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Abstract. Let Λ = diag(m1, . . . ,md) be a diagonal expanding integer matrix with m1 ≥
· · · ≥ md ≥ 2 and at least two distinct diagonal entries, and let X ⊂ AN be a subshift with
weak specification over A =

∏d
r=1{0, 1, . . . ,mr − 1}. Let K = R(X) be the corresponding

self-affine set. Writing γ = dimH K, we prove a sharp critical-measure dichotomy:

dimH K = dimB K ⇐⇒ 0 < Hγ(K) < ∞,

dimH K < dimB K ⇐⇒ Hγ(K) = ∞.

In the second case, Hγ is not σ-finite on K. This resolves Peres’ 1994 conjecture for planar
systems and extends to higher dimensions. For sofic subshifts, we prove the existence of the
box dimension and show that dimension equality implies that the critical Hausdorff measure
is positive and σ-finite, although it may be infinite. We also construct two examples with
dimH K < dimB K: in one example the critical Hausdorff measure is positive and finite,
whereas in the other it is infinite but σ-finite.
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1. Introduction

Fix a diagonal expanding integer matrix and its digit alphabet

Λ = diag(m1, . . . ,md), m1 ≥ · · · ≥ md ≥ 2, A =
d∏

r=1

{0, 1, . . . ,mr − 1}.

Assume that m1, . . . ,md take at least two distinct values. Let n1 > · · · > ns be these distinct
values, so that s ≥ 2. Choose 0 = d0 < d1 < · · · < ds = d so that

mr = ni di−1 < r ≤ di.

Thus the i-th group consists of coordinates di−1 + 1, . . . , di, and the first i groups together
consist of coordinates 1, . . . , di. A subshift X ⊂ AN is a nonempty closed set satisfying
σ(X) ⊆ X, where σ(x1x2x3 · · · ) = x2x3 · · · is the left shift. A finite word of length N over A
is a finite sequence I = i1 · · · iN ∈ AN , and its length is denoted by |I| = N . The empty word
has length 0. If I = i1 · · · iN and J = j1 · · · jM , their concatenation is

IJ = i1 · · · iNj1 · · · jM , |IJ | = N +M.

Write L(X) for the set of finite words that occur in sequences of X, together with the empty
word. The elements of L(X) are called admissible words. If S ⊂ A is nonempty and X = SN,
then X is the full shift on the digit set S. The subshift X has weak specification [Fen11] if
there is an integer p ≥ 0 such that, for every I, J ∈ L(X), there exists an admissible word
W with |W | ≤ p such that IWJ ∈ L(X). Thus any two admissible words can be joined,
although the joining word may depend on the pair. For x = (xk)k≥1 ∈ X, each xk ∈ A ⊂ Zd

is a d-dimensional digit vector. The associated self-affine set is

K = R(X), R(x) =

∞∑
k=1

Λ−kxk. (1.1)

We use Ht, dimH, dimB, and dimB for Hausdorff measure, Hausdorff dimension, lower box
dimension, and upper box dimension, respectively; see [Fal14]. For a bounded set E, when
its lower and upper box dimensions agree, their common value is denoted by dimBE. For a
nonempty set E, we call HdimH E(E) its critical Hausdorff measure.

The Hausdorff dimension gives the threshold at which Hausdorff measure changes from
infinity to zero, but it does not determine the measure at the threshold itself. More precisely,
if γ = dimHE, then Ht(E) = ∞ for t < γ and Ht(E) = 0 for t > γ, whereas Hγ(E) may be
zero, positive and finite, or infinite. For a self-similar set satisfying the open set condition,
Hutchinson’s theorem gives 0 < Hγ(E) < ∞ [Hut81]. The situation is more delicate for
the diagonal self-affine sets considered here: symbolic cylinders have different side lengths
in different coordinate directions, so their distribution among the coordinate fibres contains
geometric information that is not recorded by the Hausdorff dimension alone. Thus the critical
Hausdorff measure is a genuinely finer quantity than the dimension.

The Bedford–McMullen family is the basic non-conformal setting in which this distinction
can be seen explicitly. When d = 2 and X = SN is a full shift, the set K is a Bedford–
McMullen carpet. In 1984, Bedford and McMullen independently computed its Hausdorff
and box dimensions [Bed84, McM84]. If all nonempty fibres of the projection of S onto
the second coordinate have the same cardinality, then dimHK = dimBK and the critical
Hausdorff measure is positive and finite. McMullen asked about the critical measure when
these dimensions are different. In 1994, Peres answered this question by proving that, in that
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case, the critical Hausdorff measure is infinite and not σ-finite [Per94]. Thus, for a planar
Bedford-McMullen full shift and γ = dimHK,

dimHK = dimBK ⇐⇒ 0 < Hγ(K) <∞,

dimHK < dimBK ⇐⇒ Hγ(K) = ∞.

At the end of the same paper, Peres considered sets coded by a primitive transition matrix
and formulated the following conjecture. Let S ⊂ A be a digit set and let A = (Auv)u,v∈S
be a primitive zero-one matrix; that is, Aq is a positive matrix for some integer q ≥ 1. The
corresponding subshift is

XA = {x = (xk)k≥1 ∈ SN : Axkxk+1
= 1 for every k ≥ 1}, KA = R(XA).

The subshift XA is called a primitive subshift of finite type.

Conjecture ([Per94]). If γA = dimHKA < dimBKA, then HγA(KA) = ∞.

The motivation for this paper is to prove this two-dimensional conjecture and to extend
it to higher-dimensional diagonal affine-invariant sets coded by subshifts satisfying weak
specification. The main result is the following.

Theorem 1.1. Let X ⊂ AN be a subshift satisfying weak specification and set K = R(X).
Let γ = dimHK. Then

dimHK = dimBK ⇐⇒ 0 < Hγ(K) <∞, (1.2)

dimHK < dimBK ⇐⇒ Hγ(K) = ∞. (1.3)

In the second case, Hγ is not σ-finite on K.

Every primitive subshift of finite type satisfies weak specification, so Theorem 1.1 resolves
Peres’ conjecture. Under weak specification, Z. Feng proved the existence of the box dimension
and that dimension equality implies positive and finite critical Hausdorff measure [Fen26].
Our contribution is the converse measure statement: a strict dimension gap implies that
the critical Hausdorff measure is infinite and, in fact, not σ-finite. In particular, the critical
Hausdorff measure can never vanish under weak specification.

The dimension theory surrounding this problem developed in several directions. In the
plane, the constructions of Lalley–Gatzouras and Barański allow more general rectangular
patterns and contraction ratios than the Bedford–McMullen construction [LG92, Bar07]. For
higher-dimensional Bedford–McMullen sets, Kenyon and Peres established the Hausdorff-
dimension variational principle and studied measures of full dimension [KP96a, KP96b]. In
the present setting, approximate cubes encode different coordinate groups over different
proportions of symbolic time, so the Hausdorff-dimension variational principle involves a
weighted sum of factor entropies. D.-J. Feng’s weighted thermodynamic formalism provides
the corresponding equilibrium states and entropy estimates [Fen11].

Several finer aspects of diagonal self-affine geometry have also been studied, including
dimension gaps for sponges, Assouad-type dimensions, Lq spectra, random sponges, and
dimension formulas for diagonal self-affine sets and measures [DS17, FH17, Kol23, BB25,
Fen25, Rap26]. The critical Hausdorff measure is a different refinement: it asks for the size of
a set at its already known Hausdorff dimension. For Barański carpets, the authors obtained a
dichotomy in terms of uniform fibre conditions [QW24]. Related recent work on Hausdorff
measure and finer geometry for planar self-affine sets includes [Bar25, BKY26].

