CRITICAL HAUSDORFF MEASURE FOR HIGHER-DIMENSIONAL
BEDFORD-MCMULLEN SUBSHIFTS

HUA QIU AND QI WANG

ABSTRACT. Let A = diag(mu, ..., mq) be a diagonal expanding integer matrix with m; >
.. >mg > 2 and at least two distinct diagonal entries, and let X C AY be a subshift with
weak specification over A = [[¢_,{0,1,...,m, — 1}. Let K = R(X) be the corresponding
self-affine set. Writing v = dimp K, we prove a sharp critical-measure dichotomy:

dimg K =dimg K <= 0<H"(K) < oo,
dimyg K < dimg K <= H"(K) = 0.

In the second case, H” is not o-finite on K. This resolves Peres’ 1994 conjecture for planar
systems and extends to higher dimensions. For sofic subshifts, we prove the existence of the
box dimension and show that dimension equality implies that the critical Hausdorff measure
is positive and o-finite, although it may be infinite. We also construct two examples with
dimpg K < dimp K: in one example the critical Hausdorff measure is positive and finite,
whereas in the other it is infinite but o-finite.
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1. INTRODUCTION

Fix a diagonal expanding integer matrix and its digit alphabet

d

A = diag(myq,...,mg), my > > myg > 2, AZH{O,l,...,mT—l}.
r=1

Assume that my, ..., mg take at least two distinct values. Let n; > --- > ng be these distinct

values, so that s > 2. Choose 0 =dy < dy < --- < dg = d so that

my =n; di_1 <r<d,.

Thus the i-th group consists of coordinates d;_1 + 1,...,d;, and the first ¢ groups together
consist of coordinates 1,...,d;. A subshift X C AN is a nonempty closed set satisfying
o(X) C X, where o(x1x923--+) = xoxs--- is the left shift. A finite word of length N over A
is a finite sequence I =iy ---ixy € A", and its length is denoted by |I| = N. The empty word
has length 0. If I =4y ---i5 and J = j1 - - - jpr, their concatenation is

IJ =iy-inji--jm,  |IJ| =N+ M.

Write £(X) for the set of finite words that occur in sequences of X, together with the empty
word. The elements of £(X) are called admissible words. If S C A is nonempty and X = SV,
then X is the full shift on the digit set S. The subshift X has weak specification [Fenll] if
there is an integer p > 0 such that, for every I,J € £(X), there exists an admissible word
W with |[W| < p such that IWJ € £(X). Thus any two admissible words can be joined,
although the joining word may depend on the pair. For x = (v1)x>1 € X, each z € A C Z¢
is a d-dimensional digit vector. The associated self-affine set is

K =R(X), R(z)= iA‘kxk. (1.1)
k=1

We use H!, dimy, dimp, and dimp for Hausdorff measure, Hausdorff dimension, lower box
dimension, and upper box dimension, respectively; see [Fall4]. For a bounded set E, when
its lower and upper box dimensions agree, their common value is denoted by dimg F. For a
nonempty set E, we call HY™Mu P(E) its critical Hausdorff measure.

The Hausdorff dimension gives the threshold at which Hausdorff measure changes from
infinity to zero, but it does not determine the measure at the threshold itself. More precisely,
if v = dimg E, then H!(E) = oo for t < v and H!(E) = 0 for ¢t > ~, whereas H"(F) may be
zero, positive and finite, or infinite. For a self-similar set satisfying the open set condition,
Hutchinson’s theorem gives 0 < HY(F) < oo [Hut81]. The situation is more delicate for
the diagonal self-affine sets considered here: symbolic cylinders have different side lengths
in different coordinate directions, so their distribution among the coordinate fibres contains
geometric information that is not recorded by the Hausdorff dimension alone. Thus the critical
Hausdorff measure is a genuinely finer quantity than the dimension.

The Bedford-McMullen family is the basic non-conformal setting in which this distinction
can be seen explicitly,. When d = 2 and X = SV is a full shift, the set K is a Bedford-
McMullen carpet. In 1984, Bedford and McMullen independently computed its Hausdorff
and box dimensions [Bed84, McM84]. If all nonempty fibres of the projection of S onto
the second coordinate have the same cardinality, then dimg K = dimp K and the critical
Hausdorff measure is positive and finite. McMullen asked about the critical measure when
these dimensions are different. In 1994, Peres answered this question by proving that, in that
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case, the critical Hausdorff measure is infinite and not o-finite [Per94]. Thus, for a planar
Bedford-McMullen full shift and v = dimy K,

dimg K =dimp K <= 0<H(K) < o0,
dimpg K <dimp K <= H(K) = oc.

At the end of the same paper, Peres considered sets coded by a primitive transition matrix
and formulated the following conjecture. Let S C A be a digit set and let A = (Ayy)uwes
be a primitive zero-one matrix; that is, A? is a positive matrix for some integer ¢ > 1. The
corresponding subshift is

XA = {$ = (xk)kzl S SN . A$k$k+1 =1 for every k > 1}, KA = R(XA)
The subshift X 4 is called a primitive subshift of finite type.
Conjecture ([Per94]). If v4 = dimp K4 < dimp K4, then HY4(Ky4) = co.

The motivation for this paper is to prove this two-dimensional conjecture and to extend
it to higher-dimensional diagonal affine-invariant sets coded by subshifts satisfying weak
specification. The main result is the following.

Theorem 1.1. Let X C AN be a subshift satisfying weak specification and set K = R(X).
Let v = dimy K. Then

dimg K =dimp K <= 0<H'(K) < oo,
dimg K < dimp K <= H"(K) = oc.
In the second case, H7 is not o-finite on K.

Every primitive subshift of finite type satisfies weak specification, so Theorem 1.1 resolves
Peres’ conjecture. Under weak specification, Z. Feng proved the existence of the box dimension
and that dimension equality implies positive and finite critical Hausdorff measure [Fen26].
Our contribution is the converse measure statement: a strict dimension gap implies that
the critical Hausdorff measure is infinite and, in fact, not o-finite. In particular, the critical
Hausdorff measure can never vanish under weak specification.

The dimension theory surrounding this problem developed in several directions. In the
plane, the constructions of Lalley—Gatzouras and Baranski allow more general rectangular
patterns and contraction ratios than the Bedford-McMullen construction [LG92, Bar07]. For
higher-dimensional Bedford—McMullen sets, Kenyon and Peres established the Hausdorff-
dimension variational principle and studied measures of full dimension [KP96a, KP96b]. In
the present setting, approximate cubes encode different coordinate groups over different
proportions of symbolic time, so the Hausdorff-dimension variational principle involves a
weighted sum of factor entropies. D.-J. Feng’s weighted thermodynamic formalism provides
the corresponding equilibrium states and entropy estimates [Fenll].

Several finer aspects of diagonal self-affine geometry have also been studied, including
dimension gaps for sponges, Assouad-type dimensions, L? spectra, random sponges, and
dimension formulas for diagonal self-affine sets and measures [DS17, FH17, Kol23, BB25,
Fen25, Rap26]. The critical Hausdorff measure is a different refinement: it asks for the size of
a set at its already known Hausdorff dimension. For Baranski carpets, the authors obtained a
dichotomy in terms of uniform fibre conditions [QW24]. Related recent work on Hausdorff
measure and finer geometry for planar self-affine sets includes [Bar25, BKY26].

To understand how the conclusions in Theorem 1.1 can change when weak specification
fails, we next consider sofic subshifts, which contain all subshifts of finite type. A sofic subshift
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X c AN can be represented by a finite vertex-labelled directed graph and is therefore closely
connected with graph-directed constructions; compare [MWS8S]. It is irreducible if, for every
I,J € L(X), there is a word W € L(X) such that IWJ € £(X). An irreducible sofic subshift
has a finite strongly connected graph presentation. For each ordered pair (u,v) of vertices,
choose a directed path of positive length from w to v. Since there are only finitely many such
pairs, the lengths of these paths have a finite maximum; denote it by p. Given I,J € L(X),
choose paths whose labels are I and J. If u is the terminal vertex of the first path and v is the
initial vertex of the second, let W be the word formed by the labels of the vertices between
u and v on the chosen path. Then |W| < p and IWJ € L(X). Thus every irreducible sofic
subshift satisfies weak specification and is covered by Theorem 1.1. We therefore focus on
reducible sofic subshifts, which need not satisfy weak specification.

Theorem 1.2. For every sofic subshift X, the box dimension of K = R(X) exists. Write
v = dimyg K. Moreover:

(i) If dimpg K = dimp K, then HY(K) > 0 and H" is o-finite on K, but H(K) need not
be finite.

(ii) If dimg K < dimp K, then HY(K) may be positive and finite, or it may be infinite
and o-finite.

Remark 1.3. For a sofic subshift, Proposition 7.2 not only proves that the box dimension
exists, but also gives its formula in terms of the topological entropies of the strongly connected
components and their factor subshifts.

Together, these results compare the weak-specification setting with the reducible sofic setting.
Under weak specification, Theorem 1.1 gives a complete dichotomy for the critical Hausdorff
measure according to whether the dimensions are equal. For sofic subshifts, dimension equality
implies positivity and o-finiteness but not finiteness. When the dimensions differ, both finite
and infinite critical Hausdorff measure can occur.

Structure of the manuscript. Section 2 introduces the notation and reduces the second
implication in Theorem 1.1 to Propositions 2.2 and 2.3. Section 3 defines approximate cubes
and proves the required density estimates. Section 4 proves the partition lemma for finite
admissible word sets. Section 5 uses this partition to construct a probability measure and
prove Proposition 2.2. Section 6 proves Proposition 2.3. Finally, Section 7 proves Theorem 1.2
and examines the dimensions and critical Hausdorff measure of reducible sofic subshifts.

2. PRELIMINARIES AND REDUCTION OF THE MAIN THEOREM

Throughout, log denotes the natural logarithm. For x € R, |x] is the greatest integer
less than or equal to x, and [z] is the least integer greater than or equal to x. For positive
quantities A and B, the notation A < B means that A < CB for a constant C' >0, A 2 B
means that B < A, and A < B means that both A < B and B < A. For a real quantity F
and a positive quantity B, the notation F' = O(B) means |F| < B, while F' = o(B) means
that F//B — 0 in the stated limit. A subscript on <, 2, <, or O lists the parameters on

which the corresponding constant may depend. For a finite set E, the symbol #FE denotes its
cardinality.

2.1. Factor maps and weighted pressure. Throughout Sections 2-6, X C AN denotes a
subshift satisfying weak specification, K = R(X), and S = {z1 : x € X} is the set of digits
that occur in X. For = (x;)j>1, write [N =z1---ony. f I =41---iy and 0 <a < b < N,
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write I| = g1 - - - iy, abbreviate I|b = I}, and write |[I| = N. We use the convention I|¢ = &.
If Y is a subshift over a finite alphabet, let Lo(Y) = {@} and

Ly(Y)={y-—ynv:y= (g1 €Y} (N>1),  LY)= ] Ln(¥).
N>0

For N > 1 and I € Ly(Y), the cylinder generated by I'is [I|={y €Y : y|N = I}.
We write M, (Y") for the set of invariant Borel probability measures on Y. For a Borel
probability measure v on Y, set

HwlLy(Y) =~ > vlf]logull], (2.1)
IeLn(Y)

where 0log0 = 0. For p € M,(Y), its measure-theoretic entropy is

hip) = lim_ %H (W LN (Y)),

whereas the topological entropy of the whole subshift is

1
hiop(Y) = lim 7 log #Ln (V).

Both limits exist by subadditivity and Fekete’s lemma, since H (u|Cn4a(Y)) < H(pu|Ln(Y))+
H(plLyu(Y)) and #Lnar(Y) < #LN(Y) #Lar (V). In particular, h(p) < hiop(Y).

Recall that there are integers n; > -+ > ng > 2, where s > 2, and 0 =dp < dy < -+ <
ds = d such that
My = Ny di—1 <r <d,.

