed. Hence the output has exactly k more canonical cells than the input, and therefore at
most k + banc canonical cells. Given an output, the modified cells must be chosen among these
canonical cells; there are at most (

k + banc
k

)
ways. In each selected cell there are at most Jr possible original restrictions. Keeping choices
which do not reconstruct a valid walk only enlarges the bound. We have proved

Bn(a)

(
b($r − a)nc

k

)
≤ Jkr

(
k + banc

k

) ∑
j≥0

|j−n|≤erk

cj . (30)

Let H(t) = −t log t− (1− t) log(1− t), with H(0) = H(1) = 0. For every λ > µ, Theorem 1
gives a constant Cλ <∞ such that

cj ≤ Cλλj , j ≥ 0.

Apply
(
q
p

)
≤ exp

(
qH(p/q)

)
to the binomial coefficient(

k + banc
k

)
on the right-hand side of (30). Apply the Stirling lower bound

(
q
p

)
≥ exp

(
qH(p/q)− o(q)

)
to

the binomial coefficient (
b($r − a)nc

k

)
on the left-hand side of (30). Using cj ≤ Cλλj and

∑
|j−n|≤erk cj ≤ C

′
λ,rλ

n+erk, divide (30) by
its left-hand binomial coefficient and take n-th roots. Since

k

n
−→ δ,

k + banc
n

−→ δ + a,
b($r − a)nc

n
−→ $r − a,

the factor Jkr contributes δ log Jr to the logarithm of the resulting upper bound. The two
binomial coefficients contribute, respectively,

(δ + a)H
(

δ

δ + a

)
and − ($r − a)H

(
δ

$r − a

)
,

while the sum over j contributes at most (1 + erδ) log λ. It follows that

lim sup
n→∞

Bn(a)1/n ≤ λ1+erδ exp

{
δ log Jr + (δ + a)H

(
δ

δ + a

)
− ($r − a)H

(
δ

$r − a

)}
.

Set a = δ2. Then

(δ + δ2)H
(

δ

δ + δ2

)
= O

(
δ2 log(1/δ)

)
.

Moreover, δ log Jr = O(δ), whereas

($r − a)H
(

δ

$r − a

)
= δ log(1/δ) +O(δ).

Thus the expression in braces is −δ log(1/δ) +O(δ). Since erδ logµ = O(δ), for all sufficiently
small δ the expression in braces is smaller than −erδ logµ. Fix such a δ. The continuous
expression on the right of the preceding estimate has value strictly below µ at λ = µ. Hence
it remains below µ for some λ > µ sufficiently close to µ, for which the estimate is valid. This
proves (29).
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6.2 Ratio estimates

Suppose from now on that the graph is h-flexible at scale r. For each σ ∈ Sr, choose and fix
forests Γ−σ ,Γ

+
σ ∈ Cr(σ), as in Definition 6.1, with Γ+

σ having exactly h more edges than Γ−σ . For
a walk w and an endpoint-free r-cell ∆ with Γ∆(w) 6= ∅, write

σ∆(w) = trr
(
S−1

∆ Γ∆(w)
)
.

Let m−(w) and m+(w) be the numbers of such cells for which, respectively,

S−1
∆ Γ∆(w) = Γ−σ∆(w) or S−1

∆ Γ∆(w) = Γ+
σ∆(w).

Cells satisfying the first and second conditions are called minus occurrences and plus occurrences,
respectively. Replacing a minus occurrence by the corresponding plus occurrence is a switch: it
preserves the boundary state and increases the walk length by exactly h. Apply Proposition 6.3
first with Γσ = Γ−σ and then with Γσ = Γ+

σ . Together with Theorem 1, this gives constants
α > 0, ϑ ∈ (0, 1), and n0 such that, for each ε ∈ {−,+},

#{w ∈ WO,n : mε(w) < bαnc}
cn

≤ ϑn, n ≥ n0. (31)

Indeed, take α smaller than both constants supplied by Proposition 6.3. For all sufficiently large
n, each set in (31) is then contained in the corresponding exceptional set from that proposition.
The strict inequality between the exceptional exponential growth rates and µ gives a common ϑ.
A walk in which at least one switch type occurs fewer than bαnc times belongs to one of the two
exceptional sets in (31). Hence

#{w ∈ WO,n : m−(w) < bαnc or m+(w) < bαnc}
cn

≤ 2ϑn, n ≥ n0.

Thus, except for an exponentially small proportion of walks, both switch types occur at least
bαnc times.

The next lemma counts marked switches in two ways.

Lemma 6.4. For j = 0, 1, let

E(j)
s = #{w ∈ WO,s : m+(w) ≤ j}.

Then, for every n ≥ 1,

cn+h = E(0)
n+h +

∑
w∈WO,n

m−(w)

m+(w) + 1
, (32)

and

cn+2h = E(1)
n+2h +

∑
w∈WO,n

m−(w)(m−(w)− 1)

(m+(w) + 1)(m+(w) + 2)
. (33)

Proof. For (32), mark one minus occurrence ∆ in an n-step walk and replace Γ−σ∆(w) by Γ+
σ∆(w).

By Lemma 6.2, this produces a self-avoiding walk of length n+ h, and

m−(w′) = m−(w)− 1, m+(w′) = m+(w) + 1.

Replacing the marked plus occurrence in w′ by the corresponding minus occurrence recovers w.
Thus the operation is reversible.

Assign the marked walk w the weight 1/(m+(w)+1). For a fixed w, summing over its m−(w)
possible marks gives

m−(w)

m+(w) + 1
.
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Conversely, a walk w′ with m+(w′) ≥ 1 has m+(w′) possible marked plus occurrences at which
the switch can be reversed. Since m+(w′) = m+(w) + 1, each such choice has weight 1/m+(w′),
and their total weight is one. Therefore every (n+h)-step walk with at least one plus occurrence

contributes one to the weighted sum. The remaining (n+ h)-step walks are counted by E(0)
n+h,

which proves (32).
For (33), mark an ordered pair of distinct minus occurrences and switch both cells. By

Lemma 6.2, this produces a self-avoiding walk w′ of length n+ 2h, with m+(w′) = m+(w) + 2.
Replacing the two marked plus occurrences by the corresponding minus occurrences recovers w.

Assign each marked walk the weight

1

(m+(w) + 1)(m+(w) + 2)
.

For a fixed w, summing over its m−(w)(m−(w)− 1) ordered pairs gives the summand in (33).
Conversely, a walk w′ with m+(w′) ≥ 2 has m+(w′)(m+(w′)− 1) ordered pairs at which both
switches can be reversed. Each pair has weight

1

(m+(w′)− 1)m+(w′)
,

so their total weight is one. Therefore every (n+2h)-step walk with at least two plus occurrences

contributes one to the weighted sum. The remaining walks are counted by E(1)
n+2h, which proves

(33).

Proposition 6.5. Put

Rn =
cn+h

cn
.

There are constants b > 0, B <∞, and n1 such that

Rn ≥ b, Rn+h −Rn ≥ −
B

n
, n ≥ n1. (34)

Proof. We first estimate the two error terms in (32) and (33). An (n + j)-step walk has an
n-step initial part. After this part is fixed, there are at most D choices at each of the remaining
j steps. Therefore

cn+j ≤ Djcn, j ≥ 0.

For sufficiently large n, 0 < bα(n + h)c and 1 < bα(n + 2h)c. A walk counted by E(0)
n+h has

m+(w) = 0 < bα(n + h)c, while a walk counted by E(1)
n+2h has m+(w) ≤ 1 < bα(n + 2h)c.

Applying (31) at these two lengths gives

E(0)
n+h ≤ ϑ

n+hcn+h ≤ Dhϑn+hcn,

E(1)
n+2h ≤ ϑ

n+2hcn+2h ≤ D2hϑn+2hcn.

Since h is fixed, there are C0 <∞ and n2 such that

E(0)
n+h + E(1)

n+2h

cn
≤ C0ϑ

n, n ≥ n2. (35)

We next prove the lower bound for Rn. Since distinct r-cells have disjoint edge sets,

m−(w) ≤ n, m+(w) ≤ n.