To understand how the conclusions in Theorem 1.1 can change when weak specification
fails, we next consider sofic subshifts, which contain all subshifts of finite type. A sofic subshift
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X ⊂ AN can be represented by a finite vertex-labelled directed graph and is therefore closely
connected with graph-directed constructions; compare [MW88]. It is irreducible if, for every
I, J ∈ L(X), there is a word W ∈ L(X) such that IWJ ∈ L(X). An irreducible sofic subshift
has a finite strongly connected graph presentation. For each ordered pair (u, v) of vertices,
choose a directed path of positive length from u to v. Since there are only finitely many such
pairs, the lengths of these paths have a finite maximum; denote it by p. Given I, J ∈ L(X),
choose paths whose labels are I and J . If u is the terminal vertex of the first path and v is the
initial vertex of the second, let W be the word formed by the labels of the vertices between
u and v on the chosen path. Then |W | ≤ p and IWJ ∈ L(X). Thus every irreducible sofic
subshift satisfies weak specification and is covered by Theorem 1.1. We therefore focus on
reducible sofic subshifts, which need not satisfy weak specification.

Theorem 1.2. For every sofic subshift X, the box dimension of K = R(X) exists. Write
γ = dimHK. Moreover:

(i) If dimHK = dimBK, then Hγ(K) > 0 and Hγ is σ-finite on K, but Hγ(K) need not
be finite.

(ii) If dimHK < dimBK, then Hγ(K) may be positive and finite, or it may be infinite
and σ-finite.

Remark 1.3. For a sofic subshift, Proposition 7.2 not only proves that the box dimension
exists, but also gives its formula in terms of the topological entropies of the strongly connected
components and their factor subshifts.

Together, these results compare the weak-specification setting with the reducible sofic setting.
Under weak specification, Theorem 1.1 gives a complete dichotomy for the critical Hausdorff
measure according to whether the dimensions are equal. For sofic subshifts, dimension equality
implies positivity and σ-finiteness but not finiteness. When the dimensions differ, both finite
and infinite critical Hausdorff measure can occur.

Structure of the manuscript. Section 2 introduces the notation and reduces the second
implication in Theorem 1.1 to Propositions 2.2 and 2.3. Section 3 defines approximate cubes
and proves the required density estimates. Section 4 proves the partition lemma for finite
admissible word sets. Section 5 uses this partition to construct a probability measure and
prove Proposition 2.2. Section 6 proves Proposition 2.3. Finally, Section 7 proves Theorem 1.2
and examines the dimensions and critical Hausdorff measure of reducible sofic subshifts.

2. Preliminaries and reduction of the main theorem

Throughout, log denotes the natural logarithm. For x ∈ R, ⌊x⌋ is the greatest integer
less than or equal to x, and ⌈x⌉ is the least integer greater than or equal to x. For positive
quantities A and B, the notation A ≲ B means that A ≤ CB for a constant C > 0, A ≳ B
means that B ≲ A, and A ≍ B means that both A ≲ B and B ≲ A. For a real quantity F
and a positive quantity B, the notation F = O(B) means |F | ≲ B, while F = o(B) means
that F/B → 0 in the stated limit. A subscript on ≲, ≳, ≍, or O lists the parameters on
which the corresponding constant may depend. For a finite set E, the symbol #E denotes its
cardinality.

2.1. Factor maps and weighted pressure. Throughout Sections 2–6, X ⊂ AN denotes a
subshift satisfying weak specification, K = R(X), and S = {x1 : x ∈ X} is the set of digits
that occur in X. For x = (xj)j≥1, write x|N = x1 · · ·xN . If I = i1 · · · iN and 0 ≤ a ≤ b ≤ N ,
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write I|ba = ia+1 · · · ib, abbreviate I|b = I|b0, and write |I| = N . We use the convention I|aa = ∅.
If Y is a subshift over a finite alphabet, let L0(Y ) = {∅} and

LN (Y ) = {y1 · · · yN : y = (yj)j≥1 ∈ Y } (N ≥ 1), L(Y ) =
⋃
N≥0

LN (Y ).

For N ≥ 1 and I ∈ LN (Y ), the cylinder generated by I is [I] = {y ∈ Y : y|N = I}.
We write Mσ(Y ) for the set of invariant Borel probability measures on Y . For a Borel

probability measure ν on Y , set

H(ν|LN (Y )) = −
∑

I∈LN (Y )

ν[I] log ν[I], (2.1)

where 0 log 0 = 0. For µ ∈ Mσ(Y ), its measure-theoretic entropy is

h(µ) = lim
N→∞

1

N
H(µ|LN (Y )),

whereas the topological entropy of the whole subshift is

htop(Y ) = lim
N→∞

1

N
log#LN (Y ).

Both limits exist by subadditivity and Fekete’s lemma, since H(µ|LN+M (Y )) ≤ H(µ|LN (Y ))+
H(µ|LM (Y )) and #LN+M (Y ) ≤ #LN (Y )#LM (Y ). In particular, h(µ) ≤ htop(Y ).

Recall that there are integers n1 > · · · > ns ≥ 2, where s ≥ 2, and 0 = d0 < d1 < · · · <
ds = d such that

mr = ni di−1 < r ≤ di.

Set n0 = ∞, A1 = A, and

Ai =
∏

r>di−1

{0, . . . ,mr − 1} 2 ≤ i ≤ s.

Let π1 : A → A1 be the identity. For 2 ≤ i ≤ s, let πi : Ai−1 → Ai delete the coordinates
numbered at most di−1. The maps are applied coordinatewise to sequences and words. Write

τi = πi ◦ · · · ◦ π1, Xi = τi(X), X = X1
π2−→ X2

π3−→ · · · πs−→ Xs. (2.2)

We call the sequence of factor maps in (2.2) the factor chain.
If X satisfies weak specification with bound p, then every factor Xi satisfies weak speci-

fication with the same bound. To see this, let U, V ∈ L(Xi), choose I, J ∈ L(X) such that
τi(I) = U and τi(J) = V . There is W ∈ L(X) such that |W | ≤ p and IWJ ∈ L(X). Hence

U τi(W )V = τi(IWJ) ∈ L(Xi), |τi(W )| = |W | ≤ p.

If µ is a Borel probability measure on X, its push-forward under τi is the probability
measure τiµ = (τi)∗µ on Xi given by

(τiµ)(B) = µ(τ−1
i (B)) for every Borel set B ⊂ Xi.

If µ is invariant under σ, then τiµ is also invariant, as τi ◦ σ = σ ◦ τi.
Set

θ0 = 0, θi =
log ns
log ni

, ai = θi − θi−1, a = (a1, . . . , as). (2.3)

Then 0 < θ1 < · · · < θs = 1.
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If b = (b1, . . . , bs), where bi > 0 and
∑

i bi = 1, write

Pb(σ) = sup
µ∈Mσ(X)

s∑
i=1

bih(τiµ). (2.4)

Pb(σ) is called the b-weighted pressure of σ. In the notation of D.-J. Feng [Fen11], this is
Pb(σ, 0); we omit the zero potential from the notation. An invariant measure attaining the
supremum in (2.4) is called a b-weighted equilibrium state [Fen11].

We shall use the following results from Kenyon and Peres [KP96b], D.-J. Feng [Fen11], and
Z. Feng [Fen26].