Set ng = oo, A; = A, and
A = H{O,...,mr—l} 2<3<s.

r>d;_1

Let m : A — A; be the identity. For 2 < i < s, let m; : A;_1 — A; delete the coordinates
numbered at most d;_1. The maps are applied coordinatewise to sequences and words. Write

T; = T3 O+ 0T, XZ‘ZTZ'(X), X=X1W—2>X2W—3>---W—S>X5. (2.2)

We call the sequence of factor maps in (2.2) the factor chain.

If X satisfies weak specification with bound p, then every factor X; satisfies weak speci-
fication with the same bound. To see this, let U,V € L(X;), choose I,J € L(X) such that
7i(I) = U and 7;(J) = V. There is W € L(X) such that |[W| <p and IWJ € £(X). Hence

Ur(W)V =17,(IWJ) € L(X;), |7 (W) = |[W] < p.
If v is a Borel probability measure on X, its push-forward under 7; is the probability
measure T;i = (7;)«p on X; given by
(tip)(B) = pu(r;Y(B)) for every Borel set B C X;.

)

If p is invariant under o, then 7; 4 is also invariant, as 7, 00 = 0 o 7;.
Set

log n
B0 = 0, ~_logn

5 = logni’ aizei—ei_h a:(al,...,as). (23)

Then 0 < 6; < --- <0 =1.
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If b= (b1,...,bs), where b; > 0 and >, b; = 1, write

PP(g) = sup Zb h(Tip). (2.4)
pEMo(X) 1
PP(0) is called the b-weighted pressure of o. In the notation of D.-J. Feng [Fen11], this is
PP (o, 0); we omit the zero potential from the notation. An invariant measure attaining the
supremum in (2.4) is called a b-weighted equilibrium state [Fenll].
We shall use the following results from Kenyon and Peres [KP96b|, D.-J. Feng [Fenl1], and
Z. Feng [Fen26].

Proposition 2.1. Let X C AN be a subshift satisfying weak specification and set K = R(X).
Then:

(i)
P2(o)

dimp K = h 2.5

log n’ i log ns ;az top (Xi). (25)
(ii) Every positive weight vector b has a unique b-weighted equilibrium state ny,.
(iii) For each fized b and 1 <i <'s,

H((Tinb)‘ﬁN(Xi)) = Nh(Tinb) + Ob(l). (2.6)
(iv) If v = dimpg K and dimyg K = dimp K, then
0<H'K) < oc. (2.7)

Proof. The Ledrappier—Young formula and the full-dimension variational principle in [KP96b,
Theorem 1.1 and Lemma 4.3] give

_ P*(0)
p Zaz Tilt) = Togny’

i 1 1
dimg K = sup Z < — > h(Tip) =

HEM, (X) = logn; logn;— log Ns pueMo(

Since X satisfies weak specification, [Fen26, Proposition 3.3] shows that the box dimension of
K exists and gives

1
dimp K = Tog . z_; aihiop(X;).

This proves (i).

Conclusion (ii) follows directly from [Fenll, Theorem 1.2], applied to the zero potential.

We next prove (iii). For ¢ = 1, equation (2.6) is precisely the entropy estimate in [Fenll,
Theorem 7.3(iii)]. Let 2 < i < s. The factor X; satisfies weak specification. Applying [Fenll,
Lemma 7.2(ii)] successively to ma, . .., m; shows that 7;mp is the weighted equilibrium state of the
induced potential on the factor chain X; — - -+ — X,. By [Fenll, Lemma 5.7], each recursively
induced word function remains in the class required by [Fenll, Theorems 5.5 and 7.3]. This

induced potential need not be zero. If ¢ < s, its weight vector is (22:1 beybiv1, ..., bs), SO
[Fenll, Theorem 7.3(iii)] applies. For i = s, [Fenl1, Theorem 5.5] applies. In either case,
> (rim)[J]log(rimw)[J] = =Nh(rimp) + Op(1).
JEEN(XZ')

Multiplying by —1 and using (2.1) gives (2.6).
Finally, under the assumption dimy K = dimp K, conclusion (i) of [Fen26, Theorem 1.1]
gives 0 < HImu K(K) < 0o. Taking v = dimy K proves (iv). O
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2.2. A reduction of Theorem 1.1. Sections 3-6 prove the second implication in Theorem 1.1.
For 0 < B <1, write

ai(B) =0] =071, a(B)=(@(8),-.,a:(8)). (2:8)
Note that a(1) = a, where a is defined in (2.3). Since 0 =0y < 6; < --- <6, =1,

S
ai(B) >0, Y aiB) =1
i=1
Thus a(f) is a positive weight vector. Let n = 7,, and write

e(8) = P*@(0) — 3 ai(B)h(rim) = 0. (2.9)
=1

The last inequality follows directly from the variational definition of P2(%)(g).
Given a continuous increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0, called a gauge
function, the associated Hausdorff measure is

HP(E) = lim inf Z¢(diam U;):EC U U;, diamU; < 6
J J
For t > 0, taking ¢(r) = r! gives the usual Hausdorff measure H?.

We now reduce the second implication in Theorem 1.1 to two propositions. The first shows
that ¢(8) > 0 gives the required Hausdorff-measure conclusion, and the second shows that the
dimension gap dimp K < dimp K gives ¢(3) > 0. Their proofs are given in Sections 5 and 6,
respectively. Together with Proposition 2.1(iv), these two propositions prove Theorem 1.1.

Proposition 2.2. Let X ¢ AN be a subshift satisfying weak specification, set K = R(X), and
let v =dimyg K. If ¢(B) > 0 for some 5 € (1/2,1), then there is € > 0 such that the gauge
function gs, satisfying gg(r) = r7 exp{—e(log(1/r))’} for 0 < r < 1, has

HI%(K) = oo, HY(K) = oo.
Neither H98 nor HY is o-finite on K.

Proposition 2.3. Let X C AN be a subshift satisfying weak specification and set K = R(X).
If dimpg K < dimp K, then ¢(8) > 0 for some 5 € (1/2,1).

Proof of Theorem 1.1 based on Propositions 2.2 and 2.3. Suppose first that dimgp K =
dimp K. Then (2.7) gives
0<H'(K) < o0.
Suppose next that dimpg K < dimp K. Proposition 2.3 gives g € (1/2,1) such that ¢(3) > 0.
Proposition 2.2 then gives
HY(K) = oo,

and shows that H” is not o-finite on K.

The general inequality dimy K < dimp K shows that these are the only two possible cases.
The finite-measure conclusion in the first case and the infinite-measure conclusion in the
second case prove both converse implications in (1.2) and (1.3). O

Remark 2.4. The proof of Proposition 2.3 gives a stronger conclusion. If dimpy K < dimp K,
then every nonempty open interval I C (0,1) contains some (3 for which ¢(8) > 0. Otherwise,
the function ¢ would vanish throughout I, and the argument in Section 6 would imply
dimpg K = dimp K. Consequently, for every Sy € (1/2,1), there is some 8 € (fp,1) with
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c(f) > 0. Proposition 2.2 then shows that the exponent 3 in the gauge function gg may be
chosen arbitrarily close to 1.

3. APPROXIMATE CUBES AND THE DENSITY ESTIMATES

This section introduces the approximate cubes used throughout the proof. We describe
both their geometric form and their symbolic representation. We then use a density estimate
to deduce infinite and non-o-finite Hausdorff measure from sufficiently small approximate-cube
masses.

For a word I =i1---iy and 0 < k < N, write

k
Rp(I)=)Y Ay, Ro(I)=0.
/=1

Thus
R(z) = R(z|k) + A"*R(c"z).
For I € A*, the level-k approzimate cube is

s d;
=11 TI [Rwikj (D)rs Rig,i) (1) + ni_w"kj) ,

i=1r=d;_1+1
with the adjustment that a factor is closed on the right whenever its right endpoint is 1. Here
R|g,1) (1) denotes the r-th coordinate of R|g,;|(I). Note that the level-k approximate cubes
form a partition of [0, 1]¢. These partitions are nested: every level-(k + 1) approximate cube
is contained in a unique level-k approximate cube. Every side length of Qx(I) is comparable
to n;k; hence there are constants cg, Cy > 0, independent of k and I, such that
cong * < diam Qi (1) < Cong*. (3.1)
For z € AN, write Qi (z) = Qr(z|k).
For x € X, let the corresponding word set be
I‘k(x) = {I S ﬁk(X) : TZ(IHHZkJ) = Tz(a}‘ {61]{4) for1 <i< 8} . (3.2)
The corresponding cylinder set is
Ce@) = J [
IGFk(:E)
The following elementary observation from Euclidean geometry will be used: for every level-k
approximate cube Q with R~1(Q) N X # &, there are sequences 2.z € X such that
L
R QnX cJrw), L<2 (3.3)
(=1
Set Qi (X) = {Qk(x) : © € X}. For every z € X, the point R(z) belongs to the closure of
Qg (). Consequently, the closures of the approximate cubes in Q(X) cover K. For z € [0,1]%,

let Qk(2) be the unique level-k approximate cube containing z. If z = R(x) is not on a grid
boundary, then Qi(z) = Qr(z). Let

Dr(X) = {(Jl, o ds) € HﬁwikJ*wi—lkJ (X;) : there is I € Li(X) such that
=1 (3.4)
Tz‘(I%Zﬁf{m) = J; for every z}
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By [Fen26, Lemma 2.7],
#Qnr(X) = #Dk(X). (3.5)

Lemma 3.1. Let \ be a Borel probability measure supported on K, and let g be a gauge
function. If

A@Qk(2))

limsup ——-= =0 for A-almost every z,
k—o0 g(ns )

then H9(K) = co. Moreover, HY is not o-finite on K.

Proof. For every C' > 0, the assumed upper density is at most C' almost everywhere. Hence
[Fen26, Lemma 2.9(i)] gives H9(K) > C~!, where the implicit constant is independent of
C. Letting C | 0 proves HI(K) = oco. Let E C K be Borel with A\(E) > 0 and define
Ae(A) = AMANE)/AE). For Ag-almost every z,

As(@u(2) _ 1 MN@i(2)
gn®) T ME) g(ns*)

Applying the same argument to A\g gives HY9(E) = oco. Thus every Borel set of finite HY

measure has zero A-mass. By Borel regularity of Hausdorff measure, every H9-measurable

set of finite measure is contained in a Borel set of the same finite measure. Therefore no
countable family of finite-HY9-measure sets can cover K, and HY is not o-finite on K. O

4. PARTITION OF ADMISSIBLE WORDS

This section proves the finite-word decomposition used in the proof of Proposition 2.2. For
each N, we partition £y (X) into O(N*~1) sets having uniform fibres at every factor level.

The idea comes from a standard approximation method for planar self-affine carpets. For a
Bedford-McMullen carpet, one can pass to a sufficiently high iterate and select words whose
digit frequencies are close to those of a measure of full Hausdorff dimension. The selected
words define a Bedford—McMullen subcarpet with uniform fibres and Hausdorff dimension
arbitrarily close to that of the original carpet. This approximation from within was used in
[FJS10, Section 4] and [FS16, Section 6]. Here a single subsystem is not enough. Instead, for
each fixed word length, we divide all admissible words into finitely many sets, each having
uniform fibres at every factor level.

Fix N € N and write W; = Ln(X;). When no confusion can arise, we use the same symbols
for the restrictions

Ti+1 : Wz — Wi+17 T - W1 — VVZ
For C C W and J € 7;(C), write
mi(C,J)=#{I € C:7;(I) = J}.

We consider sets C' C W for which, for every 1 < i < s, the number m;(C, J) is independent
of J € 7;(C). In other words, all fibres of the map 7; : C' — 7;(C) have the same cardinality.
We say that such a set C has uniform fibres at every level. Denote the common fibre cardinality
by M;(C), and write B;(C) = #7;(C). Then

4C = Bi(C)M;(C)  1<i<s. (4.1)

Recall that S = {z1 : * € X}, and write S; = 7;(S). A partition of W; is a family of pairwise
disjoint subsets whose union is Wj.
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Lemma 4.1. The set Wy has a partition {C¢}{¥, such that every Cy has uniform fibres at

every level. Moreover,
1 S; _
v < H ( [ ngg D = O(N*). (4.2)

Proof. We construct the partition recursively along the factor chain. The construction will
use sets of the form

Gi(r1,...,ri—1;Ji) C Wh, Ji €W, 2<i<s.
For each 4, we construct the nonempty sets of this form so that they satisfy the following
three properties.