For all sufficiently large n, if m−(w) ≥ bαnc, then

m−(w)

m+(w) + 1
≥ bαnc
n+ 1

≥ α

2
.
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By (31), such walks form a proportion at least 1− ϑn of WO,n. Since E(0)
n+h ≥ 0, equation (32)

therefore gives, for all sufficiently large n,

Rn ≥
α

2
(1− ϑn) ≥ α

3
.

This proves the first inequality in (34) with b = α/3.
It remains to estimate Rn+h −Rn. Put

M1,n =
1

cn

∑
w∈WO,n

m−(w)

m+(w) + 1
,

M2,n =
1

cn

∑
w∈WO,n

m−(w)(m−(w)− 1)

(m+(w) + 1)(m+(w) + 2)
.

By Lemma 6.4, equations (32) and (33) give

Rn =M1,n + ε1,n, RnRn+h =M2,n + ε2,n,

where

ε1,n =
E(0)
n+h

cn
, ε2,n =

E(1)
n+2h

cn
.

Thus ε1,n, ε2,n ≥ 0, and (35) gives ε1,n + ε2,n ≤ C0ϑ
n. Also 0 ≤M1,n ≤ n. Choose ϑ1 ∈ (ϑ, 1).

Since nϑn = O(ϑn1 ), there is C1 <∞ such that

2M1,nε1,n + ε2
1,n ≤ C1ϑ

n
1 .

Using ε2,n ≥ 0, we obtain

RnRn+h −R2
n ≥M2,n −M2

1,n − C1ϑ
n
1 .

Write ω(w) = m−(w)/(m+(w) + 1). The Cauchy–Schwarz inequality gives

M2
1,n ≤

1

cn

∑
w∈WO,n

ω(w)2.

For each w, a direct calculation gives

m−(w)(m−(w)− 1)

(m+(w) + 1)(m+(w) + 2)
− ω(w)2

= −m−(w)(m−(w) +m+(w) + 1)

(m+(w) + 1)2(m+(w) + 2)
.

It follows that

RnRn+h −R2
n ≥ −

1

cn

∑
w∈WO,n

m−(w)(m−(w) +m+(w) + 1)

(m+(w) + 1)2(m+(w) + 2)
− C1ϑ

n
1 .

For all sufficiently large n, bαnc ≥ αn/2. Hence, for a walk satisfying m+(w) ≥ bαnc, the
fraction inside the sum is at most

n(2n+ 1)

bαnc3
≤ 24

α3n
.

For every walk, the same fraction is at most 3n2. By (31), walks with m+(w) < bαnc form a
proportion at most ϑn. Consequently,

1

cn

∑
w∈WO,n

m−(w)(m−(w) +m+(w) + 1)

(m+(w) + 1)2(m+(w) + 2)
≤ 24

α3n
+ 3n2ϑn.
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Since n2ϑn = O(1/n) and ϑn1 = O(1/n), the preceding estimates give a constant C2 <∞ such
that

RnRn+h −R2
n ≥ −

C2

n

for all sufficiently large n. Since the left-hand side equals Rn(Rn+h −Rn) and Rn ≥ b, division
by Rn proves the second inequality in (34), with B = C2/b.

The following lemma converts the estimates in Proposition 6.5 into convergence of the ratios.

Lemma 6.6. Let an > 0, and suppose that

lim
n→∞

a1/n
n = λ > 0.

Fix h ≥ 1, and put Rn = an+h/an. If there are b > 0, K <∞, and n0 such that

Rn ≥ b, Rn+h −Rn ≥ −
K

n
, n ≥ n0,

then
lim
n→∞

Rn = λh.

Proof. Fix s ∈ {0, . . . , h− 1}, and set

a
(s)
k = as+kh, %k =

a
(s)
k+1

a
(s)
k

.

Put L = λh, C = K/h, and κ = C/b. Then

(
a

(s)
k

)1/k −→ L, %k = Rs+kh ≥ b, %k+1 − %k ≥ −
C

k

for all sufficiently large k; since s is arbitrary, it is enough to prove that %k → L for this fixed s.
For fixed m ≥ 1, set

Qm,q =

a
(s)
(m+1)q+1

a
(s)
mq

1/(q+1)

.

The root limit gives Qm,q → L, since log a
(s)
k = k logL+ o(k) and the two indices in the quotient

differ by q + 1. For sufficiently large q and 0 ≤ k ≤ q,

%mq+k ≤ %(m+1)q + C

(m+1)q−1∑
`=mq+k

1

`

≤ %(m+1)q

(
1 +

κ

m

)
.

Multiplying over k = 0, . . . , q yields

lim inf
q→∞

%(m+1)q ≥
L

1 + κ/m
.

If j = (m + 1)q ≤ k < j + m + 1, then

%k ≥ %j −
Cm

j
.
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Hence the same lower bound holds for lim infk→∞ %k. Letting m→∞ gives

lim inf
k→∞

%k ≥ L.

For the reverse inequality, fix an integer m > κ. For sufficiently large q and 0 ≤ k ≤ q,

%mq+k ≥ %mq − C
mq+k−1∑
`=mq

1

`

≥ %mq
(

1− κ

m

)
.

Multiplication and the limit of Qm,q give

lim sup
q→∞

%mq ≤
L

1− κ/m
.

For any large k, let j be the smallest multiple of m with j ≥ k. Then

%k ≤ %j +
Cm

k
.

Thus the same upper bound holds for lim supk→∞ %k. Letting m→∞ gives

lim sup
k→∞

%k ≤ L.

Together with the lower bound, this proves %k → L and completes the proof.

Proof of Theorem 4(i). Theorem 1 gives limn c
1/n
n = µ. Proposition 6.5, through (34), verifies

the two hypotheses of Lemma 6.6 for an = cn, which gives (6).

6.3 The Sierpiński gasket

The flexibility condition can be checked directly on the Sierpiński gasket.

O

A

B O

A

B

2: avoids B 3: avoids B

O

A

B O

A

B

4: visits B 5: visits B

Figure 7: Representative pairs of boundary forests in F1 of the Sierpiński gasket. The two forests
in each pair have the same boundary state and lengths differing by one. Their symmetry images
cover all six states in S1.

Proposition 6.7. The Sierpiński gasket graph is 1-flexible at scale 1.
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Proof. We work in F1. There are six states in S1. Every boundary forest in F1 has one
component: two nonempty components would require at least four degree-one vertices in ∂F1,
whereas #∂F1 = 3. Thus a state either joins two boundary vertices without using the third, or
visits all three boundary vertices with one of them in the middle. The first kind has realizations
in F1 of lengths 2 and 3, and the second has realizations in F1 of lengths 4 and 5. Figure 7
illustrates one pair for each of these two kinds. The symmetries of F1 transport these pairs to
every choice of endpoints and middle vertex. Hence every state in S1 has two representatives in
F1 whose lengths differ by one. Therefore, the Sierpiński gasket graph is 1-flexible at scale 1.

Combining Proposition 6.7 with Theorem 4(i) gives limn→∞ cn+1/cn = µ for the Sierpiński
gasket.

6.4 Flexibility of polygonal N-gaskets

We now determine the smallest flexibility step for every polygonal N -gasket. By self-similarity,
Proposition 5.2 applies within every parent cell. Thus each immediate subcell has an outer
vertex on the boundary of its parent and two contacts with its neighboring subcells. A nonempty
restriction of a boundary forest to this subcell is a union of paths whose endpoints belong to
these three vertices. It has only one component, since two path components would require
four endpoints. Its local behavior therefore has six possibilities: it either joins two of the three
vertices and avoids the third, or visits all three with one of them in the middle.

Keep the notation of Definition 5.1, and abbreviate

k = kN , ` = `N , s = sN = k + 1, g = N − 2s = 2k + `− 2.

Set
d = 2s− g = 4− `, hN = gcd(g, d).

Inside F
(N)
1 , let

PN = {a−s,1, a0,1, as,1}.