Proposition 2.1. Let X ⊂ AN be a subshift satisfying weak specification and set K = R(X).
Then:

(i)

dimHK =
P a(σ)

log ns
, dimBK =

1

log ns

s∑
i=1

aihtop(Xi). (2.5)

(ii) Every positive weight vector b has a unique b-weighted equilibrium state ηb.
(iii) For each fixed b and 1 ≤ i ≤ s,

H
(
(τiηb)|LN (Xi)

)
= Nh(τiηb) +Ob(1). (2.6)

(iv) If γ = dimHK and dimHK = dimBK, then

0 < Hγ(K) <∞. (2.7)

Proof. The Ledrappier–Young formula and the full-dimension variational principle in [KP96b,
Theorem 1.1 and Lemma 4.3] give

dimHK = sup
µ∈Mσ(X)

s∑
i=1

(
1

log ni
− 1

log ni−1

)
h(τiµ) =

1

log ns
sup

µ∈Mσ(X)

s∑
i=1

aih(τiµ) =
P a(σ)

log ns
.

Since X satisfies weak specification, [Fen26, Proposition 3.3] shows that the box dimension of
K exists and gives

dimBK =
1

log ns

s∑
i=1

aihtop(Xi).

This proves (i).
Conclusion (ii) follows directly from [Fen11, Theorem 1.2], applied to the zero potential.
We next prove (iii). For i = 1, equation (2.6) is precisely the entropy estimate in [Fen11,

Theorem 7.3(iii)]. Let 2 ≤ i ≤ s. The factor Xi satisfies weak specification. Applying [Fen11,
Lemma 7.2(ii)] successively to π2, . . . , πi shows that τiηb is the weighted equilibrium state of the
induced potential on the factor chain Xi → · · · → Xs. By [Fen11, Lemma 5.7], each recursively
induced word function remains in the class required by [Fen11, Theorems 5.5 and 7.3]. This

induced potential need not be zero. If i < s, its weight vector is
(∑i

ℓ=1 bℓ, bi+1, . . . , bs

)
, so

[Fen11, Theorem 7.3(iii)] applies. For i = s, [Fen11, Theorem 5.5] applies. In either case,∑
J∈LN (Xi)

(τiηb)[J ] log(τiηb)[J ] = −Nh(τiηb) +Ob(1).

Multiplying by −1 and using (2.1) gives (2.6).
Finally, under the assumption dimHK = dimBK, conclusion (i) of [Fen26, Theorem 1.1]

gives 0 < HdimH K(K) <∞. Taking γ = dimHK proves (iv). □
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2.2. A reduction of Theorem 1.1. Sections 3–6 prove the second implication in Theorem 1.1.
For 0 < β ≤ 1, write

ai(β) = θβi − θβi−1, a(β) = (a1(β), . . . , as(β)). (2.8)

Note that a(1) = a, where a is defined in (2.3). Since 0 = θ0 < θ1 < · · · < θs = 1,

ai(β) > 0,
s∑

i=1

ai(β) = 1.

Thus a(β) is a positive weight vector. Let η = ηa, and write

c(β) = P a(β)(σ)−
s∑

i=1

ai(β)h(τiη) ≥ 0. (2.9)

The last inequality follows directly from the variational definition of P a(β)(σ).
Given a continuous increasing function ϕ : [0,∞) → [0,∞) with ϕ(0) = 0, called a gauge

function, the associated Hausdorff measure is

Hϕ(E) = lim
δ↓0

inf

∑
j

ϕ(diamUj) : E ⊂
⋃
j

Uj , diamUj ≤ δ

 .

For t > 0, taking ϕ(r) = rt gives the usual Hausdorff measure Ht.
We now reduce the second implication in Theorem 1.1 to two propositions. The first shows

that c(β) > 0 gives the required Hausdorff-measure conclusion, and the second shows that the
dimension gap dimHK < dimBK gives c(β) > 0. Their proofs are given in Sections 5 and 6,
respectively. Together with Proposition 2.1(iv), these two propositions prove Theorem 1.1.

Proposition 2.2. Let X ⊂ AN be a subshift satisfying weak specification, set K = R(X), and
let γ = dimHK. If c(β) > 0 for some β ∈ (1/2, 1), then there is ε > 0 such that the gauge
function gβ, satisfying gβ(r) = rγ exp{−ε(log(1/r))β} for 0 < r ≤ 1, has

Hgβ (K) = ∞, Hγ(K) = ∞.

Neither Hgβ nor Hγ is σ-finite on K.

Proposition 2.3. Let X ⊂ AN be a subshift satisfying weak specification and set K = R(X).
If dimHK < dimBK, then c(β) > 0 for some β ∈ (1/2, 1).

Proof of Theorem 1.1 based on Propositions 2.2 and 2.3. Suppose first that dimHK =
dimBK. Then (2.7) gives

0 < Hγ(K) <∞.

Suppose next that dimHK < dimBK. Proposition 2.3 gives β ∈ (1/2, 1) such that c(β) > 0.
Proposition 2.2 then gives

Hγ(K) = ∞,

and shows that Hγ is not σ-finite on K.
The general inequality dimHK ≤ dimBK shows that these are the only two possible cases.

The finite-measure conclusion in the first case and the infinite-measure conclusion in the
second case prove both converse implications in (1.2) and (1.3). □

Remark 2.4. The proof of Proposition 2.3 gives a stronger conclusion. If dimHK < dimBK,
then every nonempty open interval I ⊂ (0, 1) contains some β for which c(β) > 0. Otherwise,
the function c would vanish throughout I, and the argument in Section 6 would imply
dimHK = dimBK. Consequently, for every β0 ∈ (1/2, 1), there is some β ∈ (β0, 1) with
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c(β) > 0. Proposition 2.2 then shows that the exponent β in the gauge function gβ may be
chosen arbitrarily close to 1.

3. Approximate cubes and the density estimates

This section introduces the approximate cubes used throughout the proof. We describe
both their geometric form and their symbolic representation. We then use a density estimate
to deduce infinite and non-σ-finite Hausdorff measure from sufficiently small approximate-cube
masses.

For a word I = i1 · · · iN and 0 ≤ k ≤ N , write

Rk(I) =

k∑
ℓ=1

Λ−ℓiℓ, R0(I) = 0.

Thus
R(x) = Rk(x|k) + Λ−kR(σkx).

For I ∈ Ak, the level-k approximate cube is

Qk(I) =
s∏

i=1

di∏
r=di−1+1

[
R⌊θik⌋(I)r, R⌊θik⌋(I)r + n

−⌊θik⌋
i

)
,

with the adjustment that a factor is closed on the right whenever its right endpoint is 1. Here
R⌊θik⌋(I)r denotes the r-th coordinate of R⌊θik⌋(I). Note that the level-k approximate cubes

form a partition of [0, 1]d. These partitions are nested: every level-(k + 1) approximate cube
is contained in a unique level-k approximate cube. Every side length of Qk(I) is comparable
to n−k

s ; hence there are constants c0, C0 > 0, independent of k and I, such that

c0n
−k
s ≤ diamQk(I) ≤ C0n

−k
s . (3.1)

For x ∈ AN, write Qk(x) = Qk(x|k).
For x ∈ X, let the corresponding word set be

Γk(x) = {I ∈ Lk(X) : τi(I|⌊θik⌋) = τi(x|⌊θik⌋) for 1 ≤ i ≤ s} . (3.2)

The corresponding cylinder set is

[Γk(x)] =
⋃

I∈Γk(x)

[I].