(P1) They are pairwise disjoint and their union is Wj.
(P2) Every word in G;(r1,...,7i—1;J;) projects to J; under ;.
(P3) For1</<iand L € Tg(Gi(Tl, ey i1, JZ)),

#{I € Gi(r1,...,mi_1;J;) : 7o(I) = L} = 2t Hre—1, (4.3)
For ¢ =1, the exponent is the empty sum 0, so the right-hand side is 1

In particular, taking ¢ =i in (4.3) and using (P2) gives

HGi(ry, ... i1 Jy) = 2mt Ao (4.4)

We first construct the level-2 sets. For Jo € W, let
q1(J2) =#{I e Wy : (1) = Jo} > 1.
Write its binary expansion as
q1(J2) = Z er (J2)2™, er (J2) € {0,1}.
r1>0

Using this binary expansion, split the fibre 7, 1(Jy) into sets

Ga(r1; J2), #Go(r1; J2) = 2™,

for each r with &,,(J2) = 1. The cardinalities of these sets add up to ¢i(J2). As Jy varies,
these sets partition Wj. Every word I € Ga(ry; J2) satisfies 7o(I) = Jo, and 71 is the identity.
Consequently, properties (P1)—(P3) hold for i = 2.

Suppose now that the level-i sets have been constructed for some 2 < i < s. Fix (r1,...,7r;—1)
and J;+1 € Wiy1, and consider the finite family

Ji € Wi, miv1(Ji) = J;

. . . T _ . . A 79 i+1\Jg i+15
L/z(/rly-.-’/r'z—lajz—‘rl) = {Gz(rl7-.-7r2—17<]z> : Gi(?"l,...,Ti_l;Ji)#g } (45)
Let ¢;(r1,...,7i—1;Ji+1) be the number of sets in this family. If this number is zero, there is

nothing to do. Otherwise, write its binary expansion as
qi(ri, ... rie1; Jig1) Z er, 2", er, €{0,1}.
r;>0
Partition the family in (4.5) into disjoint subfamilies .%; ,, with e,, = 1, so that #.%;,, = 2.
Let
Gi+1(’l“1, RS @+1 U G (46)

GeFir,

The new sets are unions of disjoint level-i sets, and every level-i set is used exactly once.
Hence they are pairwise disjoint and cover W, which proves (P1). Every word in a new set
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projects to Jit1, as 7i41(L) = mir1(7i(I)) = Jiy1 for every word I in that set. This proves
(P2).

To prove (P3), first take 1 < ¢ < i and L € 74(G;y1(r1,...,73;Ji+1)). Among the level-i
sets whose union defines the new set in (4.6), exactly one contains a word whose 7y-image is
L. Indeed, suppose that two sets G;(r1,...,ri—1;J;) and G;(r1,...,ri—1; J]) have 7p-images
containing L. If £ < i, then

Ji = (mio--ome1)(L) = J;.

If ¢ =4, then L = J; = J/. Thus the two sets are the same. Therefore the fibre over L is
contained in one level-i set, and the induction hypothesis gives

#{I € Git1 (7”1, e, T Jz—l—l) ( ) L} oritTe 1

For ¢ =i+ 1, the ry-image of Giy1(r1,...,7; Jit1) consists only of J;11. The union in (4.6)
contains 2" level-i sets, and each has 2"1F " *"i-1 words by (4.4). Hence
#Gip1 (11, 7y Jign) = 202M L = T

This proves (P3) and completes the induction.

After the level-s construction, fix a complete index vector r = (r1,...,7s_1) and let

Cr = U Gs("ﬂla---arsflhjs)-
JsEWs
Gs("'lv-'y"‘sfl;‘]s)?é@

Retain only the nonempty sets Cy. Since the level-s sets form a partition of W;, the sets Cy
also form a partition of Wy. Fix 1 <i < s and J; € 7;(C;y). For 1 <i < s, the word J; has the
uniquely determined image Js = (w50 -+ omiy1)(J;) € Ws; when i = s, set J; = J;. Applying
(4.3) at level s gives

mi(Cy, J;) = 2" Frimn 1 <i<s.
The right-hand side is independent of J;. Therefore C} has uniform fibres at every level, with
M;(Cy) =1 and M;(Cy) = 2MF 171 for 2 <4 < s.

It remains to count the possible vectors r. At the first step, ¢i(J2) is the number of words
in a fibre of my : Wi — Wh, so

a1(J2) < #S)N

For 2 < i < s — 1, each member of (4.5) corresponds to a different J; in the fibre of
Ti+1 : Wi = Wit1. Every word in W; has length N over the alphabet S;, and hence

Gi(ri,. . ric1; Jiv1) < #r2h (Jin) < #S)N.

Thus, whenever an exponent r; occurs in one of the binary expansions, ¢;(r1,...,ri—1;Ji+1) is
at least 2" and at most (#S;)". Consequently,

0<m < N log#Si <N log #Si |
log 2 log 2

s—1
log #8;
(- [557 )

i=1

Thus there are at most

possible complete index vectors, which proves (4.2). O
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Remark 4.2. Let C' C W; have uniform fibres at every level, and let P be the uniform
probability distribution on C. Then (4.1) gives that (7;).Pc is the uniform probability
distribution on 7;(C), i.e.

M;(C) 1

(1) Pc({J}) = 20~ Bi(0) J € 7;(C). (4.7)

Lemma 4.3. Let (y be a probability distribution on Wi, and let {C}{Y, be the partition given
by Lemma 4.1. Write 9y = (n(Ct), By = Bi(Ct) = #7;(Ct). For 1 <i<s, let (n; = Ti{n be
the distribution on W;. Then, for every 1 <i < s,

Z Vilog By; > H((n,i) — loggn, (4.8)

where H((Ni) = — Y jew, Cvi(J) log (n i(J). Moreover, there exist m € {1,...,s+ 1}, pair-
wise distinct indices t1, ..., ty, and positive numbers pi, ..., pm with Z;"Zl p; = 1 such that

m
Zﬁt log By ; = ij log By i 1< <s.
" ’

Proof. For ¥; > 0, let p;; be the probability distribution on W; given by

ptz - Z CN

I1eCy
T,(]) J

This distribution is supported on 7;(C}), which has By ; elements, and hence H(p;;) < log By ;.
For J € W;, write a;,j = U4pri(J). Then (ni(J) = Zt-ﬂpo atj and ay,; < (n,i(J). Therefore,

H(CN,z’) = Z Z atJlogCNz( Z Z (ltJIOgCLtJ

t:9¢>0 JeW; t:9: >0 JeW;
=— Z Ui log 9t + Z v H Ptz)<10gQN+Z79t10gBtz
t:9+>0 t:94>0

This proves (4.8).
For the last assertion, write

vy = (log By 1,...,log By 5) € R®.

The vector v = >, ¥¢v; belongs to the convex hull of the vectors v; in R®. By Carathéodory’s
theorem, every point in the convex hull of a subset of R® is a convex combination of at most
s + 1 points of that subset. There are m < s + 1 pairwise distinct indices ¢y, ..., ¢, and
coefficients p1,..., pm > 0, with Z;n:l p; = 1, such that

m
v = g PV, -
j=1

Equality of the i-th coordinates gives the last assertion of the lemma. O
Corollary 4.4. Suppose w € M,(X) satisfies, for every N > 1,
H((r;w)|Ln(Xi)) = Nh(iw) + O(1) 1<i<s.

For every N > 2, let {Ci}{N, be a partition supplied by Lemma 4.1. Then there exist
m e {1,...,s+ 1} pairwise dzstmct sets Cyyy...,Cy, C Ln(X), and positive numbers

m



CRITICAL HAUSDORFF MEASURE FOR BEDFORD-MCMULLEN SUBSHIFTS 13
. m
Ply -y Pm With Zj:l pj = 1. If By, ; = #7:(Cy;), then

m
ij log By; i > Nh(tiw) — O(log N) 1<i<s.
j=1

Proof. Let (i be the probability distribution on £y (X) given by
(D) =w(ll]) 1€ Ln(X).

For every i, write (y; = 7;¢(n. The hypothesis gives H((n,;) = Nh(riw) + O(1) for every i.
Applying the two conclusions of Lemma 4.3 to (y, and using gy = O(N*~!) from Lemma 4.1,
yields m < s + 1, pairwise distinct indices t1,...,%,,, and positive coefficients p1, ..., pm
summing to 1 such that, for every 1 <i < s,

> pjlog By, > H((n,) —logqn = Nh(riw) — O(log N).
j=1

This proves the corollary. O

Corollary 4.4 gives finitely many admissible word sets together with weights describing the
proportions in which they should be used. In the measure construction in Section 5, we need
a sequence of these sets whose occurrence frequencies follow the prescribed weights. The next
lemma constructs such a sequence with a uniformly bounded error.

Lemma 4.5. Let g € N, let p1,...,pq > 0, and suppose Y {_, pp = 1. There is a sequence
ur,ug, ... € {1,...,q} with the following property. For r € N, let Ny(r) =#{1 <j<r:u; =
t}. Then, for every 1 <t <gq andr € N,

IN(r) — prr] < g — 1. (4.9)
Consequently, for every 1 <t < q and all integers 0 < a < b,
|#{a<j<b:uj=t}—p(b—a)l <2(¢g—1).

Proof. If ¢ = 1, take u, = 1 for every r. Hence assume ¢q > 2.

Choose u; arbitrarily. For 1 <t < ¢ and r € N, write e;(r) = N¢(r) — rp;. Having chosen
the first r terms, where r > 1, write p;(r) = (r + 1)p — Ne(r) = pr — es(r), and choose w41
to be an index for which p;(r) is largest. Since

a q q
S nl) =+ DY g Y M) = ) =1,
t=1 t=1 t=1
the largest number p;(r) is positive.
We prove by induction that for 1 <t < g and r € N,
er(r) < 1. (4.10)

For r = 1, this is immediate. Assume it holds at time r, and let t, = wu,41 be the chosen
index. For this index,

er,(r+1)=e(r)+1—py, =1—p(r) <1,
since py, (r) > 0. If ¢ # ¢, then
et(r+1) =e(r) — pe <1,
by the induction hypothesis and p; > 0. This proves (4.10).
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For every r € N we also have

Zet(r) = ZNt(r) —ert =r—r=0.
t=1 t=1

t=1

Consequently, for each 1 <t < g,

alr)=— Y elr)>—(g—1).
1<v<q
v#£t
Together with (4.10), this gives |e:(r)| < ¢ — 1, and hence proves (4.9).
Finally, for 1 <a < b,

#{a <j<b:uj=t}—p(b—a)=N(b) — Ni(a) — pe(b— a) = er(b) — ex(a).
This gives the stated bound when a > 1; when a = 0, it follows directly from (4.9). O

5. PROOF OF PROPOSITION 2.2

The preceding section produced finite sets of admissible words with uniform fibres and
factor cardinalities that give a required entropy lower bound. We now use these sets to choose
independent random source blocks, join the chosen blocks by weak specification, and push the
resulting product measure forward to K. The following proposition gives the quantitative
estimate needed for Proposition 2.2.

Proposition 5.1. Let X be a subshift satisfying weak specification and set K = R(X).
Suppose that n,§ € My(X) satisfy the following conditions.
(i) for every w € {n,&}, 1 <i<s,and N > 1, H((rw)|Ln(X;)) = Nh(riw) + Oy (1);
(ii) n is an a-weighted equilibrium state, i.e. lel a;h(tin) = P?(o);
(iii) there is B € (1/2,1) such that Y ;_, Ai(ﬁf - 91-671) > 0, where A; = h(1:€) — h(min) for
1< <s.