For a path in F
(N)
1 with endpoints in PN , record only the vertices of PN in the order in which

the path visits them. A sequence and its reversal are regarded as the same PN -pattern. Thus
there are six patterns: three choices of two visited vertices, and three choices of the middle
vertex when all three are visited.

Lemma 6.8. For each of the six PN -patterns, there are two self-avoiding paths in F
(N)
1 which

have that pattern and whose lengths differ by hN .

Proof. By the graph construction and Proposition 5.2(ii)–(iii), F
(N)
1 is the union of N copies of

F
(N)
0 , arranged in a cycle. For this proof, write ai := ai,1, and let ζi be the contact between the
i-th and (i+ 1)-st copies; all indices are understood modulo N . In the i-th copy, the arcs from ai
to either contact, avoiding the other contact, have length s. The arc between the two contacts,
avoiding ai, has length g. We may therefore represent this copy by the weighted triangle

aiζi−1ζi, i ∈ Z/NZ,

whose three edge weights are s, s, g. Each weighted edge represents the corresponding arc in the

original copy of F
(N)
0 .

Inside one weighted triangle there are three useful local changes:

ζi−1ζi ←→ ζi−1aiζi,

aiζi ←→ aiζi−1ζi, aiζi−1 ←→ aiζiζi−1.
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The first change has length difference 2s− g = d. Each of the two changes in the second line
has length difference g; they are the two symmetric forms of the same operation. We call these
operations a d-switch and a g-switch, respectively.

Now PN = {a−s, a0, as}. The three copies carrying these vertices divide the cyclic chain into
three sections of lengths s, s, g, measured by the number of steps from one copy to the next.
The interiors of the three sections are disjoint, and neighboring sections share an endpoint copy.

Fix a PN -pattern and choose one of its two orientations. Between each consecutive pair in
this ordered list, follow the section that avoids the remaining vertex of PN . In the first and last
copies of the section, use the length-s arc leading from the prescribed outer vertex to the contact
belonging to that section. In every copy strictly between them, use the length-g arc between
the two contacts. If the pattern visits all three vertices, the two chosen sections have disjoint
intermediate copies and share only the copy carrying the middle vertex. Inside that copy, the
incoming and outgoing length-s arcs meet only at the middle vertex, so the two paths can be
concatenated. In either case, the result is a simple path γ with the prescribed pattern.

We shall use at most one g-switch, at one endpoint of γ. If that endpoint is ai, the path uses
one contact of the i-th copy. The switch first goes from ai to the other contact and then to the
contact already used by γ. The other contact lies on the unused section of the chain, so the new
path is still simple and has the same PN -pattern.

A d-switch may be made once in any intermediate copy of the section or sections used by γ.
In the i-th such copy, it replaces the length-g arc between the two contacts by the two length-s
arcs through ai. Since this copy is not an endpoint copy, ai /∈ PN , so the pattern is unchanged.
Any set of distinct intermediate copies may be switched simultaneously: their interiors are
disjoint, and every switch keeps the two contacts through which γ enters and leaves its copy.
Thus one g-switch adds g to the length, while r d-switches add rd.

It remains to choose the switches so that the length difference is exactly hN . If ` = 3 and
N > 3, then d = hN = 1, and every path γ constructed above contains at least one intermediate
copy, so one d-switch suffices. If N = 3, then g = hN = 1, so one g-switch suffices. If ` = 2, then
g = 2k and d = hN = 2; again one d-switch suffices.

Suppose finally that ` = 1. Then g = 2k − 1 and d = 3. Thus hN = 3 when k ≡ 2 (mod 3),
and hN = 1 otherwise. If k = 3j, compare a path with one g-switch to a path with 2j distinct
d-switches; their added lengths differ by

2j · 3− (2k − 1) = 6j − (6j − 1) = 1.

If k = 3j + 1, the same two choices have length difference

(2k − 1)− 2j · 3 = (6j + 1)− 6j = 1.

If k = 3j + 2, then both g = 6j + 3 and d = 3 are divisible by 3, and one d-switch gives a
difference of 3.

The required d-switches are always available. The path γ either uses a section of length s,
which has s− 1 = k intermediate copies, or uses only the section of length g, which has g − 1
intermediate copies. For k = 3j or k = 3j + 1, both 2j ≤ k and 2j ≤ g − 1. For k = 3j + 2, only
one d-switch is required, and both k and g − 1 are positive. Thus the construction applies to all
six patterns.

Proof of Theorem 4(ii). We first prove that the polygonal N -gasket is hN -flexible at scale 2. Fix

σ ∈ S2 and Γ ∈ C2(σ). Choose a copy ∆ of F
(N)
1 in F

(N)
2 which contains an edge of Γ. The copy

∆ has one outer vertex on ∂F
(N)
2 and two contacts with its neighbors. Every endpoint of Γ ∩∆

is one of these three vertices. It cannot have two components, because that would require four
distinct endpoints. Thus Γ ∩∆ is a single path. Self-similarity and a dihedral relabeling identify

∆ with F
(N)
1 and these three vertices with PN . The path Γ ∩∆ consequently has one of the six

patterns in Lemma 6.8.
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Replace this path, in turn, by the two paths supplied by that lemma, and leave Γ unchanged
outside ∆. Because the two replacements visit the same vertices of PN in the same order, both
resulting graphs are boundary forests with state σ. Their edge counts differ by hN . Since σ was
arbitrary, the graph is hN -flexible at scale 2.

We next show that no smaller step is possible. If ` = 2, then N = 4k + 2. The cycle F
(N)
0

is bipartite, and its two contacts q−s and qs have the same color because their cyclic distance

2s is even. The copies can therefore be colored consistently at every scale, so each F
(N)
r is

bipartite. In a bipartite graph, the parity of the length of a path is determined by the colors
of its endpoints. A boundary state fixes the endpoints of every component and their pairing,
so the edge counts of all forests with that state have the same parity. Every flexibility step is
therefore even. Since

hN = gcd(2k, 2) = 2,

the step constructed above is minimal.
Now suppose that ` = 1 and k ≡ 2 (mod 3), equivalently N ≡ 9 (mod 12). Then

3 | s = k + 1, 3 | g = 2k − 1.

Decompose a boundary forest into its pieces inside the copies of F
(N)
0 . Each piece is a concate-

nation of arcs of lengths s, s, g, and hence has length divisible by 3. Since different copies have
disjoint edge sets, the whole forest also has length divisible by 3. Thus every flexibility step is
divisible by 3. Here hN = gcd(g, 3) = 3, so the constructed step is minimal.

In all remaining cases hN = 1, which is automatically the smallest positive step. This proves
the stated classification and minimality. Finally, the ratio limit follows from Theorem 4(i).

6.5 The Vicsek counterexample

The Vicsek graph is not h-flexible for any h ≥ 1. At every scale, all self-avoiding paths between
a fixed pair of diagonally opposite boundary vertices have the same length. By Theorem 1, its
connective constant exists, but its successive ratios have two different subsequential limits. Let

p0 = (0, 0), p1 = (1, 0), p2 = (1, 1), p3 = (0, 1), p4 = (1/2, 1/2),

and define

Ψi(x) = pi +
1

3
(x− pi), 0 ≤ i ≤ 4.

The attractor of this iterated function system is the standard Vicsek nested fractal. Its essential
fixed points are p0, p1, p2, p3, so F0 is the four-cycle p0p1p2p3p0, and we take O = p0. Since Ψ0

fixes O, the graphs Fm are defined by (3). The four corner cells meet the central cell at four
distinct vertices and do not meet one another, so the one-point intersection condition (2) holds.

For a polynomial G(z), write [zn]G(z) for the coefficient of zn in G(z).

Proposition 6.9. Let

Hm(z) =
∑

w is a self-avoiding walk in Fm
w(0)=O

zL(w).

The number of n-step self-avoiding walks in Fm starting at O is [zn]Hm(z). Let Pm(z) be the
sum of zL(w) over all self-avoiding paths joining a fixed pair of diagonally opposite boundary
vertices, and define Qm(z) in the same way for a fixed adjacent pair. Dihedral symmetry makes
these polynomials independent of the chosen pair. They satisfy

Pm+1 = P 3
m,

Qm+1 = P 2
mQm,

Hm+1 = Hm + Pm(1 + 2Qm + Pm)(Hm − 1),

(36)
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with
H0 = 1 + 2z + 2z2 + 2z3, P0 = 2z2, Q0 = z + z3.