The following elementary observation from Euclidean geometry will be used: for every level-k
approximate cube Q with R−1(Q) ∩X ̸= ∅, there are sequences x(1), . . . , x(L) ∈ X such that

R−1(Q) ∩X ⊆
L⋃

ℓ=1

[Γk(x
(ℓ))], L ≤ 2d. (3.3)

Set Qk(X) = {Qk(x) : x ∈ X}. For every x ∈ X, the point R(x) belongs to the closure of
Qk(x). Consequently, the closures of the approximate cubes in Qk(X) cover K. For z ∈ [0, 1]d,
let Qk(z) be the unique level-k approximate cube containing z. If z = R(x) is not on a grid
boundary, then Qk(z) = Qk(x). Let

Dk(X) =

{
(J1, . . . , Js) ∈

s∏
i=1

L⌊θik⌋−⌊θi−1k⌋(Xi) : there is I ∈ Lk(X) such that

τi(I|⌊θik⌋⌊θi−1k⌋) = Ji for every i

}
.

(3.4)
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By [Fen26, Lemma 2.7],

#Qk(X) = #Dk(X). (3.5)

Lemma 3.1. Let λ be a Borel probability measure supported on K, and let g be a gauge
function. If

lim sup
k→∞

λ(Qk(z))

g(n−k
s )

= 0 for λ-almost every z,

then Hg(K) = ∞. Moreover, Hg is not σ-finite on K.

Proof. For every C > 0, the assumed upper density is at most C almost everywhere. Hence
[Fen26, Lemma 2.9(i)] gives Hg(K) ≳ C−1, where the implicit constant is independent of
C. Letting C ↓ 0 proves Hg(K) = ∞. Let E ⊂ K be Borel with λ(E) > 0 and define
λE(A) = λ(A ∩ E)/λ(E). For λE-almost every z,

λE(Qk(z))

g(n−k
s )

≤ 1

λ(E)

λ(Qk(z))

g(n−k
s )

−→ 0.

Applying the same argument to λE gives Hg(E) = ∞. Thus every Borel set of finite Hg

measure has zero λ-mass. By Borel regularity of Hausdorff measure, every Hg-measurable
set of finite measure is contained in a Borel set of the same finite measure. Therefore no
countable family of finite-Hg-measure sets can cover K, and Hg is not σ-finite on K. □

4. Partition of admissible words

This section proves the finite-word decomposition used in the proof of Proposition 2.2. For
each N , we partition LN (X) into O(N s−1) sets having uniform fibres at every factor level.

The idea comes from a standard approximation method for planar self-affine carpets. For a
Bedford–McMullen carpet, one can pass to a sufficiently high iterate and select words whose
digit frequencies are close to those of a measure of full Hausdorff dimension. The selected
words define a Bedford–McMullen subcarpet with uniform fibres and Hausdorff dimension
arbitrarily close to that of the original carpet. This approximation from within was used in
[FJS10, Section 4] and [FS16, Section 6]. Here a single subsystem is not enough. Instead, for
each fixed word length, we divide all admissible words into finitely many sets, each having
uniform fibres at every factor level.

Fix N ∈ N and write Wi = LN (Xi). When no confusion can arise, we use the same symbols
for the restrictions

πi+1 : Wi → Wi+1, τi : W1 → Wi.

For C ⊂ W1 and J ∈ τi(C), write

mi(C, J) = #{I ∈ C : τi(I) = J}.

We consider sets C ⊂ W1 for which, for every 1 ≤ i ≤ s, the number mi(C, J) is independent
of J ∈ τi(C). In other words, all fibres of the map τi : C → τi(C) have the same cardinality.
We say that such a set C has uniform fibres at every level. Denote the common fibre cardinality
by Mi(C), and write Bi(C) = #τi(C). Then

#C = Bi(C)Mi(C) 1 ≤ i ≤ s. (4.1)

Recall that S = {x1 : x ∈ X}, and write Si = τi(S). A partition of W1 is a family of pairwise
disjoint subsets whose union is W1.
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Lemma 4.1. The set W1 has a partition {Ct}qNt=1 such that every Ct has uniform fibres at
every level. Moreover,

qN ≤
s−1∏
i=1

(
1 +N

⌈
log#Si

log 2

⌉)
= O(N s−1). (4.2)

Proof. We construct the partition recursively along the factor chain. The construction will
use sets of the form

Gi(r1, . . . , ri−1; Ji) ⊂ W1, Ji ∈ Wi, 2 ≤ i ≤ s.

For each i, we construct the nonempty sets of this form so that they satisfy the following
three properties.

(P1) They are pairwise disjoint and their union is W1.
(P2) Every word in Gi(r1, . . . , ri−1; Ji) projects to Ji under τi.
(P3) For 1 ≤ ℓ ≤ i and L ∈ τℓ(Gi(r1, . . . , ri−1; Ji)),

#{I ∈ Gi(r1, . . . , ri−1; Ji) : τℓ(I) = L} = 2r1+···+rℓ−1 . (4.3)

For ℓ = 1, the exponent is the empty sum 0, so the right-hand side is 1.

In particular, taking ℓ = i in (4.3) and using (P2) gives

#Gi(r1, . . . , ri−1; Ji) = 2r1+···+ri−1 . (4.4)

We first construct the level-2 sets. For J2 ∈ W2, let

q1(J2) = #{I ∈ W1 : τ2(I) = J2} ≥ 1.

Write its binary expansion as

q1(J2) =
∑
r1≥0

εr1(J2)2
r1 , εr1(J2) ∈ {0, 1}.

Using this binary expansion, split the fibre τ−1
2 (J2) into sets

G2(r1; J2), #G2(r1; J2) = 2r1 ,

for each r1 with εr1(J2) = 1. The cardinalities of these sets add up to q1(J2). As J2 varies,
these sets partition W1. Every word I ∈ G2(r1; J2) satisfies τ2(I) = J2, and τ1 is the identity.
Consequently, properties (P1)–(P3) hold for i = 2.

Suppose now that the level-i sets have been constructed for some 2 ≤ i < s. Fix (r1, . . . , ri−1)
and Ji+1 ∈ Wi+1, and consider the finite family

Fi(r1, . . . , ri−1; Ji+1) =

{
Gi(r1, . . . , ri−1; Ji) :

Ji ∈ Wi, πi+1(Ji) = Ji+1,
Gi(r1, . . . , ri−1; Ji) ̸= ∅

}
. (4.5)

Let qi(r1, . . . , ri−1; Ji+1) be the number of sets in this family. If this number is zero, there is
nothing to do. Otherwise, write its binary expansion as

qi(r1, . . . , ri−1; Ji+1) =
∑
ri≥0

εri2
ri , εri ∈ {0, 1}.

Partition the family in (4.5) into disjoint subfamilies Fi,ri with εri = 1, so that #Fi,ri = 2ri .
Let

Gi+1(r1, . . . , ri; Ji+1) =
⋃

G∈Fi,ri

G. (4.6)

The new sets are unions of disjoint level-i sets, and every level-i set is used exactly once.
Hence they are pairwise disjoint and cover W1, which proves (P1). Every word in a new set



CRITICAL HAUSDORFF MEASURE FOR BEDFORD-MCMULLEN SUBSHIFTS 11

projects to Ji+1, as τi+1(I) = πi+1(τi(I)) = Ji+1 for every word I in that set. This proves
(P2).

To prove (P3), first take 1 ≤ ℓ ≤ i and L ∈ τℓ(Gi+1(r1, . . . , ri; Ji+1)). Among the level-i
sets whose union defines the new set in (4.6), exactly one contains a word whose τℓ-image is
L. Indeed, suppose that two sets Gi(r1, . . . , ri−1; Ji) and Gi(r1, . . . , ri−1; J

′
i) have τℓ-images

containing L. If ℓ < i, then

Ji = (πi ◦ · · · ◦ πℓ+1)(L) = J ′
i .