Then there exist a Borel probability measure \ supported on K, a constant cg > 0, and an
integer ko such that
log M(Qi(2)) + kP3(0) < —cok” (5.1)

for every z € K and every k > ky.

We first derive Proposition 2.2 from Proposition 5.1.

Proof of Proposition 2.2 based on Proposition 5.1. Let n = mna and § = 1,). Then
PaB) () =372 a;(B)h(m:€). Proposition 2.1(iii) shows that n and ¢ satisfy condition (i) of
Proposition 5.1. Since 1 = n,, Proposition 2.1(ii) gives condition (ii). With A; as in condition
(iii), the definition of ¢(8) in (2.9) gives

S

ZA 00 — 07 ) =" ai(B)(h(ri€) — h(rim)) = e(8) > 0.

=1

Proposition 5.1 gives a Borel probability measure A on K and constants cg > 0 and kg such
that, for every z € K and k > ko,

MQg(2)) < exp{—kP?(0) — cok”}. (5.2)
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Write L = logns and pp = n;* = e *F for k > 1. By (2.5), P®(0) = ylogns = yL. Choose
0 < e < ¢o/L? and write § = ¢y — eL? > 0. With this value of ¢, let gg be a gauge function
satisfying gs(r) = 77 exp{—¢e(log(1/r))?} for 0 < r < 1. Then

95(pr) = exp{—kP*(o) — cL°k"}. (5.3)
For every z € K, equations (5.2) and (5.3) give
A
0< MOr(2)) L k — oo. (5.4)
98(pr)

Lemma 3.1, applied to (5.4), shows that 9 (K) = co and that H9 is not o-finite on K.
Since gg(r) < 7, we have HI8(E) < HY(E) for every E C K. Therefore H7(K) = oo, and
‘H" is not o-finite on K. O

The proof of Proposition 5.1 has four parts. We first choose the source-block coordinate
sets ). in Lemma 4.1, use Lemma 4.5 to schedule them, and construct the product measure P.
We then use weak specification to insert joining words and define the push-forward measure
A. Next, we estimate the A-mass of approximate cubes. Finally, the entropy estimates from
Corollary 4.4, together with the block schedule, prove Proposition 5.1.

5.1. Measure construction. We shall construct a product space whose coordinates are
admissible words, called source blocks. We first prescribe the length of every source block
and then choose the finite set of words allowed at each coordinate. Fix a value € (1/2,1)
satisfying condition (iii) of Proposition 5.1.

For j > 1,let Rj = L; =2/ and Q; = >.7_, R, = 2771 — 2, with Qo = 0. For j > 1,
the source blocks with indices Q;—1 < r < @); form stage j. For every such r, let the r-th
source block have length L(r) = L;. For r > 1, place the first r source blocks consecutively
and denote their right endpoint by 5, = > | L(u); set 59 = 0. For j > 1, denote the right
endpoint of stage j in these source coordinates by §j =35Q;, = >7_1 RnLp; set So = 0. For
n € NU{0}, let f(n) = (n+1)%71, so that 0 < f(n) < 1.

Lemma 5.2. Under the assumptions of Proposition 5.1, there exist a sequence (g,)y>1 €
{0, 1} and finite nonempty sets

CT C ‘CL(T‘)(X)? r > 17

each having uniform fibres at every level. Set

Q= ﬁ Cr.
r=1

If vy is the uniform probability measure on Cy., then P = Q)2 vy is a Borel probability measure
on Q.
In particular, for every m > 1 and every choice J, € C,, 1 <r < m,

(5.5)

1
P{I)rz1 €Q:Th="J1,.... I =T} =[] ,
r=1 #Cr

The set C, is selected from the block construction for n when e, = 0, and from the block
construction for & when ¢, = 1.

The proof is straightforward. The sequence (&,),>1 and the sets C, will be chosen in a
particular way for later estimates.
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Choice of (e7)r>1 in Lemma 5.2. For r > 1, let the interval of the r-th source block be
Z, = (Sp—1,8, ) NN:

1
Ty = m Z f(n) € [071]
TLGIT
For each j > 1 and 1 < u < Rj, write

T(j’ u) = Qj—l +u, Aj,u = Zl‘r(j,v)a (56)
v=1

and set Ajo = 0. Since Aj, — Aju—1 = Tp(ju) € [0, 1], we choose

Er(u) = [Ajul] — [Aju—] €{0,1}. (5.7)
We assign the r-th source block to n when ¢, = 0 and to £ when ¢, = 1.

Choice of (Cy)r>1 in Lemma 5.2. Condition (i) of Proposition 5.1 allows us to apply Corol-
lary 4.4 to both n and . Fix j and w € {n,{}. Applying Corollary 4.4 with N = L;
gives mj, < s+ 1, sets Cj,wyl,...,Cj,w,mj’w, and weights Pjw sy Pjwmj,- Let Nju
be the number of source blocks in stage j assigned to w. When Nj, > 0, list them as
rjw(l) < -+ < 1jw(Nj,). Lemma 4.5 gives indices u;(v) € {1,...,mju}, 1 < v < Nj,
such that, for every 1 < g <mj, and 0 <a <b < Nj,

[#{a <v <b:uju,(v) =q} = pjwqed—a)] < 2s. (5.8)

For 1 <wv < Nj,, we choose the 7;,(v)-th source block set to be

P () = o (v)-

For t € N, write Eg(t) = Y./ _, f(n), and set Eg(0) = 0. To describe the source blocks
before the joining words are inserted, define, for every integer ¢ > 1,

r«(t) =min{r > 1:¢ <3}, L.(t) = L(r«(t)).

Thus r.(t) and L.(t) give, respectively, the number and the maximum length of the source
blocks that meet the first ¢ digit positions before the joining words are inserted.

We now introduce the joining words. For each source-block sequence I = (I,),>1 € €2, we
shall insert joining words and obtain

LW (D) LWo(T) I3W3(T) - - - € X, (5.9)

Here W, (I) is the joining word placed between I, and I,y;, and |W,(I)] < p by weak
specification. The sequence in (5.9) is called the concatenated sequence. Let S;(I) be the
position of the last digit of the final source block in stage j, including all joining words
preceding that block, and let Z,(I) C N be the interval occupied by I, in the concatenated
sequence in (5.9). For every integer ¢ > 1, let

MI(t) = ZET#(IT(I) N [Lt])'
r>1

Set M1(0) = 0. Thus Mj(t) counts the digits belonging to {-blocks among the first ¢ positions
of the concatenated sequence in (5.9). It does not count digits in joining words.
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Lemma 5.3. Let (¢;),>1, (Cr)r>1, Q, and P be given by Lemma 5.2. There is a continuous
map I : Q — X. Define the push-forward measure by

A= (Roll),P. (5.10)
Then X is a Borel probability measure on K. The following estimates hold for t > 1.
S;M) =47,  r(t)=0@Y?),  Lt)=0@t?). (5.11)
Moreover, for every 1 € Q andt > 1,
|Mx(t) — Eg(t)] S La(t) + pra(t). (5.12)

Proof. We first construct the map II and the probability measure A on K. Let L£<,(X) be
the finite set of admissible words of length at most p. Weak specification implies that, for
every U,V € L(X), the set

(W € Lp(X): UWV € L(X)}

is nonempty. For each pair (U, V'), choose one word from this set and denote it by # (U, V).
This choice is fixed throughout the construction.
Fix I = (I;)r>1 € Q. For r > 1, denote

W.X)=#1,,111). (5.13)
Every finite prefix of the following infinite word is admissible, and therefore
H(I) = 11W1(I)IQW2(I)13W3(I) e X

For every n, the first n digits of II(I) depend on only finitely many coordinates I, of I. Hence
the inverse image under II of every cylinder in X is open in §2. Thus II is continuous and, in
particular, Borel measurable. The composition Ro Il : {2 — K is Borel measurable. With A
given by (5.10), A is therefore a Borel probability measure on K.

For the estimates, fix I € 2 and abbreviate W, = W,.(I), S; = S;(I), Z, = Z.(I), and
M(t) = My(t). Since R, = Ly, = 2h,

S; = iRth = iz;h =49
h=1 h=1
For t > 1, choose j > 1 so that gjq <t< gj. Then
re(t) <Q; <27 L.(t)<L; =2
If j > 2, thent > gj_l > 491 and hence

r(t) = O(tY?),  L.(t) = O(t'/?). (5.14)
By its definition,
Si=Si+ > (Wi
r=1
Consequently, B B ‘
Sj §SJ SSJ —|—ij, ij4j. (5.15)

Equations (5.14) and (5.15) prove (5.11).

Inserting joining words only moves a source block to the right. Therefore, if I, meets one
of the first ¢ positions of the concatenated sequence, then r < r,(¢). By the definition of Z,,

0<minZ, — (8,-1+1) = Z Wyl < p(r—1).

u<r



18 HUA QIU AND QI WANG

For t € N, let M(t) be the number of digits belonging to ¢-blocks among the first ¢ positions
before the joining words are inserted, and set M (0) = 0. For ¢ > 1, choose the unique integers
j>1,0<u<Rj; and 0 < g < L; such that

t :§j_1 +ul; +q.

With T'= S;_1 + uL;, and using 7(h,v) = Qp_1 + v from (5.6), we have

ZLhzgrhv +L Zgr]v +q57“(]u+1)a

h<j v=1
Tq
ZLhZ”«’ wo + Ly Zxrw + > fn
h<j v=1 n=T+41
For every h > 1 and 0 < w < Ry, summing (5.7) gives
Zgr(hﬂj) = LAh,wja Z‘gr(h,v) - Zwr(h,v) = HAh,wJ - Ah,wl <L
v=1 v=1 v=1

Apply this estimate with w = Ry, for every h < j, and then with (h,w) = (j,u). Since
0<f<1,

|M(t) = Bs(t)| <> Ln+Lj+q <) Ln+2L; S Lj S La(t). (5.16)
h<j h<j

For an integer ¢t > 1, let V(¢) be the number of joining-word digits among the first ¢
positions of the concatenated sequence, and write U(t) =t — V/(t). Since the first position
belongs to I;, we have U(t) > 1. By the definitions of M (t), M (t), and U(t),

M(t) = M(U(t)), 1<U@) <t

Moreover,
(U (1))

V()< Y W <pr(U(1).

r=1
Since 0 < f(n) <1

t

|Es(t) = Es(U) = > f(n) <t=U(t) = V().

n=U(t)+1
Applying (5.16) and the monotonicity of L, and r, gives

[M(t) = Eg(t)] < [M(U(t)) — Eg(U(t))| + | B3(U (1)) — Eg(t)]
S L*(U(t)) +pr(U(?))
Lu(t) + pra(),

which proves (5.12) uniformly for I € €. O
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5.2. The mass for approximate cubes. Lemma 5.2 makes the source blocks independent,
whereas each joining word inserted in Lemma 5.3 depends on the two source blocks it joins.
Their lengths, however, take only p+ 1 possible values. We therefore first fix the entire joining-
length pattern and then drop the requirement that the joining words have the prescribed
lengths, which can only enlarge the event. The remaining conditions concern distinct source
blocks and, by their independence under the original product measure, the probability of the
enlarged event is the product of the corresponding probabilities.
For the sets C) constructed in Lemma 5.2, write B, ; = #7;(Cy) for r > 1 and 1 <i <.