∆0 ∆1

∆c

∆2 ∆3

O

Pm Qm

Figure 8: The five-copy decomposition of the Vicsek graph Fm+1. Each ∆j is a copy of Fm; ∆0

is the rooted copy and ∆c is the central copy. A walk which leaves ∆0 can enter at most one
further corner copy.

Proof. The graph Fm+1 consists of five copies of Fm: four corner copies and one central copy.
Each corner copy meets the central copy at one vertex, and no two corner copies meet. Figure 8
illustrates this decomposition.

A path joining diagonally opposite boundary vertices crosses three copies in order: the initial
corner, the central copy, and the terminal corner. Within each copy it again joins diagonally
opposite boundary vertices, so Pm+1 = P 3

m. For adjacent boundary vertices, the path joins
diagonally opposite boundary vertices in each of the two corner copies and adjacent boundary
vertices in the central copy. Hence Qm+1 = P 2

mQm.
Now consider a walk counted by Hm+1. If it stays in the corner copy containing O, its

contribution is Hm. Otherwise it first crosses that copy to the central copy, contributing Pm.
From the contact vertex it either makes a nonempty walk inside the central copy and stops
there, or crosses the central copy into one of the other three corner copies and makes a nonempty
terminal walk in that copy. The three exits consist of two adjacent crossings and one diagonally
opposite crossing. Therefore the contribution of walks leaving the rooted corner is

Pm
(
(Hm − 1) + (2Qm + Pm)(Hm − 1)

)
.

Adding the walks that stay in the rooted corner gives the third recursion in (36). The initial
polynomials follow by listing the self-avoiding paths in F0.

Proof of Theorem 4(iii). The first two recursions in Proposition 6.9 give

Pm(z) = 23mz2·3m , Qm(z) = 23m−1
(
z2·3m−1 + z2·3m+1

)
.

Fix r ≥ 1, choose a path counted by Pr, and let σ be its boundary state. Every forest in Cr(σ)
consists of one self-avoiding path joining the same pair of diagonally opposite boundary vertices,
and is therefore counted by Pr. The formula for Pr shows that every such forest has exactly
2 · 3r edges. Thus Cr(σ) contains no two forests whose numbers of edges differ by a positive
integer. Since r was arbitrary, the Vicsek graph is not h-flexible at any finite scale for any h ≥ 1.

The third recursion in (36), together with degH0 = 3, gives by induction

degHm = 2 · 3m +m+ 1.

Moreover, every term in Hm+1 −Hm has degree at least 2 · 3m + 1. Hence [zn]Hm no longer
changes once 2 · 3m ≥ n, and its stable value is cn.
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At level 1, (36) gives

H1 = 1 + 2z + 2z2 + 6z3 + 12z4 + 20z5 + 24z6 + 16z7 + 8z8.

Moreover,
P1 = 8z6, Q1 = 4z5 + 4z7.

The term P1(2Q1 + P1)(H1 − 1) starts in degree 12. Therefore, in degrees 7, 8, 9, only H1 +
P1(H1 − 1) contributes to H2. Using P1 = 8z6, we obtain

[z7]H2 = 16 + 8 · 2 = 32, [z8]H2 = 8 + 8 · 2 = 24, [z9]H2 = 0 + 8 · 6 = 48.

Now let k ≥ 3 and j ∈ {−2,−1, 0}. Since degHk−1 < 3k − 2, [z3k+j ]Hk−1 = 0. Moreover, every
term in

Pk−1(2Qk−1 + Pk−1)(Hk−1 − 1)

has degree at least 4 · 3k−1 > 3k. Thus only Pk−1(Hk−1 − 1) contributes to the coefficient of

z3k+j in Hk, and

[z3k+j ]Hk = 23k−1
[z3k−1+j ]Hk−1.

Starting with the three coefficients of H2 above and applying this identity repeatedly proves (7).
The first formula in (7) gives

µ = lim
k→∞

c
1/(3k−2)

3k−2
=
√

2.

The other two formulas in (7) give

c3k−1

c3k−2

=
3

4
,

c3k

c3k−1

= 2.

Since these two subsequential limits are different, cn+1/cn does not converge.

Appendix A Dynamics of the polygonal crossing recursions

The two-variable recursion for the Sierpiński gasket and its critical behavior were introduced by
Hattori, Hattori and Kusuoka [11]. The same renormalization viewpoint motivates the analysis
below, which combines coordinatewise monotonicity with compactness of the critical orbit.

Theorem 5. Let N ≥ 3 and 4 - N . Every entry of C
(N)
m (β) tends to zero when β > βc,N , and

every entry tends to infinity when β < βc,N . At β = βc,N , the crossing vector has the following
limits. Put τ = (

√
5− 1)/2.

(i) If N = 3, then
(xm, ym) −→ (τ, 0).

(ii) If N = 5, then
(φ1,m, φ2,m, θ1,m, θ2,m) −→ (φ∗, 0, θ∗, 0),

where

θ5
∗ + 2θ4

∗ = 1, φ∗ =
1

θ∗(1 + θ∗)
.

(iii) If N ∈ {6, 9}, then

(Xm, Ym) −→ (t∗, t∗), t∗ = τ1/dN , dN =
N

3
.
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(iv) If N = 4k + ` /∈ {3, 5, 6, 9}, where ` ∈ {1, 2, 3}, then

(Xm, Ym) −→ (X∗,N , Y∗,N ),

where Y∗,N ∈ (0, 1) is the unique solution of

Y N
∗,N + 2Y 2k+2

∗,N = 1

and
X∗,N =

(
Y k
∗,N + Y 3k+`−2

∗,N
)−1

.

We prove Theorem 5 by treating the generic two-variable recursion first. The recursions for
N = 3 and N = 5 require separate arguments; the cases N = 6 and N = 9 then follow from the
scalar recursion used in the proof of Theorem 3.

Proposition A.1. Let N = 4k + ` /∈ {3, 5, 6, 9}, where ` ∈ {1, 2, 3}. There is a unique value
β∗,N > 0 such that

β > β∗,N : (Xm, Ym) −→ (0, 0),

β < β∗,N : (Xm, Ym) −→ (+∞,+∞).

At β = β∗,N ,
(Xm, Ym) −→ (X∗,N , Y∗,N ),

where Y∗,N ∈ (0, 1) is the unique solution of

Y N
∗,N + 2Y 2k+2

∗,N = 1

and
X∗,N =

(
Y k
∗,N + Y 3k+`−2

∗,N
)−1

.

Consequently, β∗,N = βcr
c,N = βc,N .

Proof. Define
A(y) = yk + y3k+`−2, B(y) = y2k+`−3 + y2k+1,

so that the recursion can be written as

R(x, y) =
(
x2A(y), x2B(y)

)
.

By Proposition 5.3, (Xm+1, Ym+1) = R(Xm, Ym). Set

α = k + 1, δ = k + `− 3.

In the present case k ≥ 1, δ ≥ 1, and α > δ. For every x, y > 0,

R2(x, y)

R1(x, y)
= f(y) :=

yδ + yα

1 + yα+δ
. (37)

Since

1− f(y) =
(1− yδ)(1− yα)

1 + yα+δ
,

we have 0 < f(y) ≤ 1 for every y > 0, with equality only at y = 1. The ratio in (37) therefore
gives

Ym ≤ Xm, m ≥ 1. (38)

Moreover,

f ′(y) =
δyδ−1(1− y2α) + αyα−1(1− y2δ)

(1 + yα+δ)2
> 0, 0 < y < 1.
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Thus f is strictly increasing on (0, 1).
We first determine the positive fixed points of R. The fixed-point equations are

x = A(y)−1, yA(y)2 = B(y).