If ℓ = i, then L = Ji = J ′
i . Thus the two sets are the same. Therefore the fibre over L is

contained in one level-i set, and the induction hypothesis gives

#{I ∈ Gi+1(r1, . . . , ri; Ji+1) : τℓ(I) = L} = 2r1+···+rℓ−1 .

For ℓ = i+ 1, the τℓ-image of Gi+1(r1, . . . , ri; Ji+1) consists only of Ji+1. The union in (4.6)
contains 2ri level-i sets, and each has 2r1+···+ri−1 words by (4.4). Hence

#Gi+1(r1, . . . , ri; Ji+1) = 2ri2r1+···+ri−1 = 2r1+···+ri .

This proves (P3) and completes the induction.

After the level-s construction, fix a complete index vector r = (r1, . . . , rs−1) and let

Cr =
⋃

Js∈Ws
Gs(r1,...,rs−1;Js )̸=∅

Gs(r1, . . . , rs−1; Js).

Retain only the nonempty sets Cr. Since the level-s sets form a partition of W1, the sets Cr

also form a partition of W1. Fix 1 ≤ i ≤ s and Ji ∈ τi(Cr). For 1 ≤ i < s, the word Ji has the
uniquely determined image Js = (πs ◦ · · · ◦ πi+1)(Ji) ∈ Ws; when i = s, set Js = Ji. Applying
(4.3) at level s gives

mi(Cr, Ji) = 2r1+···+ri−1 , 1 ≤ i ≤ s.

The right-hand side is independent of Ji. Therefore Cr has uniform fibres at every level, with
M1(Cr) = 1 and Mi(Cr) = 2r1+···+ri−1 for 2 ≤ i ≤ s.

It remains to count the possible vectors r. At the first step, q1(J2) is the number of words
in a fibre of π2 : W1 → W2, so

q1(J2) ≤ (#S1)
N .

For 2 ≤ i ≤ s − 1, each member of (4.5) corresponds to a different Ji in the fibre of
πi+1 : Wi → Wi+1. Every word in Wi has length N over the alphabet Si, and hence

qi(r1, . . . , ri−1; Ji+1) ≤ #π−1
i+1(Ji+1) ≤ (#Si)

N .

Thus, whenever an exponent ri occurs in one of the binary expansions, qi(r1, . . . , ri−1; Ji+1) is
at least 2ri and at most (#Si)

N . Consequently,

0 ≤ ri ≤ N
log#Si

log 2
≤ N

⌈
log#Si

log 2

⌉
.

Thus there are at most
s−1∏
i=1

(
1 +N

⌈
log#Si

log 2

⌉)
possible complete index vectors, which proves (4.2). □
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Remark 4.2. Let C ⊂ W1 have uniform fibres at every level, and let PC be the uniform
probability distribution on C. Then (4.1) gives that (τi)∗PC is the uniform probability
distribution on τi(C), i.e.

(τi)∗PC({J}) =
Mi(C)

#C
=

1

Bi(C)
J ∈ τi(C). (4.7)

Lemma 4.3. Let ζN be a probability distribution on W1, and let {Ct}qNt=1 be the partition given
by Lemma 4.1. Write ϑt = ζN (Ct), Bt,i = Bi(Ct) = #τi(Ct). For 1 ≤ i ≤ s, let ζN,i = τiζN be
the distribution on Wi. Then, for every 1 ≤ i ≤ s,∑

t

ϑt logBt,i ≥ H(ζN,i)− log qN , (4.8)

where H(ζN,i) = −
∑

J∈Wi
ζN,i(J) log ζN,i(J). Moreover, there exist m ∈ {1, . . . , s+ 1}, pair-

wise distinct indices t1, . . . , tm, and positive numbers ρ1, . . . , ρm with
∑m

j=1 ρj = 1 such that∑
t

ϑt logBt,i =

m∑
j=1

ρj logBtj ,i 1 ≤ i ≤ s.

Proof. For ϑt > 0, let pt,i be the probability distribution on Wi given by

pt,i(J) =
1

ϑt

∑
I∈Ct

τi(I)=J

ζN (I).

This distribution is supported on τi(Ct), which has Bt,i elements, and hence H(pt,i) ≤ logBt,i.
For J ∈ Wi, write at,J = ϑtpt,i(J). Then ζN,i(J) =

∑
t:ϑt>0 at,J and at,J ≤ ζN,i(J). Therefore,

H(ζN,i) = −
∑

t:ϑt>0

∑
J∈Wi

at,J log ζN,i(J) ≤ −
∑

t:ϑt>0

∑
J∈Wi

at,J log at,J

= −
∑

t:ϑt>0

ϑt log ϑt +
∑

t:ϑt>0

ϑtH(pt,i) ≤ log qN +
∑
t

ϑt logBt,i.

This proves (4.8).
For the last assertion, write

vt = (logBt,1, . . . , logBt,s) ∈ Rs.

The vector v =
∑

t ϑtvt belongs to the convex hull of the vectors vt in Rs. By Carathéodory’s
theorem, every point in the convex hull of a subset of Rs is a convex combination of at most
s + 1 points of that subset. There are m ≤ s + 1 pairwise distinct indices t1, . . . , tm and
coefficients ρ1, . . . , ρm > 0, with

∑m
j=1 ρj = 1, such that

v =
m∑
j=1

ρjvtj .

Equality of the i-th coordinates gives the last assertion of the lemma. □

Corollary 4.4. Suppose ω ∈ Mσ(X) satisfies, for every N ≥ 1,

H((τiω)|LN (Xi)) = Nh(τiω) +O(1) 1 ≤ i ≤ s.

For every N ≥ 2, let {Ct}qNt=1 be a partition supplied by Lemma 4.1. Then there exist
m ∈ {1, . . . , s + 1}, pairwise distinct sets Ct1 , . . . , Ctm ⊂ LN (X), and positive numbers
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ρ1, . . . , ρm with
∑m

j=1 ρj = 1. If Btj ,i = #τi(Ctj ), then

m∑
j=1

ρj logBtj ,i ≥ Nh(τiω)−O(logN) 1 ≤ i ≤ s.

Proof. Let ζN be the probability distribution on LN (X) given by

ζN (I) = ω([I]) I ∈ LN (X).

For every i, write ζN,i = τiζN . The hypothesis gives H(ζN,i) = Nh(τiω) + O(1) for every i.
Applying the two conclusions of Lemma 4.3 to ζN , and using qN = O(N s−1) from Lemma 4.1,
yields m ≤ s + 1, pairwise distinct indices t1, . . . , tm, and positive coefficients ρ1, . . . , ρm
summing to 1 such that, for every 1 ≤ i ≤ s,

m∑
j=1

ρj logBtj ,i ≥ H(ζN,i)− log qN = Nh(τiω)−O(logN).

This proves the corollary. □

Corollary 4.4 gives finitely many admissible word sets together with weights describing the
proportions in which they should be used. In the measure construction in Section 5, we need
a sequence of these sets whose occurrence frequencies follow the prescribed weights. The next
lemma constructs such a sequence with a uniformly bounded error.