Lemma 5.4. Let A be the probability measure constructed in Lemma 5.3 from the sets C,
given by Lemma 5.2. Fix an integer k > 1. For 1 <i <s, let I;(k) = (|0i—1k], |0:ik]] N N.
Write also v, = r«(k). Let

Le ={(W@)],...,[Wr, (D)) : T € O},
where W.(I) is defined in (5.13). For £ = ({1,...,4,,) € £ and 1 <1 < ry, define the left
and right endpoints of the r-th source block by

r—1
ar(€) =51+ > lu,  be(£) =a.(€) + L(r), (5.17)
u=1

and let I,(€) = (ar(€),b,(£)] NN, For1 <i<s, let B;p(£) ={1 <r <r,:Z.(£) C Li(k)}.
Then

#& < (p+1)™. (5.18)

Moreover, for every z € K,
A < 24(p 4 1) Bl 5.19
(Qk('z)) = (p+ ) %%XH H 0 ( )

i=1reB,; 1 (€)

Proof. Fix I € Q. If the source block I, or the joining word W, (I) meets the first k£ positions of
the concatenated sequence, then r < ri. Consequently, every source block contained in one of
the intervals I;(k) has index at most ry, and its location is determined by |W1(I)|,...,|W,, (I)].
Since this holds for every I € Q and every joining-word length belongs to {0,...,p}, there are
at most (p 4+ 1)" possible length patterns. This proves (5.18).

For £ € £, let
Qp = {I = (Iu)uzl €N: (‘Wl(I)’a ) ‘W'I‘k(I)‘) - e}

The word W,.(I) depends only on Iy,..., I,11, so every € is a Borel subset of ). These sets
are pairwise disjoint and their union is the whole product probability space:

Q= || (5.20)
el

By (5.17), for every £ € £x, I € Qp, and 1 < r < 1, the r-th source block occupies the interval
Z,(£) in the concatenated sequence. For r > 1, let pr, : Q@ — C, be the r-th coordinate
projection, so that pr,.((fy)u>1) = Ir. Fix x € X and £ € £;. For 1 <i < s and r € B; ;(£),
let

Ap i, 0) = {1 = (L)uz1 € Qs 7ilpr, (D) = (a2
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Thus A, ;(x,£) is the set of source-block sequences for which the i-th factor of the r-th source
block agrees with the corresponding factor word of . The definition of I'y(x) in (3.2) gives

@) N () () Az,

1=1 TEBZ'JC(E)
Indeed, let I belong to the set on the left, and fix 1 <4 < s and r € B; ;(€). Since I € Q, the
r-th source block occupies the interval (a,(£), b,(£)]. This interval is contained in I;(k) by the
definition of B; 1 (€). On the other hand, since II(I) € [I'y(z)], we have
7i (M@l jox1) = 7i(j05)-
Restricting this equality to (a,(€), b, (£)] yields

7i(I) =7 (x\Z:(é)))

Thus I € A, ;(x,£), which proves the inclusion.

The intervals I;(k) are disjoint, so each block index r belongs to at most one set B; ;,(£).
Consequently, the sets A,;(x,£) in the intersection are determined by pairwise distinct
coordinates of , and, by (5.5), their probabilities multiply under P. The r-th marginal of P
is uniform on Cy, so (4.7) gives

P(A,;(x,£)) < B}

7"1’

the left-hand side is 0 if the required factor word is not in 7;(C,), and otherwise it equals B, il.
Hence

PN (Te@)))nQe) <P{ () () Arilz,)

=1 T‘GBZ‘,;C (ﬁ)

=11 1] PA.i=0)

i=1 TEBi’k (l)
S
—1
T e
i=1reB; 1 (£)

Summing over the partition in (5.20) and using (5.18) gives

P(IT( Z P(II (2)]) N Q)

ey,

szﬁlle

£egy, i=1reB; k(z)

p+1r’“maXH 11 B (5.21)

fcg
" i=1reB,; . (€)

Fix z € K and write Q = Qx(z). By (3.3), there are (1), ..., z(F) € X, with L < 2%, such

that .
RYQ)nX C [JIrk™)].
h=1
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By (5.10), M(Q) = P((RoTI)~(Q)). Therefore

L
Q) <> (I (Ire(=™)))
h=1

Applying (5.21) to each 2" and using L < 2¢ proves (5.19). O

We now turn the product estimate in (5.19) into an entropy lower bound. Applying
Corollary 4.4 block by block yields the estimate in the following lemma.

Lemma 5.5. For the measure A constructed in Lemma 5.3, the following estimate holds
uniformly for z € K as k — oo:

—log \(Qx(z >Z (Lik] — [Gi—1k]) (i)

+ZA1~(E5(L92-1<:J) — Eg(|6i-1k])) — o(k?). (5.22)
i=1
Here A; = h(1:&) — h(mn).
Proof. Fix k > 2. Write k; = [0;k] for 0 <i <s. For 1 <i <'s, write D; = k; — k;—1 and
Ii(k) = (ki—1, kil N N. Let ry = r.(k) and set
Er = rilogk + Ly (k) + pri + i log(p + 1).
By (5.11) and 8 > 1/2,
Ek _
5 = O(k'?Plogk) — 0  k — oc. (5.23)
Fix 1 <i < s, astage j > 1, and a measure w € {n,&}. Let J be the set of block indices in
a consecutive segment of the sequence (Tj,w(v))lﬁvﬁNj,w- Thus, for some 0 < a < b < Nj,
J ={rjo():a<v<b}. Let n =0b—a=#J and, for 1 < q < mj,, write

nq:#{a<v Sb:uj,w(v) ZQ}v Bjw.q,i #Tz( jwq)
Recall that S; = 7;(S) is the set of digits that occur in X;. Corollary 4.4 and (5.8) give
mj w
> pjwql08 Bjwgi = Lih(Tiw) — O(log L),
qg=1

‘nq - pj,w,qn‘ < 2s,
log Bj,w,q,i < Lj log #Sl

Therefore
mj e
Z log B, ; = Z nglog Bj . q.i
reJ
mj . mj e
=n Z Pjwqlog Bjw.qi + Z = Pjw,qn) 108 Bjw,q,i
mj .,
> nL;jh(riw) — O(n log Lj) — 25 Z log Bj.q.i
q=1

> nLjh(tiw) — O(nlog Lj + L;). (5.24)
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We now return to all factor levels. Fix £ € £;. For each 1 <17 < s, write

ban®@) = Y L(r), Lleix®= > L(r).
r€B; k. (£) r€B; K (£)
er=0 er=1

For j>1,1<i<s,and w € {n, &}, let

T (e): {TEBi,k(E) :ijl <T§QJ’, 67«20}, w=rn,
e {reBpl):Qj—1 <r<Qj, =1}, w=¢.

If this set is nonempty, there are integers a < b such that
Tjw,i(€) ={rju(v):a<v<b}.

Hence, for each fixed £ € £, the set Jj,i(€) is a consecutive segment of (., (v))1<v<n;,,-
We may therefore take J = Jj.,i(£) in (5.24). The index ranges Q;—1 < r < @; are disjoint
for different stages j, so summing over j counts each block at most once. For the fixed length
pattern £, let ji(£€) be the largest j for which a stage-j block meets one of the first k positions
of the concatenated sequence. For 1 < j < ji(€) and w € {n, &}, write

nj7w7i = #%7w72(£)'
If nj. > 0, then a complete stage-j block lies in I;(k), and hence L; < D; < k. Therefore

I &) Ik ()
> mjwi<rm,  logLy <logk, Z L;
7=1 we{n&}

where the last inequality follows from Eikz(f) L;j S Ly, ey and Ly, (p) < L«(k). Moreover,

J(€)

Z njniLy = by (€), Z njgilj = Lein(€).

For fixed i and £, the sets Jj,i(£€), over all j and w, form a partition of B; ;(£). Summing
(5.24) over j and w therefore gives

Ik (£)
Z log B;; = Z Z Z log B, ;
reBii(®) §=1 we{n €} redjwi(®)

Ik (£) Jr(£)
an,LhTm)JrnmLhng O(Y Y njuilogL; +ZL
=t 7=1 we{ng}

> 1(7in) i (€) + P(Ti€) e i o(£) — O(rlog k + L (k). (5.25)

The positions in I;(k) not counted by £, ; . + £¢ ; . lie in joining words or in the parts of at
most two source blocks cut by the endpoints. Thus
0 < Di— i4(6) ~ fesr(8) < pri + 2L (k). (5.26)

For a fixed length pattern £, the values Mj(t), 1 <t < k, are the same for all I € 2; denote
them by Mp(t), and set Mp(0) = 0.

The difference My(k;) — Mp(k;—1) counts the &-block digits in I;(k) = (ki—1, k;] NN, including
the parts of at most two blocks cut by the endpoints. Hence

0 < My(k;) — Mp(ki_1) — le.i 1 (£) < 2L, (k). (5.27)
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For 1 <4 <s, write
eo; = Di — Ly i 1 (£) — Leii(£), e1,; = Mp(ki) — Mp(ki—1) — Ce.i 1 (€).
Equations (5.26) and (5.27) give
0<eo; <pri+2L.(k), 0 <e1; <2L.(k).
Since h(1;€) = h(mm) + A;, the two main terms on the right-hand side of (5.25) are exactly

h(Tin) ik (€) 4+ h(7i&) e i (£)

= D7) (Cn,i e (€) + Le ik (£)) + Dill i 1. (€)

= h(r;m)(D; — eo;i) + A (Me(ki) — Me(ki—1) — €1,:)

= D;ih(7im) + Ai(Mg(ki) — Me(ki—1)) — h(Tim)eo; — Aier ;.

Since the entropies and the numbers A; are fixed, (5.25) and the preceding bounds give

Z log By; > D;h(Tin)
T‘EBZ"]C(K)

+ A; (Mg(kz) — Mg(kz‘_l)) - O(T‘k log k + L*(k}) —i—p?“k). (5.28)
Applying (5.12) at both endpoints and using 0 < k;—1 < k; < k gives
|(Me(ki) — My(ki—1)) — (Eg(ki) — Eg(ki—1))| < La(k) + pre.

Substitution in (5.28) yields, uniformly in €,

> logByi > Dih(tin) + Ai(Eg(ki) — Eg(ki-1))
TGBiyk(Z)

— O(rplogk + Ly (k) + pre). (5.29)

If A(Qk(2)) = 0, the conclusion is immediate, with —log 0 = +o0. Otherwise, (5.19) gives

—log AM(Qk(2)) > mmz Z log B,; — rilog(p + 1) — dlog 2.
bl i reB; ,(€)

For every £ € £, summing (5.29) over i yields

Z Z log B,; > ZDh Tin)

i=1 rep; k(f)

+ Z N (Eg(k;) — Eg(ki—1)) — O(rlogk + Ly (k) + pry).

The right-hand side is independent of £. Taking the minimum over £ and adding the loss
relog(p + 1) + dlog 2 gives a total error of order O(E). Now & = o(k?) by (5.23), which
proves (5.22). O
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5.3. Completion of the proof.
Proof of Proposition 5.1. Let X\ be the probability measure constructed in Lemma 5.3. Set

A=3"A0]-0] ) >0.

i=1

The function x — (2 4+ 1)#~! is decreasing. Hence, for every integer N > 1,

N+1 N
/ (z+ 1)’ Vdz < Eg(N) < / (z +1)°"1da.
1 0

Evaluating the two integrals gives

B
Es(N) = ]\; +O(1). (5.30)
y (5.30), the identities |0;k| = 0;k + O(l) and F3(0) = 0 give
ZS:A,-(EE(L@-M) — Eg([#i-1k]) ZA 07— 67 ) +0(1) = gkﬁ +0(1).  (5.31)
=1

Also, by (2.3) and condition (ii),

S (10k] — (G kDh(min) = kS (6 — 0 )h(rm) + O(1) = kP*(0) + O(1).  (5.32)
i=1 ‘
Equations (5.22), (5.31), and (5.32) give

—log A(Qx(2)) = kP?(0) + ’gkﬁ — o(kP).

Here the o(k”) term is uniform for z € K. Hence there is ko such that, for every z € K and

k > ko, the absolute value of this error is at most Ak®/(23). Then
A
log A(Qk(2)) + kP?(0) < —%kﬁ.

Thus (5.1) holds with ¢o = A/(25). O

6. PROOF OF PROPOSITION 2.3

Recall that n = n, is the unique a-weighted equilibrium state from Proposition 2.1(ii).
Thus P?(0) = Y7 ; a;h(mn). We prove that dimg K < dimp K implies ¢(8) > 0 for some
p € (1/2,1). Suppose instead that ¢ vanishes on an open interval. We show that 7 is then the
equilibrium state for an open family of weights. The resulting uniform fibre estimates imply
dimy K = dimp K, a contradiction.