Substituting
A(y) = yk(1 + yα+δ), B(y) = yk+δ(1 + yα−δ),

into the second equation gives
yN + 2y2k+2 = 1. (39)

The left-hand side of (39) is strictly increasing from 0 to 3 on (0, 1). Hence (X∗,N , Y∗,N ) is the
unique positive fixed point.

We next locate the parameter at which the orbit changes from divergence to decay. Let

E = {β ≥ 0 : Ym(β) > 1 for some m ≥ 1} .

If Ym > 1, then (38) gives Xm ≥ Ym > 1. The recursion then gives Xm+1 > X2
m and

Ym+1 > Y 2k+`−1
m , so both coordinates tend to infinity.

The map R is strictly increasing in each variable, while both initial values are strictly
decreasing functions of β. Consequently, if β ∈ E , then every smaller nonnegative parameter
also belongs to E . Thus E is downward closed in [0,∞). At β = 0, the orbit enters the region
Xm, Ym > 1, so 0 ∈ E . Put r = k + 2 > 1. For z ∈ [0,∞)2 with ‖z‖∞ ≤ 1,

‖R(z)‖∞ ≤ 2‖z‖r∞.

Hence a sufficiently small square about the origin is invariant and every orbit starting there
tends to the origin. Since the initial point tends to the origin as β → ∞, sufficiently large β
does not belong to E . Finally, every finite iterate depends continuously on β, and hence E is
open. There is therefore a unique β∗,N > 0 such that

E = [0, β∗,N ). (40)

We now study the orbit at the endpoint β∗,N . By (40), it cannot have Ym > 1. It cannot
have Ym = 1 either: in that case (38) gives Xm ≥ 1, while (26) gives Ym+1 = 2X2

m ≥ 2. Hence

0 < Ym < 1, m ≥ 1.

To bound the other coordinate, put

am = logXm, bm = − log Ym, c = 2k + `− 3.

For m ≥ 1, the recursion gives

am+1 = 2am − kbm + εm,

bm+1 = −2am + cbm − ηm,

where the error terms are

εm = log
(
1 + Y 2k+`−2

m

)
, ηm = log

(
1 + Y 4−`

m

)
.

Since 0 < Ym < 1 and both exponents are positive,

0 ≤ εm, ηm ≤ log 2.

The polynomial
P (t) = t2 − (c+ 2)t+ 2δ
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satisfies P (0) > 0 and P (1) = `− 4 < 0. Let λ ∈ (0, 1) be its smaller zero. Then (2, 2− λ) is a
positive left eigenvector of (

2 −k
−2 c

)
with eigenvalue λ. Hence

Wm = 2am + (2− λ)bm

satisfies
Wm+1 = λWm + 2εm − (2− λ)ηm

≤ λWm + 2 log 2.

Iterating this scalar inequality shows that Wm is bounded above. Since bm ≥ 0 and 2− λ > 0,
we have 2am ≤Wm. Thus am, and therefore Xm, is bounded above.

The critical orbit cannot enter the small invariant square constructed above. Otherwise,
continuity of a finite iterate would put an orbit with β < β∗,N in the same square, contradicting
(40). Suppose that Ym → 0 along a subsequence. Since Xm is bounded, both coordinates of the
next iterate tend to zero, which is impossible by the preceding paragraph. If Xm → 0 along a
subsequence, then Ym ≤ Xm by (38), and the same contradiction follows. Finally, suppose that
Ymj → 1. Then Xmj ≥ Ymj , and therefore

Ymj+1 = X2
mjB(Ymj ) ≥ Y 2

mjB(Ymj ) −→ 2,

contrary to Ymj+1 < 1. The critical orbit consequently stays in a compact subset of (0,∞)×(0, 1).
Let L be its omega-limit set, that is, the set of limits of convergent subsequences of the critical

orbit. Since the orbit remains in a compact set and R is continuous, R(L) ⊆ L. Conversely, if
zmj → q ∈ L, compactness gives a convergent subsequence of (zmj−1)j ; its limit p ∈ L satisfies
R(p) = q. Hence R(L) = L.

Every monomial in R has total degree at least r = k + 2 > 1, and hence

R(tz) ≥ trR(z), z ∈ (0,∞)2, t ≥ 1. (41)

No two distinct points of L are comparable in the coordinatewise order. Indeed, if distinct
p, q ∈ L satisfy p ≤ q, strict monotonicity and R(L) = L allow us, after replacing them by their
images, to choose t > 1 such that q ≥ tp. Monotonicity and (41) then give by induction

Rm(q) ≥ trmRm(p), m ≥ 0.

This is impossible because the compact set L ⊂ (0,∞) × (0, 1) is bounded away from the
coordinate axes.

The function f in (37) is strictly increasing on (0, 1). It follows that R is injective on
(0,∞)× (0, 1): equality of two images first gives equality of their second input coordinates from
the ratio in (37), and then equality of their first input coordinates. Order the points of L by
their first coordinate. If p1 < q1, the preceding incomparability gives p2 > q2. If one also had
R1(p) ≥ R1(q), then the strict increase of f , together with (37), would imply R2(p) > R2(q).
The two images would then be comparable, a contradiction. HenceR1(p) < R1(q): the restriction
of R to L preserves the order of the first coordinates.

Since R(L) = L, the restriction of R to L is an order-preserving bijection. It therefore fixes
the points of L with the smallest and largest first coordinates. Both are positive fixed points of
R, so the uniqueness proved in (39) forces them to coincide. Thus

L = {(X∗,N , Y∗,N )},

and the critical orbit converges to this point.
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If β > β∗,N , choose 0 < t < 1 such that the initial point at β is bounded above by t times
the critical initial point. Since every monomial has degree at least r, the counterpart of (41) for
0 < t < 1, followed by induction, gives

(Xm(β), Ym(β)) ≤ trm(Xm(β∗,N ), Ym(β∗,N )),

so the orbit tends to the origin. If β < β∗,N , (40) gives Ym > 1 for some m. Then (38) and (26)

imply that both coordinates tend to infinity. Since C
(N)
m (β) = (Xm(β), Ym(β)) in the present

case, we have proved {
β ≥ 0 : sup

m≥0
‖C(N)

m (β)‖∞ <∞
}

= [β∗,N ,∞).

The definition (25) and Proposition 5.4 therefore give β∗,N = βcr
c,N = βc,N .

For completeness, we also treat the case of the Sierpiński gasket studied in [11].

Proposition A.2. For N = 3, the recursion (27) has a unique critical value β∗,3 > 0. Its orbit
tends to (0, 0) for β > β∗,3, both coordinates tend to infinity for β < β∗,3, and

(xm, ym) −→ (τ, 0), τ =

√
5− 1

2
,

at β = β∗,3. Consequently, β∗,3 = βcr
c,3 = βc,3.

Proof. Put rm = ym/xm. The recursion gives

rm+1 = rm
xm(1 + 2rm)

(1 + rm)2 + xm(1 + 2rm)
. (42)

Thus 0 < rm+1 < rm. If the orbit is bounded, then xm is bounded and 0 < rm ≤ r0 ≤ 1. The
fraction in (42) is consequently bounded above by a constant strictly smaller than one. Hence
rm → 0.

If xm > 1, then
xm+1 ≥ x2

m(1 + xm) > xm,

and xm →∞. Since
ym+1

ym
= xm(xm + 2ym),

the second coordinate then tends to infinity as well.
Define

E3 = {β ≥ 0 : xm(β) > 1 for some m ≥ 0}.

The recursion is strictly increasing in both variables, while (x0, y0) = (e−β, e−2β) is strictly
decreasing in β. Consequently, if β ∈ E3, then every smaller nonnegative parameter also belongs
to E3; thus E3 is downward closed in [0,∞). At β = 0, one has x0 = y0 = 1 and x1 = 7 > 1, so
0 ∈ E3. For all sufficiently large β, the initial point lies in a small invariant neighborhood of the
origin whose orbits tend to the origin, so such a parameter does not belong to E3. Since each
finite iterate depends continuously on β, the set E3 is open. It follows that E3 = [0, β∗,3) for a
unique β∗,3 > 0.