Lemma 4.5. Let q ∈ N, let ρ1, . . . , ρq > 0, and suppose
∑q

t=1 ρt = 1. There is a sequence
u1, u2, . . . ∈ {1, . . . , q} with the following property. For r ∈ N, let Nt(r) = #{1 ≤ j ≤ r : uj =
t}. Then, for every 1 ≤ t ≤ q and r ∈ N,

|Nt(r)− ρtr| ≤ q − 1. (4.9)

Consequently, for every 1 ≤ t ≤ q and all integers 0 ≤ a < b,

|#{a < j ≤ b : uj = t} − ρt(b− a)| ≤ 2(q − 1).

Proof. If q = 1, take ur = 1 for every r. Hence assume q ≥ 2.
Choose u1 arbitrarily. For 1 ≤ t ≤ q and r ∈ N, write et(r) = Nt(r)− rρt. Having chosen

the first r terms, where r ≥ 1, write pt(r) = (r + 1)ρt −Nt(r) = ρt − et(r), and choose ur+1

to be an index for which pt(r) is largest. Since

q∑
t=1

pt(r) = (r + 1)

q∑
t=1

ρt −
q∑

t=1

Nt(r) = (r + 1)− r = 1,

the largest number pt(r) is positive.
We prove by induction that for 1 ≤ t ≤ q and r ∈ N,

et(r) < 1. (4.10)

For r = 1, this is immediate. Assume it holds at time r, and let t∗ = ur+1 be the chosen
index. For this index,

et∗(r + 1) = et∗(r) + 1− ρt∗ = 1− pt∗(r) < 1,

since pt∗(r) > 0. If t ̸= t∗, then

et(r + 1) = et(r)− ρt < 1,

by the induction hypothesis and ρt > 0. This proves (4.10).
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For every r ∈ N we also have

q∑
t=1

et(r) =

q∑
t=1

Nt(r)− r

q∑
t=1

ρt = r − r = 0.

Consequently, for each 1 ≤ t ≤ q,

et(r) = −
∑

1≤v≤q
v ̸=t

ev(r) > −(q − 1).

Together with (4.10), this gives |et(r)| ≤ q − 1, and hence proves (4.9).
Finally, for 1 ≤ a < b,

#{a < j ≤ b : uj = t} − ρt(b− a) = Nt(b)−Nt(a)− ρt(b− a) = et(b)− et(a).

This gives the stated bound when a ≥ 1; when a = 0, it follows directly from (4.9). □

5. Proof of Proposition 2.2

The preceding section produced finite sets of admissible words with uniform fibres and
factor cardinalities that give a required entropy lower bound. We now use these sets to choose
independent random source blocks, join the chosen blocks by weak specification, and push the
resulting product measure forward to K. The following proposition gives the quantitative
estimate needed for Proposition 2.2.

Proposition 5.1. Let X be a subshift satisfying weak specification and set K = R(X).
Suppose that η, ξ ∈ Mσ(X) satisfy the following conditions.

(i) for every ω ∈ {η, ξ}, 1 ≤ i ≤ s, and N ≥ 1, H((τiω)|LN (Xi)) = Nh(τiω) +Oω(1);
(ii) η is an a-weighted equilibrium state, i.e.,

∑s
i=1 aih(τiη) = P a(σ);

(iii) there is β ∈ (1/2, 1) such that
∑s

i=1∆i(θ
β
i − θβi−1) > 0, where ∆i = h(τiξ)− h(τiη) for

1 ≤ i ≤ s.

Then there exist a Borel probability measure λ supported on K, a constant c0 > 0, and an
integer k0 such that

log λ(Qk(z)) + kP a(σ) ≤ −c0kβ (5.1)

for every z ∈ K and every k ≥ k0.

We first derive Proposition 2.2 from Proposition 5.1.

Proof of Proposition 2.2 based on Proposition 5.1. Let η = ηa and ξ = ηa(β). Then

P a(β)(σ) =
∑s

i=1 ai(β)h(τiξ). Proposition 2.1(iii) shows that η and ξ satisfy condition (i) of
Proposition 5.1. Since η = ηa, Proposition 2.1(ii) gives condition (ii). With ∆i as in condition
(iii), the definition of c(β) in (2.9) gives

s∑
i=1

∆i(θ
β
i − θβi−1) =

s∑
i=1

ai(β)
(
h(τiξ)− h(τiη)

)
= c(β) > 0.

Proposition 5.1 gives a Borel probability measure λ on K and constants c0 > 0 and k0 such
that, for every z ∈ K and k ≥ k0,

λ(Qk(z)) ≤ exp{−kP a(σ)− c0k
β}. (5.2)
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Write L = log ns and ρk = n−k
s = e−kL for k ≥ 1. By (2.5), P a(σ) = γ log ns = γL. Choose

0 < ε < c0/L
β and write δ = c0 − εLβ > 0. With this value of ε, let gβ be a gauge function

satisfying gβ(r) = rγ exp{−ε(log(1/r))β} for 0 < r ≤ 1. Then

gβ(ρk) = exp{−kP a(σ)− εLβkβ}. (5.3)

For every z ∈ K, equations (5.2) and (5.3) give

0 ≤ λ(Qk(z))

gβ(ρk)
≤ e−δkβ −→ 0 k → ∞. (5.4)

Lemma 3.1, applied to (5.4), shows that Hgβ (K) = ∞ and that Hgβ is not σ-finite on K.
Since gβ(r) ≤ rγ , we have Hgβ (E) ≤ Hγ(E) for every E ⊂ K. Therefore Hγ(K) = ∞, and
Hγ is not σ-finite on K. □

The proof of Proposition 5.1 has four parts. We first choose the source-block coordinate
sets Cr in Lemma 4.1, use Lemma 4.5 to schedule them, and construct the product measure P.
We then use weak specification to insert joining words and define the push-forward measure
λ. Next, we estimate the λ-mass of approximate cubes. Finally, the entropy estimates from
Corollary 4.4, together with the block schedule, prove Proposition 5.1.

5.1. Measure construction. We shall construct a product space whose coordinates are
admissible words, called source blocks. We first prescribe the length of every source block
and then choose the finite set of words allowed at each coordinate. Fix a value β ∈ (1/2, 1)
satisfying condition (iii) of Proposition 5.1.

For j ≥ 1, let Rj = Lj = 2j and Qj =
∑j

h=1Rh = 2j+1 − 2, with Q0 = 0. For j ≥ 1,
the source blocks with indices Qj−1 < r ≤ Qj form stage j. For every such r, let the r-th
source block have length L(r) = Lj . For r ≥ 1, place the first r source blocks consecutively
and denote their right endpoint by sr =

∑r
u=1 L(u); set s0 = 0. For j ≥ 1, denote the right

endpoint of stage j in these source coordinates by Sj = sQj =
∑j

h=1RhLh; set S0 = 0. For

n ∈ N ∪ {0}, let f(n) = (n+ 1)β−1, so that 0 < f(n) ≤ 1.

Lemma 5.2. Under the assumptions of Proposition 5.1, there exist a sequence (εr)r≥1 ∈
{0, 1}N and finite nonempty sets

Cr ⊂ LL(r)(X), r ≥ 1,

each having uniform fibres at every level. Set

Ω =

∞∏
r=1

Cr.

If νr is the uniform probability measure on Cr, then P =
⊗∞

r=1 νr is a Borel probability measure
on Ω.

In particular, for every m ≥ 1 and every choice Jr ∈ Cr, 1 ≤ r ≤ m,

P {(Ir)r≥1 ∈ Ω : I1 = J1, . . . , Im = Jm} =

m∏
r=1

1

#Cr
. (5.5)

The set Cr is selected from the block construction for η when εr = 0, and from the block
construction for ξ when εr = 1.