6.1. Common equilibrium states. We first show that if ¢ vanishes on an open interval,
then n is the equilibrium state for an open family of weights.
For a positive probability weight vector b = (b1, ..., bs), write
i
b)=> b, 0<A(b) < <Ay b)=1.

For b = a(f3), where a(f) is defined in (2.8),
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Lemma 6.1. Let I C (0,1) be a nonempty open interval. There are distinct By, ...,08s € I
such that a($1),...,a(Bs) are affinely independent. More explicitly, if real numbers t1, ..., ts

satisfy
Zt]’ = 0, Zt]—a(ﬂj) = 0,
j=1 J=1
thent{ =--- =ty =0.

Proof. Write m = s — 1. We regard vectors in R™ as column vectors. The map from b to
(A1(b), ... 7Am(b))T is affine and one-to-one. Consider the column vector

F(B)=(67,...,68)".
Fix By € I, and write z; = log6; for 1 <i < m. For 1 < r < m, the r-th derivative of F' at Sy
is
FO(By) = (6%af,..., 00007 ) .

rvmTm

Consequently, factoring «9? Yx; from row i gives

det(F/(ﬂo), e F(m)(ﬂo)) = H Gf}(’xz . det(l’;_l)lgimgm

i=1
= HG?O log 0; H (log6; —logb;). (6.2)
i=1 1<i<j<m

Since 0 < 61 < --- < 0y, < 1, (6.2) is nonzero.

Choose distinct real numbers u1,...,us. For 2 < j < s, Taylor’s formula at 5y gives
e (ul —ul)
F(fo+eus) = F(o + ) = Y — L L F0(5y) + O™, (63)
r=1 ’
Let C be the m x m matrix whose entry in row r and column j — 1 is (u} —uj)/r!. Subtracting
the first column from every other column in the usual Vandermonde determinant for uy, ..., us,
and then expanding along its first row, gives
1
detC = =— ] (o —w)#0. (6.4)

[Tt 1<i<j<s
By the multilinearity of the determinant, (6.3) therefore gives
det(F(Bo + eug) — F(Bo + eur), ..., F(Bo + eus) — F(Bo + cwr))
= ™MV 4ot (F' (o), . . ., F™(By)) det C + o(e™m+1)/2), (6.5)

The coefficient of the leading term is nonzero by (6.2) and (6.4). Thus the determinant in
(6.5) is nonzero for every sufficiently small positive e. We may also choose € so small that
Bj = Bo + eu; belongs to I for every 1 < j < 's. Since this determinant is nonzero, the vectors
F(B;) — F(p1), 2 < j < s, are linearly independent. Hence the points F'(31),...,F(fs) are
affinely independent.

Finally, (6.1) says that the affine one-to-one map at the beginning of the proof sends a(3;)
to F'(B;). Hence a(f1),...,a(Bs) are affinely independent. O

Lemma 6.2. Suppose c¢(8) = 0 for every [ in a nonempty open interval I, and let n = 1,.
Then there is a relatively open subset U of the positive weight simplex such that 7 is the unique
b-weighted equilibrium state for every b € U.
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Proof. Choose fi,...,[s as in Lemma 6.1. The equality c¢(f;) = 0 means that n attains the
supremum defining P2(%) (7). If

b= Ztﬁi(ﬁj), t; > 0, th =1,
j=1 J
then for every p € My(X),
Z bih(Tip) = Z tj Z a;(B;)h(Tin)
i j i
<Dt > ailB)h(in) =Y bih(rin).
j i i

Thus 7 is an equilibrium state for every weight vector in the relative interior of the convex
hull of these vectors. Uniqueness follows from Proposition 2.1. O

6.2. Recursive-function estimate. Combining the common equilibrium state given by
Lemma 6.2 with the Gibbs estimates of D.-J. Feng [Fenl1], we will obtain a recursive-function
estimate.
For a positive probability weight vector b = (by,...,bs), set
A;—1(b)
A;(b)

When b is fixed, we write simply «; for a;(b). For the vector a in (2.3), this is exactly

a1(b) =0, a;(b) = 2<i<s. (6.6)

(a) 01 log n;

ai(a) = = )

! 0, log n;—1

The map b +— (ag, ..., as) is a diffeomorphism from the positive weight simplex onto (0,1)7L.

Let V be the image of the set U from Lemma 6.2 under this map. The open set V' contains
an open box

B=Ix---xI, BcVc(01)°% (6.7)
For a € B, let b(ax) € U denote the unique weight vector given by the inverse diffeomorphism.

We now define recursive functions associated with the successive factor maps. Their
definition agrees with the functions used in D.-J. Feng’s weighted equilibrium construction, so

the Gibbs estimates in [Fenll] can be applied. Fix b, set gzﬁl(Dl) =1 on £(X;), and define the
remaining functions recursively by

S0 () = #{I € L1(X1) : mo(]) = T}, J € L(Xa),

(D= > o0 JeL(x), 3<i<s (68)
IEﬁ‘J‘(Xi—l)
mi(1)=J
For N > 1, write
JGLN(XS)

The function qﬁg) depends only on as(b),...,a;—1(b).
The following proposition is based on [Fenll].

Proposition 6.3. Let ny, be the b-weighted equilibrium state. Then:
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(i) for every N > 1 and J € Ln(X5),

(8) [ 1\aus(b)
oy, (J)

(smp)[J] =b 7‘021)(]\7) ; (6.10)

(i) if 1 <j<s, N>1, and Ij € Ln(X;), let Iy =7 0---omjp1(I;) for j <k <s, and
write

k) (1, (b) (s) as(b)
_ ¢y, (1) b (Ls)

i I;) = . 6.11

g]ab,N( ]) kr‘E & k—‘rl)( ) Zb(N) ( )
Then

> Gwn) =1, Gipn(I) Se (mm)L] (6.12)

I;eLn(X;)
All implicit constants in this proposition are independent of N and of the words involved.
Proof. For a subshift Y satisfying weak specification with bound p, recall from [Fenll,

Section 5] that D, (Y,p) is the collection of positive word functions ¢ : L(Y) — (0,00)
satisfying the following two properties: for some C' > 1,

Y(IJ) < CyY(I)(J) whenever IJ € L(Y),
and, for every I,J € L(Y), there is a word W € L(Y) with [W| < p such that
IWJe L), UIWJ)>C ().

The function gbg) =1 on £(X;) belongs to D, (X1,p). By [Fenll, Lemma 5.7|, every gzﬁl(;),
and every positive power of it, belongs to D,,(X;,p), since positive powers and fibre sums
under a factor map preserve the required two inequalities.

For part (i), [Fenll, Lemma 7.2] identifies 7571, as the equilibrium state on X generated

by ((b](;))as(b). Thus [Fenll, Theorem 5.5], applied to this word function, gives (6.10).
For part (ii), [Fenll, Theorem 7.3(i)] gives the required inequality when j = 1. Now fix
2 < j < s. The recursion (6.8) says that, for every 1 < k < s and Iy11 € Ln(Xk+1),

5 on ()™
(k+1) -
Tit1 (Ie)=Ik41 $p  (kt1)

Consequently, successively summing the preceding expression for g p y over the fibres of
9, ...,Tj gives

gibn (1) = > Guewn(h). (6.13)
IIELN(Xl)
(mjo---oma)(I1)=1;

Using the definition (6.9), the same fibre-sum calculation, carried all the way to level s, gives

_ 1 o
> o (h) = 755 S o) =1,

IlEﬁN(Xl) ISGLN(XS)

Summing (6.13) over I; € Ly(X) gives

Z gibn (L) = Z gioN(l) =1

I;eLn(X5) Leln(X1)
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which proves the first assertion in (6.12). Finally, using the j = 1 inequality and (6.13) gives
9ib,N (1) Sb > mo[11] = (7jmm)[1;],
(7Tj0~~~0ﬂ'2)(]1)21j

which proves the second assertion in (6.12). O

For a subshift Y, we call a positive function ¢ on L(Y) comparable if there is a constant
C > 1 such that

I
ct< Z:(( )) < C whenever I,J € Ly(Y), N > 1, (6.14)
where the constant C' is independent of N, I, J.
Lemma 6.4. Fiz 1 < j <s and b. Suppose ¢y, (+1) ,...,qb](:) satisfy (6.14). Then, for every
N >1and I € Ly(Xj),
(4) I a;(b)
(Tjnb)[I] =b fb ((sz)J(L)aJ(b) ’ (615)
b
LELN(X]')

Proof. Fix N > 1. For each j +1 < k < s, choose a word J y € Ln(X}). Condition (6.14)
gives
(1) =p 00 Iy € Ln(X
oy (k) <b ¢y (Jr,N) k€ Ln(Xg).
Substitution in (6.11) gives

Gy v (1) =1 Tvay (1)), () g ) (D)1

k 7+1

The quantity Ty may depend on N, but it does not depend on I. The normalisation in (6.12)

now gives
1= > GwunDH=Tn >, ¢ (1) (®),
TeLn (X)) TeLn(X;)
Solving this comparison for T and substituting it into the preceding estimate gives
oy (1))

> e @)

LELN(X;)

gipN(I) =p (6.16)

If =1, then (gi)](ol))al(b) = 1, which belongs to D,,(X1,p), as noted in the proof of Proposi-

tion 6.3. If 2 < j < s, the verification in the proof of Proposition 6.3 shows that (qﬁ(]))aj( )
belongs to Dy,(Xj,p). Thus [Fenll, Theorem 5.5] gives a unique equilibrium state v on Xj.
Moreover, v is ergodic and satisfies

_ ¢(j)<I)aj(b)
v[I] =p Zb ) (6.17)

LG[,N(XJ')
Equations (6.12), (6.16), and (6.17) imply that
v[I] S (i) 1]
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for every cylinder [I] C X;. Every open subset of X; can be written as a countable disjoint
union of cylinders, so the same inequality holds for open sets. By regularity of Borel probability
measures, it follows that v < 7;my,.

By [Fenll, Theorem 7.3], the weighted equilibrium state 7y is ergodic, and hence its factor
TjMy is ergodic. Since v is also ergodic, distinct ergodic invariant probability measures are
mutually singular, whereas v < 7. Therefore v = 7jmy,, and (6.17) proves (6.15). O

We now combine the preceding estimates with the fact that the equilibrium state is the
same throughout the box B. By changing one coordinate «; while keeping the others fixed,
two Gibbs estimates for the same measure can be compared.

Lemma 6.5. Suppose that, for every o = (aa,...,as) in the box B = Is X - -+ X I defined in
(6.7), the same measure n is the b(a)-weighted equilibrium state. Then, for every fivzed o € B

and 1 <14 < s, the function ¢,(;2a) satisfies (6.14).

Proof. The case 1 = 1 is immediate since qbl(ol()a) = 1. We argue from ¢ = s down to ¢ = 2.
First fix ag,...,as—1 and choose distinct u,v € I5. For t € {u,v}, let b, be the weight

vector corresponding to (g, ..., as—1,t). The function ¢St ) does not depend on t; denote this
common function by ®,. The measure 7,7 is also unchanged. Write

Set(N) =Y ®(L),  te{uv}
LeLn(Xs)

and apply (6.10) to b, and b,,. This gives

()" _ _ 9(J)°
Ss,u<N) ~by, (7—877)[‘]] ~by Ss,v(N) .
Therefore
(I)S(J)u—v SSJL(N)

Xbu,bv QAT
Ssw(N)
The comparison constants are independent of N and J. Hence, for J, L € Lxn(X5s),

(S0

with an implicit constant independent of N, J, L. Since u # v, this proves (6.14) for d)S()a) at

every o € B. '
Now suppose the assertion has been proved for gb](oj +1), ey gi)](; ) at every point of B. Fix
all coordinates of a except o, and choose distinct u,v € I;. For t € {u,v}, let b; be the

weight vector obtained by setting a;; = t. The function ¢gt) depends only on ao,...,a;_1 and

is therefore independent of ¢; denote it by ®;. Lemma 6.4, applied to b, and b, gives

) v, A5 ], g,

where S;(N) = 3" 1cr, (x,) ®;(L)". Since 77 is unchanged,

Sj,u(N)
Sj,v(N) ‘

()" Xy, b,



30 HUA QIU AND QI WANG

Again the comparison constants are independent of N and I. Thus, for I, L € Ly(X}),

(30 n

with an implicit constant independent of N, I, L. Since u # v, this proves (6.14) for gzbg()a) at
every a € B. O

6.3. Fibre estimates. We now pass from the recursive functions to the fibres of the factor
maps. We first treat each adjacent map m; and then each composite map 7;. The resulting
estimates imply dimension equality and complete the contradiction argument.