At β = β∗,3, one has xm < 1 for every m, since equality would imply xm+1 > 1. Also
ym = rmxm ≤ xm, so the critical orbit is bounded. It cannot converge to the origin. Otherwise,
a finite critical iterate would lie in a small invariant neighborhood of the origin; continuity would
then put an orbit with β < β∗,3 in the same neighborhood, contrary to the definition of E3.

Since rm → 0, the first recursion may be written as

xm+1 = x2
m

(
(1 + rm)2 + xm(1 + 2rm)

)
.
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The limiting map is g(x) = x2(1 + x). Its only nonnegative fixed points are 0 and τ ; moreover,

g(x) < x (0 < x < τ), g(x) > x (x > τ).

The critical orbit cannot have xm > τ . Indeed, the recursion gives xm+1 > g(xm) > xm in that
case. The subsequent values would then increase and, since xm < 1, converge to a limit in (τ, 1].
Passing to the limit and using rm → 0 would give x = g(x), which is impossible in this interval.

Now fix ε ∈ (0, τ). At r = 0, the quotient xm+1/xm is x(1 + x). Since τ(1 + τ) = 1,

x(1 + x) ≤ (τ − ε)(1 + τ − ε) < 1, 0 < x ≤ τ − ε.

By continuity, there are q < 1 and r0 > 0 such that

x
(
(1 + r)2 + x(1 + 2r)

)
≤ q

whenever 0 < x ≤ τ − ε and 0 ≤ r ≤ r0. Since rm → 0, this applies to every sufficiently late
iterate. If such an iterate satisfied xm ≤ τ − ε, then xm+1 ≤ qxm ≤ τ − ε, and induction would
give xm+j ≤ qjxm for every j ≥ 0. The full orbit would then converge to the origin, contradicting
the preceding paragraph. Therefore

τ − ε < xm ≤ τ

for all sufficiently large m. Since ε is arbitrary, xm → τ , and ym = rmxm → 0.
The scaling comparison used in (41), now with minimum degree 2, shows that every initial

point corresponding to β > β∗,3 tends to zero. Every initial point corresponding to β < β∗,3

belongs to E3. Since C
(3)
m (β) = (xm(β), ym(β)), we have proved{

β ≥ 0 : sup
m≥0
‖C(3)

m (β)‖∞ <∞
}

= [β∗,3,∞).

The definition (25) and Proposition 5.4 therefore give β∗,3 = βcr
c,3 = βc,3, completing the proof.

The pentagasket recursion differs from those in Propositions A.1 and A.2: it has four variables,
and the coordinate quotient of its limiting planar map is not monotone on the whole positive
half-line. We first isolate the planar argument needed to identify the critical limit.

Lemma A.3. Consider

G(x, y) =
(
y2(1 + x3), y2x(1 + x)

)
, x, y > 0.

Its unique positive fixed point is (θ∗, φ∗), where

θ5
∗ + 2θ4

∗ = 1, φ∗ =
1

θ∗(1 + θ∗)
.

If a nonempty compact set L ⊂ (0,∞)2 satisfies G(L) = L, then

L = {(θ∗, φ∗)}.

Proof. At a positive fixed point, the second equation gives y = [x(1 + x)]−1, and the first then
becomes x5 + 2x4 = 1. Its left-hand side is strictly increasing, so the fixed point is unique and
θ∗ ∈ (1/2, 1).

We next describe the set separating decay from escape. Let

B0 = {z ∈ (0,∞)2 : Gm(z)→ (0, 0)}.

42



For sufficiently small δ > 0, the square (0, δ)2 is invariant and every orbit in it tends to the origin,
since ‖G(z)‖∞ ≤ 2‖z‖2∞ there. Thus B0 is open and downward closed in the coordinatewise
order. For every fixed x > 0, the point (x, y) belongs to B0 when y is small enough, whereas it
escapes to infinity when y is large enough. Hence

p(x) = sup{y > 0 : (x, y) ∈ B0}

is finite and positive, and (x, p(x)) ∈ ∂B0. Here large y gives escape because, once both
coordinates exceed one, their minimum grows at least by its fourth power. The escaping set is
therefore open.

We need one elementary bound for an orbit (xn, yn) = Gn(z) starting on ∂B0. Such an orbit
neither tends to the origin nor escapes. Since

yn+1

xn+1
= ϕ(xn), ϕ(x) =

x(1 + x)

1 + x3
=

x

x2 − x+ 1
≤ 1,

we have yn ≤ xn for n ≥ 1. Put qn = xnyn. If xn > 1 and qn > 1, then

xn+1 = q2
n(xn + x−2

n ), yn+1 = q2
n(1 + x−1

n ),

and both coordinates increase until the orbit escapes. Thus xn > 1 implies qn ≤ 1. If also
xn+1 > 1, applying the same implication at time n+ 1 gives

1 ≥ xn+1yn+1 ≥ q4
nxn, xn+1 ≤ x1/2

n + x−5/2
n .

If xn ≤ 1, then yn ≤ xn, and hence

xn+1 = y2
n(1 + x3

n) ≤ x2
n(1 + x3

n) ≤ 2.

Together with the case xn+1 ≤ 1, this estimate shows that (xn), and hence (yn), is bounded
above. Neither coordinate can approach zero along a subsequence: for xn this would put a later
iterate in (0, δ)2, while for yn it follows from yn = xnϕ(xn−1). Every boundary orbit therefore
has a compact tail in (0,∞)2.

The scaling inequality
G(tz) ≥ t2G(z), t ≥ 1,

now shows that no two distinct boundary points are comparable. In fact, strict monotonicity
would give boundary points u < v and t > 1 such that G(v) ≥ tG(u); iteration would then give
Gm+1(v) ≥ t2mGm+1(u), contradicting the compact-tail bound. It follows that

∂B0 = {(x, p(x)) : x > 0},

where p is strictly decreasing. It is also continuous: monotonicity makes p nonincreasing, while
any jump would produce two comparable boundary points on the same vertical line. Moreover, if
y > p(x), comparison with the boundary orbit through (x, p(x)) and the same scaling inequality
show that (x, y) escapes. Thus every point lies either below this curve, on it, or above it,
according as its orbit tends to zero, stays on the curve, or escapes. In particular, G(∂B0) ⊆ ∂B0:
an image below the curve would put the original point in B0, whereas an image above it would
make the original point escape.

Put h(x) = p(x)/x, and let T (x) be the first coordinate of G(x, p(x)). The image again lies
on the boundary curve, and hence

h(T (x)) = ϕ(x).

Since h is continuous and strictly decreasing, T is continuous. Since

ϕ′(x) =
1− x2

(x2 − x+ 1)2
, ϕ(x) = ϕ(1/x),
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the map T is decreasing on (0, 1), increasing on (1,∞), and satisfies T (x) = T (1/x).
To locate its fixed point, set

Q(x) =
(
x, xϕ(x)

)
.

A direct calculation gives

G(Q(x)) = R(x)Q(x), R(x) =
x3(1 + x)2

1 + x3
.

The function R is strictly increasing because

R′(x)

R(x)
=

3

x(1 + x3)
+

2

1 + x
> 0,

and R(x) = 1 precisely when x = θ∗. It follows by monotone iteration that the orbit of Q(x)
tends to the origin for x < θ∗ and escapes for x > θ∗. Comparing Q(x) with the boundary curve
gives

T (x) > x (x < θ∗), T (x) < x (x > θ∗).

The interval [1/2, 1] attracts every orbit of T . Indeed,

G(1/2, 1/2) = (9/32, 3/16) < (1/2, 1/2),

and its orbit decreases monotonically to the origin, so p(1/2) > 1/2. Also G(1, 2/3) = (8/9, 8/9),
whose next iterate has both coordinates larger than one, so p(1) < 2/3. Therefore

h(1) <
2

3
≤ ϕ(x) ≤ 1 < h(1/2),

1

2
≤ x ≤ 1,

and the decrease of h gives T ([1/2, 1]) ⊂ (1/2, 1). Below 1/2, the iterates increase while they
remain below 1/2; they cannot remain there forever, since their limit would be a fixed point
below 1/2. If x > 1, then T (x) = T (1/x) > 1/2: this follows from the invariance of [1/2, 1] when
1/x ≥ 1/2, and from the decrease of T on (0, 1) otherwise. The iterates decrease while they
remain above one and must therefore enter [1/2, 1], since T has no fixed point above one.