The proof is straightforward. The sequence (εr)r≥1 and the sets Cr will be chosen in a
particular way for later estimates.
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Choice of (εr)r≥1 in Lemma 5.2. For r ≥ 1, let the interval of the r-th source block be
Ir = (sr−1, sr] ∩ N:

xr =
1

L(r)

∑
n∈Ir

f(n) ∈ [0, 1].

For each j ≥ 1 and 1 ≤ u ≤ Rj , write

r(j, u) = Qj−1 + u, Aj,u =
u∑

v=1

xr(j,v), (5.6)

and set Aj,0 = 0. Since Aj,u −Aj,u−1 = xr(j,u) ∈ [0, 1], we choose

εr(j,u) = ⌊Aj,u⌋ − ⌊Aj,u−1⌋ ∈ {0, 1}. (5.7)

We assign the r-th source block to η when εr = 0 and to ξ when εr = 1.

Choice of (Cr)r≥1 in Lemma 5.2. Condition (i) of Proposition 5.1 allows us to apply Corol-
lary 4.4 to both η and ξ. Fix j and ω ∈ {η, ξ}. Applying Corollary 4.4 with N = Lj

gives mj,ω ≤ s + 1, sets Cj,ω,1, . . . , Cj,ω,mj,ω , and weights ρj,ω,1, . . . , ρj,ω,mj,ω . Let Nj,ω

be the number of source blocks in stage j assigned to ω. When Nj,ω > 0, list them as
rj,ω(1) < · · · < rj,ω(Nj,ω). Lemma 4.5 gives indices uj,ω(v) ∈ {1, . . . ,mj,ω}, 1 ≤ v ≤ Nj,ω,
such that, for every 1 ≤ q ≤ mj,ω and 0 ≤ a < b ≤ Nj,ω,

|#{a < v ≤ b : uj,ω(v) = q} − ρj,ω,q(b− a)| ≤ 2s. (5.8)

For 1 ≤ v ≤ Nj,ω, we choose the rj,ω(v)-th source block set to be

Crj,ω(v) = Cj,ω,uj,ω(v).

For t ∈ N, write Eβ(t) =
∑t

n=1 f(n), and set Eβ(0) = 0. To describe the source blocks
before the joining words are inserted, define, for every integer t ≥ 1,

r∗(t) = min{r ≥ 1 : t ≤ sr}, L∗(t) = L(r∗(t)).

Thus r∗(t) and L∗(t) give, respectively, the number and the maximum length of the source
blocks that meet the first t digit positions before the joining words are inserted.

We now introduce the joining words. For each source-block sequence I = (Ir)r≥1 ∈ Ω, we
shall insert joining words and obtain

I1W1(I)I2W2(I)I3W3(I) · · · ∈ X, (5.9)

Here Wr(I) is the joining word placed between Ir and Ir+1, and |Wr(I)| ≤ p by weak
specification. The sequence in (5.9) is called the concatenated sequence. Let Sj(I) be the
position of the last digit of the final source block in stage j, including all joining words
preceding that block, and let Ir(I) ⊂ N be the interval occupied by Ir in the concatenated
sequence in (5.9). For every integer t ≥ 1, let

MI(t) =
∑
r≥1

εr#
(
Ir(I) ∩ [1, t]

)
.

Set MI(0) = 0. Thus MI(t) counts the digits belonging to ξ-blocks among the first t positions
of the concatenated sequence in (5.9). It does not count digits in joining words.
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Lemma 5.3. Let (εr)r≥1, (Cr)r≥1, Ω, and P be given by Lemma 5.2. There is a continuous
map Π : Ω → X. Define the push-forward measure by

λ = (R ◦Π)∗P. (5.10)

Then λ is a Borel probability measure on K. The following estimates hold for t ≥ 1.

Sj(I) ≍ 4j , r∗(t) = O(t1/2), L∗(t) = O(t1/2). (5.11)

Moreover, for every I ∈ Ω and t ≥ 1,

|MI(t)− Eβ(t)| ≲ L∗(t) + p r∗(t). (5.12)

Proof. We first construct the map Π and the probability measure λ on K. Let L≤p(X) be
the finite set of admissible words of length at most p. Weak specification implies that, for
every U, V ∈ L(X), the set

{W ∈ L≤p(X) : UWV ∈ L(X)}
is nonempty. For each pair (U, V ), choose one word from this set and denote it by W (U, V ).
This choice is fixed throughout the construction.

Fix I = (Ir)r≥1 ∈ Ω. For r ≥ 1, denote

Wr(I) = W (Ir, Ir+1). (5.13)

Every finite prefix of the following infinite word is admissible, and therefore

Π(I) = I1W1(I)I2W2(I)I3W3(I) · · · ∈ X.

For every n, the first n digits of Π(I) depend on only finitely many coordinates Ir of I. Hence
the inverse image under Π of every cylinder in X is open in Ω. Thus Π is continuous and, in
particular, Borel measurable. The composition R ◦Π : Ω → K is Borel measurable. With λ
given by (5.10), λ is therefore a Borel probability measure on K.

For the estimates, fix I ∈ Ω and abbreviate Wr = Wr(I), Sj = Sj(I), Ir = Ir(I), and
M(t) =MI(t). Since Rh = Lh = 2h,

Sj =

j∑
h=1

RhLh =

j∑
h=1

4h ≍ 4j .

For t ≥ 1, choose j ≥ 1 so that Sj−1 ≤ t < Sj . Then

r∗(t) ≤ Qj ≤ 2j+1, L∗(t) ≤ Lj = 2j .

If j ≥ 2, then t ≥ Sj−1 ≥ 4j−1, and hence

r∗(t) = O(t1/2), L∗(t) = O(t1/2). (5.14)

By its definition,

Sj = Sj +

Qj−1∑
r=1

|Wr|.

Consequently,
Sj ≤ Sj ≤ Sj + pQj , Sj ≍ 4j . (5.15)

Equations (5.14) and (5.15) prove (5.11).

Inserting joining words only moves a source block to the right. Therefore, if Ir meets one
of the first t positions of the concatenated sequence, then r ≤ r∗(t). By the definition of Ir,

0 ≤ min Ir − (sr−1 + 1) =
∑
u<r

|Wu| ≤ p(r − 1).
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For t ∈ N, let M(t) be the number of digits belonging to ξ-blocks among the first t positions
before the joining words are inserted, and set M(0) = 0. For t ≥ 1, choose the unique integers
j ≥ 1, 0 ≤ u < Rj , and 0 ≤ q < Lj such that

t = Sj−1 + uLj + q.

With T = Sj−1 + uLj , and using r(h, v) = Qh−1 + v from (5.6), we have

M(t) =
∑
h<j

Lh

Rh∑
v=1

εr(h,v) + Lj

u∑
v=1

εr(j,v) + qεr(j,u+1),

Eβ(t) =
∑
h<j

Lh

Rh∑
v=1

xr(h,v) + Lj

u∑
v=1

xr(j,v) +

T+q∑
n=T+1

f(n).

For every h ≥ 1 and 0 ≤ w ≤ Rh, summing (5.7) gives

w∑
v=1

εr(h,v) = ⌊Ah,w⌋,

∣∣∣∣∣
w∑

v=1

εr(h,v) −
w∑

v=1

xr(h,v)

∣∣∣∣∣ = ∣∣⌊Ah,w⌋ −Ah,w

∣∣ < 1.