For N >1,1<i<s,and J € Ly(X;), write

Lemma 6.6. For2 <1 <s, if gbg_l) and qb,(oi) satisfy (6.14), then so does f;. The function fy
also satisfies (6.14).

Proof. The constant function f; = 1 on £(X) trivially satisfies (6.14). Let 2 < i < s, and
write

. (i-1) (i-1)
= I My = I).
N IECIJ\Irl(l)I(lifl) ¢b ( ), N IECIJ{rl(a}(Xifl) b ( )

Condition (6.14) gives My /mpy < C;_1, where C;_1 > 1 is independent of N. By (6.8),
F(NmY™ < oW () < Fi(J) My~

Comparing this estimate for two words J, J" € Ly (X;) proves that f;(J)/fi(J') is bounded
above and below independently of N, J, J . O

For N >1,1<i<s,and J € Ln(X;), set
Fi(J) =#{I € Ln(X) : 7i(I) = J}.
Lemma 6.7. If every f;, 1 <i < s, satisfies (6.14), then every F; satisfies the same condition.
Proof. The assertion is clear for Fy = 1. If it holds for F;, then

Fia()= Y F().

LeLn(X:)

7Ti+1(L):J
This lies between f;11(J) ming, F;(L) and fiy1(J) maxy, F;(L). Since both F; and f;11 have
uniformly comparable values on words of the same length, the same is true of Fj ;. O

Lemma 6.8. If all the functions F; satisfy (6.14), then dimy K = dimp K.
Proof. The subshifts X and X; satisfy weak specification. Hence [Fen26, Proposition 2.2]
gives
H#LN(X) = eNhor ()1 L (X) x eV hren(Xa),
For J € Ly(X;), condition (6.14) and the identity > /¢, (x,) Fi(L) = #LN(X) give
Fi(7) = ZENED Ny ()i (060,
#LN(X:)

Thus condition (c) of [Fen26, Theorem 3.1] holds, and that theorem gives dimyg K = dimp K.
O
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Proof of Proposition 2.3. Recall from (2.9) that ¢(8) > 0 for every 8 € (0,1). Suppose, to
the contrary, that there is no 8 € (1/2,1) for which ¢(5) > 0. Then

c(B)=0 for every g € (1/2,1). (6.18)

Apply Lemma 6.2 with I = (1/2,1). There is a relatively open set U of positive weight vectors
such that the fixed measure n = 7, is the unique b-weighted equilibrium state for every
b € U. Under the ratio coordinates in (6.6), the image of U contains the box B = Iy x -+ X I

from (6.7). Fix a € B and set b = b(a). Lemma 6.5 shows that qb,(;) satisfies (6.14) for
every 1 <i < s. Lemmas 6.6 and 6.7 then show that every F; satisfies the same condition.
Lemma 6.8 gives dimpg K = dimp K, contrary to the hypothesis dimpg K < dimp K. Hence
(6.18) is impossible, and ¢() > 0 for some 8 € (1/2,1). O

7. PROOF OF THEOREM 1.2

We prove Theorem 1.2 in three steps. First, for a sofic subshift X, we establish the existence
and formula for the box dimension of its corresponding self-affine set K = R(X). We then
treat separately the cases dimyg K = dimp K and dimyg K < dimp K. In the first case, the
critical Hausdorff measure is positive and o-finite but need not be finite. In the second case,
examples show that it may be positive and finite or infinite and o-finite.

Fix a finite vertex-labelled directed graph G = (V, E, {) presenting X, where V' is the vertex
set, E C V x V is the edge set, and £: V — S C A is the label map. Write

Yo ={v=(v)>1 € Vi, (v, vg+1) € E for every k > 1}.
Applying ¢ coordinatewise, the graph presentation gives
X =03q) ={(l(vp))k>1:v € Eg}.

For a finite vertex path v;--- vy, we also write £(v; ---vn) = l(v1)---€(vy). We use the
following convention for directed paths and strongly connected components; compare [MWS88].

A directed path from u to v is a finite sequence of vertices u = vg, v1,...,v, = v, where
r > 1, such that (vy_1,vp) € E for every 1 < £ < r. A directed cycle is a directed path whose
first and last vertices are the same. We say that v is reachable from w if there is a directed
path from u to v.

A nonempty set C C V is strongly connected if, for every u,v € C, there is a directed path
from u to v. A strongly connected component is a maximal strongly connected subset in V. A
vertex belongs to one of these components exactly when it lies on a directed cycle. Distinct
components are disjoint.

An ordered tuple (Dy,...,D,) of strongly connected components is called a component
chain if, for every 1 < j < r, either D; = Dj 1 or a vertex of D; is reachable from a vertex
of Dj.

Every sequence in X is the label sequence of at least one infinite path in G. The vertices
that occur infinitely often along such a path lie in one strongly connected component, and the
path eventually remains in that component. Let Cy,...,Cys be all the strongly connected
components of G. For a component C', define

Yo = {U € Y v, € C for every k > 1}, Xo = E(Ec), Ko = R(Xc).

The path shift 3 is irreducible, so its factor X satisfies weak specification.
For a strongly connected component C and 1 < i < s, set

hi(C) = hiop (i (Xc))- (7.1)
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For1<j< M, let
Uj ={u € L(X):uy € X for some y € X¢, }.
This is a countable set and contains the empty word. If w = d - - - dy € U;, define

q
z) = Z Ady+ A2
(=1
for z € R, For every 1 < j < M, we have K¢, C K. Every x € X can be written as x = uy,
where u € U; and y € X, for some j, and (1. 1) gives R(uy) = fu(R(y)). Thus

UKCCKCU UquC (7.2)

Jj=1 uel;

Every f, is a bi-Lipschitz affine embedding, so countable stability of Hausdorff dimension
gives
dimy K = maxdimy Kc;. (7.3)
J

7.1. Box dimension. The finite graph presentation will be used to prove that the box
dimension exists and to derive its formula. This finiteness assumption is essential: for general
subshifts, even the box dimension may fail to exist [Jur23].

We now estimate the number of level-k approximate cubes. By (3.5), this number is
#Dy(X). Recall from (3.4) that

Di(X) = { Ji,..Js) € Hﬁw k|—[6;1k (Xi) @ there is I € Li(X) such that

Ti(ﬂ{z::fjlkj) = J; for every z}

For a component C', 1 <7 < s, and N > 1, a vertex path J = v1---oy € Ly(Ze) is called
a lift of J € Ln(1:(Xe)) if (4(J)) = J.

Lemma 7.1. Let C be a strongly connected component of G and let 1 < i < s. For everye > 0
and all sufficiently large N, there are vertices u; N,v;y € C and a set V; v C Ln(7:(Xc))
such that

#Vin > exp(N(hi(C) —¢)),

and every word in V; Ny has a lift that begins at u; N and ends at v; N.

Proof. Choose one lift for each J € Ly(7;(X¢)) and partition £y (7(X¢)) according to the
initial and terminal vertices of the chosen lifts. There are at most (#C)? classes, so one class
Vi.N, with common endpoint pair (u; n,v;n) € C x C, satisfies

#Ln(11(Xc))

#ViN > (#C)2

By the definition of h;(C),

1
i log #Ly (3(Xc)) = hi(C).
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Therefore, for all sufficiently large N, we have
log #Vi N > log #Ln(1i(Xc)) — 2log #C
> N(h;i(C)—¢/2) — Ne/2
= N(hi(C) —¢).

This completes the proof. U

Proposition 7.2. Let X C AN be a sofic subshift with the finite vertex-labelled graph
presentation fized above, let Cy,...,Ch be all its strongly connected components, and set
K = R(X). Then the box dimension of K exists and

1
dimp K = max a;hi(D;), (7.4)

where the maximum is over component chains (D1, ..., Dy) with D; € {Ci,...,Cy}, and h;
is defined in (7.1).

Proof. For k > 1 and 0 < i < s, write k; = |0;k], and write m; = k; — k;—1 for 1 < i < s.
Then Zle m; = k and mz/k — a; = 91 — 91'_1.

Each level-k approximate cube has diameter comparable to n; ¥, while every set of diameter
at most ngk meets at most a bounded number of level-k approximate cubes. Thus (3.1), (3.3),
and (3.5) show that the logarithms of the covering number of K at scale n;* and of #D(X)
differ by O(1). Consequently, the lower and upper box dimensions are obtained from the
corresponding lower and upper limits of k~!log #D(X) by division by logns. It is therefore
enough to estimate log #Dy(X).

Fix € > 0. We first prove the upper bound. Since there are finitely many pairs (i, C), we
have, uniformly for all N > 1, 4, and C,

#LN(1i(Xc)) Se exp(N(hi(C) +¢)). (7.5)
For every J = (Jy,...,Js) € Di(X), choose a word I(J) € Li(X) such that
(@ )=J 1<i<s

Since I(J) determines J, the words I(J) chosen for distinct J are distinct. For each I(J),

~ ~

choose a vertex path I(J) € Lx(Xg) with £(I(J)) = I(J). Decompose this path as
f(J) — UOP(I)U1 . Uqflp(q)Uq,

where each P is a maximal vertex subpath contained in a component C'?), and every vertex
in the subpath Uj lies outside all components. A vertex outside the components cannot occur
twice in a directed path, since the segment between two occurrences would be a directed cycle.
A path also cannot leave and later return to the same component, since the intervening vertices
would then be strongly connected to that component. Hence CV. ..., C(@ are distinct and
form a component chain, ¢ < M, and E?:o |Ujl <#V.For1<i<sand1l<j<gq,letn;

be the number of positions in (k;_1, k;] N N occupied by PU). For each J, form the tuple

T(T(3)) = <q, (CON_,, U y, <n>) |

1<j<q
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Let T = {T(I1(J)) : J € Di(X)}. The number of possibilities for ¢, (C(J)) _y, and (Uj)1_, is
independent of k. Since 0 < n;; <k,

M s(M+1) _
#Tk S qz_;]k"l—l (kz;lil)81 L kg™
Fix T € % and define
\Z(T):{lgqu:ni,j>0}.
For all sufficiently large k, m; > #V for every i, so J;(T) is nonempty. Choose j; € J;(T)
and set D; = CUi) g0 that
hi(D;) = max hy(CV)).
J€Ji(T)

The component subpaths PV, ..., P(@) occur in this order along I (J), and the index intervals
(ki—1,ki] NN are ordered from left to right. Hence j; < j;y1 for 1 < i < s, and therefore
(D1, ..., Ds) is a component chain. Moreover,

q q q
Zm,j < m;, Zni,jhi(c(j)) < hi(Dy) ang < m;ihi(D;).
= = =

For fixed T, the vertex words U; and hence their labels are fixed. The part of J; corre-
sponding to PU) is a word in Ly, ;(1i(Xcw))- Thus (7.5) gives

#I e Du(X) 7A@ =Ty <[] T] #£Ln., (n(Xcw))
i=11<j<q
’I’L7;7]'>0

S q
Seexp > > nij(hi(CY) +¢)

i=1 j=1

< exp{Zml i +5kz}

Summing over 1" € ¥ gives, for a constant C. > 0 independent of k,

#Dp(X) < Co(k+1)*M x exp " max Zml i(D;) + €k
a comlp’on’en‘gc chain *

Taking logarithms gives

log #D(X) < " mag)i Z mihi(D;) + ek + sM log(k + 1) + log C-. (7.6)
a com1p70n7eni chain *

For the lower bound, fix a component chain (Dy, ..., D) and set B = #V. Since (D;, D;11)
is a component chain, any vertex in D; can be joined to any vertex in D;11 by a positive path
of length at most B.