Finally, G has no nontrivial positive two-cycle. If (x, y) and (u, v) formed one, the coordinate
quotients and the first-coordinate equations would give

v

u
= ϕ(x),

y

x
= ϕ(u),

and then
J(x) = J(u), J(x) = x(x2 − x+ 1)2(1 + x3).

But
J ′(x)

J(x)
=

5x2 − 3x+ 1

x(x2 − x+ 1)
+

3x2

1 + x3
> 0,

so x = u and then y = v. Since T is decreasing on [1/2, 1], its even and odd iterates converge to
a possible two-cycle. The preceding calculation excludes a nontrivial one, and therefore every
orbit on the boundary curve converges to (θ∗, φ∗).

Now let L ⊂ (0,∞)2 be nonempty and compact, with G(L) = L. Compactness excludes both
decay to the origin and escape, so L lies on the boundary curve. The eventual-entry property and
compactness give a common entry time for all first coordinates: the sets of points entering the
forward-invariant open interval (1/2, 1) by time n form an increasing open cover of the compact
projection of L. Invariance of L then shows that the first coordinates already lie in (1/2, 1). If
I is their compact set of first coordinates, then the first-coordinate action of G(L) = L gives
T (I) = I. Since T is decreasing,

T (min I) = max I, T (max I) = min I.

The absence of a nontrivial two-cycle gives min I = max I = θ∗, and the conclusion follows.
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Proposition A.4. For N = 5, the recursion (28) has a unique critical value β∗,5 > 0. All four
variables tend to zero for β > β∗,5, and all four tend to infinity for β < β∗,5. At the critical
value,

(φ1,m, φ2,m, θ1,m, θ2,m) −→ (φ∗, 0, θ∗, 0),

where (θ∗, φ∗) is the fixed point in Lemma A.3. Consequently, β∗,5 = βcr
c,5 = βc,5.

Proof. Put
am = φ1,m, bm = φ2,m, ξm = θ1,m, ξ̂m = θ2,m,

and introduce the two ratios

rm =
bm
am

, sm =
ξ̂m
ξm
.

The recursion gives

rm+1 = sm
ξm

1 + ξm
,

sm+1 = sm
Hm

1 +Hm
,

Hm = ξ3
m

(1 + sm)2(1 + 2rm)

(1 + rm)2
.

(43)

Since r0 = e−β ≤ 1 and s0 = e−3β ≤ 1, (43) implies

0 < rm ≤ 1, 0 < sm ≤ 1.

The main pair satisfies

ξm+1 = a2
m

[
(1 + rm)2 + ξ3

m(1 + sm)2(1 + 2rm)
]
,

am+1 = a2
mξm(1 + rm)2(1 + sm)(1 + ξm).

(44)

When rm = sm = 0, the right-hand side is G(ξm, am), with G as in Lemma A.3.
We first separate escaping from bounded orbits. If am > 1 and ξm > 1, then (44) keeps both

variables above one and makes them tend to infinity. In this case ξm+1 ≥ ξ3
m and

Hm ≥
1

4
ξ3
m,

sm+1

sm
= 1− 1

1 +Hm
.

Thus
∑

m(1 + Hm)−1 < ∞, so sm, and then rm, converges to a positive limit. Consequently,

bm = rmam and ξ̂m = smξm also tend to infinity. We call such an orbit escaping.
Every orbit from the prescribed initial conditions that does not escape is uniformly bounded.

Indeed, it must satisfy
amξm ≤ 1, a2

mξm ≤ 1.

To see this, if ξm > 1 and amξm > 1, or if ξm ≤ 1 < am and a2
mξm > 1, the next main pair is

already in (1,∞)2. The remaining cases give the two inequalities directly. Hence the second
equation in (44) yields

am+1 = (1 + rm)2(1 + sm)
(
a2
mξm + (amξm)2

)
≤ 16.

Since a0 = e−2β ≤ 1, it follows that am ≤ 16 for every m. If ξm ≤ 1, the first equation in (44)
gives

ξm+1 ≤ 162(4 + 12) = 4096.

If ξm > 1 and ξm+1 > 1, put qm = amξm. Because the orbit does not escape, the inequalities at
time m+ 1 give

1 ≥ am+1ξm+1 ≥ q4
mξm,
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and therefore
ξm+1 ≤ 4ξ−5/2

m + 12ξ1/2
m ≤ 16ξ1/2

m .

In the last case, ξm ≤ 4096 implies ξm+1 ≤ 16
√

4096 = 1024. Together with the cases ξm ≤ 1
and ξm+1 ≤ 1, induction from ξ0 = e−β ≤ 1 therefore gives

am ≤ 16, ξm ≤ 4096,

and rm, sm ≤ 1 then bound all four variables.
Write t = e−β, so the initial point is

(a0, b0, ξ0, ξ̂0) = (t2, t3, t, t4).

The recursion is strictly increasing in each variable, and the initial point is strictly increasing in
t. Let E5 be the set of t ∈ (0, 1] for which the orbit escapes. The preceding argument shows that
escape occurs exactly when am > 1 and ξm > 1 for some m. Thus E5 is open and upward closed.
It contains 1, because a1 = ξ1 = 16 when t = 1, and it excludes all sufficiently small t, whose
initial points lie in an invariant neighborhood of the origin. Therefore

E5 = (t∗,5, 1]

for a unique t∗,5 ∈ (0, 1). Set β∗,5 = − log t∗,5.
The critical orbit does not escape and is therefore bounded. It cannot tend to the origin,

since continuity of a finite iterate would then put an orbit with t > t∗,5 in the same invariant
neighborhood, contrary to the definition of t∗,5. Since ξm is bounded, Hm in (43) is bounded.
Consequently, if H∗ = supmHm and q = H∗/(1 +H∗) < 1, then

sm ≤ s0q
m ≤ qm, rm+1 ≤ sm.

Thus the two ratios decay geometrically. By (44),

(ξm+1, am+1) = G(ξm, am) + em, ‖em‖ ≤ C(rm + sm)

for some C <∞, and hence
∑

m‖em‖ <∞.
The critical main pair stays away from both coordinate axes. If amj → 0, boundedness of

ξm, rm, sm in (44) gives (ξmj+1, amj+1) → (0, 0). If ξmj → 0, the second equation first gives
amj+1 → 0, while ξmj+1 remains bounded; applying the preceding argument at time mj + 1

gives (ξmj+2, amj+2)→ (0, 0). Since bm ≤ am and ξ̂m ≤ ξm, either alternative would put a full
iterate in the invariant neighborhood of the origin, which is impossible at t∗,5.

Let L be the omega-limit set of (ξm, am). It is a nonempty compact subset of (0,∞)2.
Since em → 0, limits of shifted subsequences give G(L) ⊆ L. Conversely, taking a convergent
subsequence of the corresponding predecessors gives G(L) ⊇ L. Hence G(L) = L, and Lemma A.3
gives

L = {(θ∗, φ∗)}.

Therefore
(ξm, am) −→ (θ∗, φ∗),

while bm = rmam → 0 and ξ̂m = smξm → 0. This proves the critical limit.
If t < t∗,5, choose λ ∈ (0, 1) so that its initial point is at most λ times the critical initial

point. Every monomial in (28) has degree at least two, so induction bounds the corresponding
orbit by λ2m times the bounded critical orbit; it therefore tends to zero. If t > t∗,5, all four
variables tend to infinity by the definition of E5. Since t = e−β,{

β ≥ 0 : sup
m≥0
‖C(5)

m (β)‖∞ <∞
}

= [β∗,5,∞).

The definition (25) and Proposition 5.4 now give β∗,5 = βcr
c,5 = βc,5.
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Proof of Theorem 5. For N /∈ {3, 5, 6, 9}, the conclusion follows from Proposition A.1; for N = 3
and N = 5, it follows from Propositions A.2 and A.4, respectively. In each case the critical
value appearing there is βc,N .