For all sufficiently large k, Lemma 7.1, applied for each ¢ with N = m; — B, gives vertices
Ui := Ujm,—B and v; := v; m,—p, and a set V; :=V; 1, C Ly, —p(7i(Xp,)) such that

log #V; > (m; — B)(hi(D;) — €),

and, for every J; € V;, a chosen vertex-path lift j; € Lmm,—p(Xp,) begins at u; and ends at v;.
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For 1 <14 < s, choose a vertex path viWiuiH of length at most B, and write ¢; = |/VIZI <B.
This is independent of J;, J; 1. Hence every tuple (Ji,...,Js) € [[7_; Vi gives a vertex path

AN~ A~

JIWidogWey - -+ Ws—lj\s S ﬁ(ZG)

of length
s s—1 s—1
Z(mi—B)+Zqi:k—sB+Zqi<k.
i=1 =1 =1

The terminal vertex of J is fixed and lies in Dj. Starting from this vertex, extend every such

path by the same vertex path until the resulting path has length k, and let I(Jy,...,Js) €

Lr(X) be the word obtained by applymg ¢ to the resulting path.
For1<i<s,letd;=(i—1)B— ZT 1 ¢r- The number of labels preceding 0(;) is

i—1 i—1
Z(mr - B)+ ZQT = ki1 —d;
r=1 r=1

Therefore E(jl) occupies the positions
(kiz1 —di, ki — B—d;] NN, 0<d;<(:—1)B.

For sufficiently large k, we have d; < m; — B. The digits of Xp, belong to ¢(D;), and the
map 7; cannot increase their cardinality. Hence 7;(Xp,) has at most #D; < B digits, so there
are at most B% possible length-d; prefixes among the words in V;. We may therefore choose
V! C V; whose words have the same first d; digits and such that

#V! > B~y > B-DBauy,

Map each tuple (Ji,...,J,) € [[; V/ to the vector in Dy (X) determined by I(J{,...,J.).
For 1 <i < s, the i-th coordinate J; gives

m(IL s T e = P

The deleted prefix is fixed on V!, so different choices of J! give different i-th coordinates. The
map is therefore injective. It follows that

log #Dy(X) > Z log #V)!

i=1
> i(mi = B)(hi(Di) —¢) — BlOngs:(i -1)
i i=1
> Zml i —ek—0(1).
Taking the maximum over all component chains gives
log #D(X) > max Z mihi(D;) — ek — O(1). (7.7)

D17 st

a component cham
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Since the number of component chains is finite and m;/k — a;, (7.6) and (7.7) give, after
el0,

1 1
lim —1 Dp(X) = lim —
Jim 7 log 7 K(X) ook (DieDy) is Zmz '
a component cham

= max g aihi(
D1, ) e
a component chaln

Therefore the box dimension of K exists and is given by (7.4). O

When s = 2 and A = diag(n, m) with n > m, Proposition 7.2 becomes

. htop(;(C) 1 1
X) = ZtopitC/ o X - . .
dimp R(X) max og 1 + : I(IIC?JX) N hiop (T2(X D)) logm logn (7.8)

a component chain

This agrees with the planar formula of Fraser and Jurga [FJ23, Theorem 1.2].

7.2. The case dimy K = dimp K. Proposition 7.2 shows that the box dimension exists. We
now prove that dimension equality implies positivity and o-finiteness. The critical Hausdorff
measure, however, need not be finite.

Lemma 7.3. Let X be a sofic subshift, set K = R(X), and suppose that dimyg K = dimp K =
v. Then HY(K) > 0 and H" is o-finite on K.

Proof. Fix a finite vertex-labelled graph presentation of X, and let C4,...,Cys be all its
strongly connected components. For every component Cj, write §; = dimy K¢;. By (7.3),

7= max 0;.
1<j<M

If §; = v, then K¢; C K and monotonicity of box dimensions give
v = dimy KC]. < dimBKCj < dimBKCj < dimp K = 7.

Hence the Hausdorff and box dimensions of K¢; are both equal to . Theorem 1.1 therefore
gives

0 <H'(Kg;) < o0 whenever §; = 7. (7.9)
If 6; <y, the definition of Hausdorff dimension gives
H’Y<KCJ.) =0. (7.10)

It follows from (7.9) and (7.10) that every component set has finite 7y-dimensional Hausdorff
measure. At least one component has J; = v, so (7.9) and K¢, C K also give HY(K) > 0.
Each map f, in (7.2) is a Lipschitz affine map. Hence (7.2) and the finiteness of the
component measures proved above show that K is a countable union of Borel sets of finite
‘HY measure. Thus H” is o-finite on K. O

We now show that the conclusion of Lemma 7.3 cannot in general be strengthened to

finiteness. For an integer m > 2 and a nonempty digit set D C {0,...,m — 1}, write

En(D)=14> m™d;:d; €D
j=1
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Example 7.4. Consider
A = diag(6, 3), S4=1(3,2),(5,2)}, S ={(0,0),(1,0)}.

Let S = S4USg. Let X C SN be the subshift of finite type in which every transition inside Sy,
every transition inside Sp, and every transition from S4 to Sp is allowed, while no transition
from Sp to Sy is allowed. Set

X, =84, Xp =85, K =R(X), Kis=R(X,), Kp=R(Xp).
The coding map gives
Ka = Eg({3,5}) x {1}, Kp = E6({0,1}) x {0}.

Consequently, for v = }gi%, we have
dimg K4 = dimg K4 = dimy K = dimg K = v, 0< ,H’Y(KA),/H’Y(KB) < oQ.
Combining this with equation (7.3) gives dimp K = . The component entropies are

htop(Xa) = htop(Xp) = log2, while both projected component entropies are zero. For-
mula (7.8) therefore gives

log 2
log 6
It remains to compute the measure. For r > 1, let

Y, ={Iw:1€S8), we Xp}.
Set cg = HY(Kp). For each I € S, the set R,(I) + A™"Kp is a copy of Kp on which
distances are multiplied by 6~". Since 6777 = 27",

HY(R,(I)+A"Kp) =2 "cp. (7.11)
Their first-coordinate cylinder sets corresponding to I € S’y are separated, so for fixed r these
2" copies are pairwise disjoint. It follows from (7.11) that

HW(R(YVT)) =2"2""cp = cp. (7.12)

The set R(Y;) lies on the horizontal line with second coordinate 1 — 37", so the Borel sets
R(Y,) are pairwise disjoint as r varies. Therefore countable additivity and (7.12) give

dimg K =

=~ = dimpg K.

HW(K) =) HI(R(Y,)=> cp=oc.
r=1 r=1

7.3. The case dimyg K < dimp K. We give two examples with dimyg K < dimp K. In the
first, the critical Hausdorff measure is positive and finite; in the second, it is infinite but
o-finite.

Example 7.5. Consider
_logd 1

~ log9 2’

A = diag(9, 3), 01

Take two disjoint full-shift digit sets
Sa={0,1,...,6} x{1,2}, Sp=({0,1,...,8} x {0}) U{(7,1),(7,2)}.

Let S = S4USpB. Let X C SN be the subshift of finite type in which every transition inside Sy,
every transition inside Sp, and every transition from S4 to Sp is allowed, while no transition
from Sp to Sy is allowed. Set

X,=8Y  Xp=S8§, K=R(X), Ki=R(Xa), Kp=R(Xp).
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The Bedford-McMullen dimension formulas [Bed84, McM84] give

log(2v/7
dimg K4 = dimg K 4 = log(2v7) 1.51655,
log 3
. log 5
dlmH KB = ~ 146497,
log 3
log v/33
dimp K = —2Y22 . 1.59133.
log 3

Set v = log(2v/7)/log3. The identity K4 = E9({0,...,6}) x E3({1,2}) shows that K4 is
~-Ahlfors regular, and hence 0 < HY(K4) < oco. Since dimpy Kp < 7, every affine image of
Kp on the right-hand side of (7.2) has zero H” measure, while the corresponding images of
K 4 are contained in K 4. Therefore (7.2) gives

HY(K)=H"(Ka) € (0,00).
The box dimension follows directly from (7.8). The component and projected entropies are
hiop(Xa) = log 14, hiop(T2(X 4)) = log 2,
hiop(XB) = log 11, hiop(T2(XB)) = log 3.
Hence (7.8) gives

. log 14 1 1 log 11 ! !

impg max{ log 9 + log <log3 log9>’ log 9 + o8 <log3 10g9>}
_ log42
~ log9

Since v = log 28/ log 9, we obtain
log 28 < log 42
log9 log 9

dimg K = = dimp K, 0<H'(K) < oo.

Example 7.6. Consider
A:dlag(1674)’ Sa= {(872)7(1052)7(1252)7(147 2)}’ Sp = {(170)7(1’1)}

Let S = S4USpE. Let X C SN be the subshift of finite type in which every transition inside Sy,
every transition inside Sg, and every transition from S4 to Sp is allowed, while no transition
from Sg to S4 is allowed. Set

X4=8Y = Xp=S8§, K=R(X), Ki=R(Xa), Kp=R(Xp).
The definition of R gives
2 1
KA:E16({87 10,12, 14}) X {3}7 Kp = {15} XE4({071})

Both one-dimensional systems satisfy the strong separation condition. Consequently,

. . log 4 1 ) ) log2 1
1My 18 A Imp fA A log 16 2a Imyg A p 1mp KB log4 27
and
0<H'Y?(Ky) <oo, 0<HY*(Kp)< . (7.13)

Equation (7.3) gives dimpg K = 1/2.
For r > 1, let
Y={Iw:1€L,(Xa), we Xp}.



CRITICAL HAUSDORFF MEASURE FOR BEDFORD-MCMULLEN SUBSHIFTS 39

Set cg = Hl/Q(KB). Since X 4 is the full shift on four digits, #L£,(X4) =4". For I € L,.(X4),
the set R,(I) + A~"Kp varies only in the second coordinate, where its similarity ratio is 47".
Thus
7‘[1/2 (RT(I) + A_TKB) =2""¢cpg.
Their first-coordinate cylinder sets are separated, so for fixed r these 4" copies are pairwise
disjoint, and hence HY?(R(Y,)) = 4"2 "¢ = 2"¢cp. Since R(Y;) C K,
7—(1/2(K) >2"cp r>1.
Letting 7 — oo gives H'/2(K) = co. On the other hand, (7.2) and (7.13) show that K is

covered by countably many Borel sets of finite H!/2 measure. Thus H1/2 is o-finite on K.
The box dimension follows from (7.8). We have

hiop(Xa) = log4, hiop(T2(X4)) = 0,
hiop(Xp) = log 2, hiop(T2(XB)) = log 2.
Hence (7.8) gives

) log 4 1 1 log 2 1 1
d K= —— +log?2 - log 2 -
HB fax { log 16 +log <log4 log 16> "log 16 +log <Iog4 log 16> }

Therefore

dimg K = = < 2 =dimp K,  HY*(K) = oo,

N | —
B~ w

and this measure is o-finite on K.

Proof of Theorem 1.2. Proposition 7.2 proves that the box dimension exists and gives its
formula. Suppose first that dimy K = dimpg K = . Lemma 7.3 gives H?(K) > 0 and shows
that 17 is o-finite on K. Example 7.4 shows that #7(K) may nevertheless be infinite. This
proves (i).

For (ii), Example 7.5 gives a dimension gap with positive and finite critical Hausdorff
measure, whereas Example 7.6 gives a dimension gap with infinite but o-finite critical Hausdorff
measure. U
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