It remains to consider N = 6 and N = 9. The proof of Theorem 3 gives Xm = Ym = tm,
where

tm+1 = F (tm), F (u) = udN+1 + u2dN+1,

whose unique positive fixed point is t∗ = τ1/dN . The computation in that proof and Proposi-
tion 5.4 show that the initial value equals t∗ precisely when β = βc,N , and the orbit is then
constant. If β > βc,N , the initial value is smaller than t∗; since 0 < F (u) < u for 0 < u < t∗, the
orbit decreases to zero. If β < βc,N , the initial value is larger than t∗; since F (u) > u for u > t∗,
the orbit increases to infinity. This proves all four cases.

Appendix B Off-critical rates

Away from criticality, every crossing variable tends either to zero or to infinity. Taking logarithms
turns each polynomial recursion into a linear recursion with a bounded error.

The following lemma gives the asymptotic estimate used later in Theorem 6.

Lemma B.1. Let M be a primitive nonnegative 2× 2 matrix with Perron–Frobenius eigenvalue
Λ > 1, and let

vm+1 = Mvm + em,

where (em) is bounded. If both entries of vm tend to infinity, then there exist a positive right
eigenvector v+ of M and a constant c > 0 such that

Λ−mvm −→ cv+.

Proof. Let v+ and w+ be positive right and left eigenvectors, normalized by wT
+v+ = 1, and put

sm = wT
+vm. Multiplying the recursion by wT

+ gives the scalar relation

sm+1 = Λsm + wT
+em.

Since (em) is bounded and Λ > 1, the sequence

Λ−msm = Λ−m0sm0 +

m−1∑
j=m0

Λ−j−1wT
+ej

has a finite limit c.
The second eigenvalue Λ2 of M satisfies |Λ2| < Λ. Let

Π+ = v+w
T
+, Π⊥ = I −Π+.

Then Π+ is the projection onto the Perron–Frobenius direction and MΠ⊥ = Λ2Π⊥. Applying
Π⊥ and iterating gives

Π⊥vm = Λm−m0
2 Π⊥vm0 +

m−1∑
j=m0

Λm−1−j
2 Π⊥ej .

Because (ej) is bounded and |Λ2| < Λ, division by Λm makes the right-hand side tend to zero.
Combining this with the limit of Λ−msm gives

Λ−mvm −→ cv+.
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It remains to show that c > 0. Since both entries of vm tend to infinity and w+ > 0, one has
sm →∞, while the preceding limit gives c ≥ 0. If c = 0, the scalar recursion could be solved
backwards as

sm = −
∞∑
j=m

Λm−1−jwT
+ej ,

so (sm) is bounded. This contradicts the positivity of w+ and the assumption that both entries
of vm tend to infinity. Therefore c > 0.

Theorem 6. For N ≥ 3 with 4 - N , define

Λ+
N =



3, N = 3,

5 +
√

17

2
, N = 5,

kN +
3

2
+

√(
kN +

3

2

)2

+ 2(kN + `N − 3), N /∈ {3, 5},

Λ−N =


2, N = 3,

1 +
√

3, N = 5,

kN +
`N − 1

2
+

√(
kN +

`N − 1

2

)2

− 2(kN + `N − 3), N /∈ {3, 5}.

(45)

If β < βc,N , then for every entry cm(β) of C
(N)
m (β),

0 < lim
m→∞

(Λ+
N )−m log cm(β) <∞.

If β > βc,N , then
0 < lim

m→∞
(Λ−N )−m

(
− log cm(β)

)
<∞.

Proof. The phase diagram in Theorem 5 ensures that all crossing variables are eventually larger
than one when β < βc,N , and eventually smaller than one when β > βc,N . Thus all logarithms
below have the stated sign for sufficiently large m.

Suppose first that N = 4k + ` /∈ {3, 5}. On the divergent side, the larger power of Ym in
each sum in (26) gives(

logXm+1

log Ym+1

)
= M+

N

(
logXm

log Ym

)
+ e+

m, M+
N =

(
2 3k + `− 2
2 2k + 1

)
,

where e+
m is bounded; the error consists only of logarithms of factors of the form 1 + Y −am , with

a > 0. On the side converging to zero, the smaller power of Ym gives(
− logXm+1

− log Ym+1

)
= M−N

(
− logXm

− log Ym

)
+ e−m, M−N =

(
2 k
2 2k + `− 3

)
,

where e−m is bounded for the same reason, now with factors of the form 1+Y a
m. Both matrices are

primitive. Direct calculation of their characteristic polynomials gives the two Perron–Frobenius
eigenvalues Λ±N in (45). In particular, detM−N = 2(k + `− 3), which produces the minus sign
under the square root in the formula for Λ−N . Lemma B.1 now gives the required limit for both
crossing variables.

For N = 3, put rm = ym/xm as in (42). On the escaping side, rm decreases to a positive
limit. Indeed, once xm > 1,

0 < 1− rm+1

rm
=

(1 + rm)2

(1 + rm)2 + xm(1 + 2rm)
≤ 4

xm
,
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whereas xm+1 ≥ x3
m. Therefore

∑
m(1 − rm+1/rm) < ∞, and the product

∏
m(rm+1/rm) is

positive. Since rm is decreasing, it follows that rm converges to a positive limit. The logarithmic
recursion is consequently (

log xm+1

log ym+1

)
=

(
3 0
2 1

)(
log xm
log ym

)
+O(1).

On the side converging to zero, rm → 0 and(
− log xm+1

− log ym+1

)
=

(
2 0
2 1

)(
− log xm
− log ym

)
+O(1).

In both recursions, the first component has the form υm+1 = Λυm +O(1), where υm →∞ and
Λ = 3 or 2. The elementary one-dimensional version of Lemma B.1 gives a finite positive limit
for Λ−mυm; denote it by cυ > 0. If ωm denotes the second component, then

ωm+1 = ωm + 2υm +O(1),

and hence

ωm = ωm0 + 2

m−1∑
j=m0

υj +O(m).

It follows that

Λ−mωm −→
2cυ

Λ− 1
> 0.

This proves Λ+
3 = 3 and Λ−3 = 2 in (45).

Finally, let N = 5, and use the notation am, bm, ξm, ξ̂m, rm, sm from Proposition A.4. On the
escaping side, the proof of Proposition A.4 shows that sm has a positive limit and that rm has
the same limit. Taking logarithms in (44) therefore gives(

log am+1

log ξm+1

)
=

(
2 2
2 3

)(
log am
log ξm

)
+O(1).

On the side converging to zero, ξm → 0. Since rm, sm ≤ 1, (43) gives

Hm ≤ 12ξ3
m −→ 0, sm+1 ≤ Hm −→ 0, rm+1 ≤ sm −→ 0.

Thus rm, sm → 0, and (44) gives(
− log am+1

− log ξm+1

)
=

(
2 1
2 0

)(
− log am
− log ξm

)
+O(1).

The two Perron–Frobenius eigenvalues are (5 +
√

17)/2 and 1 +
√

3, respectively. Lemma B.1
gives the stated limits for am and ξm. On the escaping side, the positive limits of rm and sm
give the same limits for bm and ξ̂m. On the side converging to zero, (43) gives

− log sm+1 = − log sm + 3(− log ξm) +O(1), − log rm+1 = − log sm − log ξm +O(1).

Write
(Λ−5 )−m(− log ξm) −→ γξ > 0.

The first relation is a scalar inhomogeneous recursion. Summing it and using the limit for
− log ξm gives

(Λ−5 )−m(− log sm) −→
3γξ

Λ−5 − 1
> 0.

Substitution in the second relation then gives a finite positive limit for (Λ−5 )−m(− log rm). Since

− log bm = − log am − log rm, − log ξ̂m = − log ξm − log sm,

the two remaining crossing variables have finite positive normalized limits as well. This completes
the proof.
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Fields 88 (1991), 405–428.

[11] K. Hattori, T. Hattori and S. Kusuoka, Self-avoiding paths on the pre-Sierpiński gasket, Probab.
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