Apply this estimate with w = Rh for every h < j, and then with (h,w) = (j, u). Since
0 ≤ f ≤ 1, ∣∣M(t)− Eβ(t)

∣∣ ≤ ∑
h<j

Lh + Lj + q ≤
∑
h<j

Lh + 2Lj ≲ Lj ≲ L∗(t). (5.16)

For an integer t ≥ 1, let V (t) be the number of joining-word digits among the first t
positions of the concatenated sequence, and write U(t) = t− V (t). Since the first position
belongs to I1, we have U(t) ≥ 1. By the definitions of M(t), M(t), and U(t),

M(t) =M(U(t)), 1 ≤ U(t) ≤ t.

Moreover,

V (t) ≤
r∗(U(t))∑

r=1

|Wr| ≤ p r∗(U(t)).

Since 0 ≤ f(n) ≤ 1,

|Eβ(t)− Eβ(U(t))| =
t∑

n=U(t)+1

f(n) ≤ t− U(t) = V (t).

Applying (5.16) and the monotonicity of L∗ and r∗ gives

|M(t)− Eβ(t)| ≤
∣∣M(U(t))− Eβ(U(t))

∣∣+ |Eβ(U(t))− Eβ(t)|
≲ L∗(U(t)) + p r∗(U(t))

≲ L∗(t) + p r∗(t),

which proves (5.12) uniformly for I ∈ Ω. □
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5.2. The mass for approximate cubes. Lemma 5.2 makes the source blocks independent,
whereas each joining word inserted in Lemma 5.3 depends on the two source blocks it joins.
Their lengths, however, take only p+1 possible values. We therefore first fix the entire joining-
length pattern and then drop the requirement that the joining words have the prescribed
lengths, which can only enlarge the event. The remaining conditions concern distinct source
blocks and, by their independence under the original product measure, the probability of the
enlarged event is the product of the corresponding probabilities.

For the sets Cr constructed in Lemma 5.2, write Br,i = #τi(Cr) for r ≥ 1 and 1 ≤ i ≤ s.

Lemma 5.4. Let λ be the probability measure constructed in Lemma 5.3 from the sets Cr

given by Lemma 5.2. Fix an integer k ≥ 1. For 1 ≤ i ≤ s, let Ii(k) = (⌊θi−1k⌋, ⌊θik⌋] ∩ N.
Write also rk = r∗(k). Let

Lk = {(|W1(I)|, . . . , |Wrk(I)|) : I ∈ Ω} ,

where Wr(I) is defined in (5.13). For ℓ = (ℓ1, . . . , ℓrk) ∈ Lk and 1 ≤ r ≤ rk, define the left
and right endpoints of the r-th source block by

ar(ℓ) = sr−1 +

r−1∑
u=1

ℓu, br(ℓ) = ar(ℓ) + L(r), (5.17)

and let Ir(ℓ) = (ar(ℓ), br(ℓ)] ∩ N. For 1 ≤ i ≤ s, let Bi,k(ℓ) = {1 ≤ r ≤ rk : Ir(ℓ) ⊂ Ii(k)}.
Then

#Lk ≤ (p+ 1)rk . (5.18)

Moreover, for every z ∈ K,

λ(Qk(z)) ≤ 2d(p+ 1)rk max
ℓ∈Lk

s∏
i=1

∏
r∈Bi,k(ℓ)

B−1
r,i . (5.19)

Proof. Fix I ∈ Ω. If the source block Ir or the joining wordWr(I) meets the first k positions of
the concatenated sequence, then r ≤ rk. Consequently, every source block contained in one of
the intervals Ii(k) has index at most rk, and its location is determined by |W1(I)|, . . . , |Wrk(I)|.
Since this holds for every I ∈ Ω and every joining-word length belongs to {0, . . . , p}, there are
at most (p+ 1)rk possible length patterns. This proves (5.18).

For ℓ ∈ Lk, let

Ωℓ = {I = (Iu)u≥1 ∈ Ω : (|W1(I)|, . . . , |Wrk(I)|) = ℓ} .

The word Wr(I) depends only on I1, . . . , Ir+1, so every Ωℓ is a Borel subset of Ω. These sets
are pairwise disjoint and their union is the whole product probability space:

Ω =
⊔
ℓ∈Lk

Ωℓ. (5.20)

By (5.17), for every ℓ ∈ Lk, I ∈ Ωℓ, and 1 ≤ r ≤ rk, the r-th source block occupies the interval
Ir(ℓ) in the concatenated sequence. For r ≥ 1, let prr : Ω → Cr be the r-th coordinate
projection, so that prr((Iu)u≥1) = Ir. Fix x ∈ X and ℓ ∈ Lk. For 1 ≤ i ≤ s and r ∈ Bi,k(ℓ),
let

Ar,i(x, ℓ) =
{
I = (Iu)u≥1 ∈ Ω : τi(prr(I)) = τi

(
x|br(ℓ)ar(ℓ)

)}
.
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Thus Ar,i(x, ℓ) is the set of source-block sequences for which the i-th factor of the r-th source
block agrees with the corresponding factor word of x. The definition of Γk(x) in (3.2) gives

Π−1([Γk(x)]) ∩ Ωℓ ⊆
s⋂

i=1

⋂
r∈Bi,k(ℓ)

Ar,i(x, ℓ).

Indeed, let I belong to the set on the left, and fix 1 ≤ i ≤ s and r ∈ Bi,k(ℓ). Since I ∈ Ωℓ, the
r-th source block occupies the interval (ar(ℓ), br(ℓ)]. This interval is contained in Ii(k) by the
definition of Bi,k(ℓ). On the other hand, since Π(I) ∈ [Γk(x)], we have

τi
(
Π(I)|⌊θik⌋

)
= τi

(
x|⌊θik⌋

)
.

Restricting this equality to (ar(ℓ), br(ℓ)] yields

τi(Ir) = τi
(
x|br(ℓ)ar(ℓ)

)
.

Thus I ∈ Ar,i(x, ℓ), which proves the inclusion.
The intervals Ii(k) are disjoint, so each block index r belongs to at most one set Bi,k(ℓ).

Consequently, the sets Ar,i(x, ℓ) in the intersection are determined by pairwise distinct
coordinates of Ω, and, by (5.5), their probabilities multiply under P. The r-th marginal of P
is uniform on Cr, so (4.7) gives

P(Ar,i(x, ℓ)) ≤ B−1
r,i ;

the left-hand side is 0 if the required factor word is not in τi(Cr), and otherwise it equals B−1
r,i .

Hence

P
(
Π−1([Γk(x)]) ∩ Ωℓ

)
≤ P

 s⋂
i=1

⋂
r∈Bi,k(ℓ)

Ar,i(x, ℓ)


=

s∏
i=1

∏
r∈Bi,k(ℓ)

P(Ar,i(x, ℓ))

≤
s∏

i=1

∏
r∈Bi,k(ℓ)

B−1
r,i .

Summing over the partition in (5.20) and using (5.18) gives

P
(
Π−1([Γk(x)])

)
=

∑
ℓ∈Lk

P
(
Π−1([Γk(x)]) ∩ Ωℓ

)
≤

∑
ℓ∈Lk

s∏
i=1

∏
r∈Bi,k(ℓ)

B−1
r,i

≤ (p+ 1)rk max
ℓ∈Lk

s∏
i=1

∏
r∈Bi,k(ℓ)

B−1
r,i . (5.21)

Fix z ∈ K and write Q = Qk(z). By (3.3), there are x(1), . . . , x(L) ∈ X, with L ≤ 2d, such
that

R−1(Q) ∩X ⊆
L⋃

h=1

[Γk(x
(h))].
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By (5.10), λ(Q) = P((R ◦Π)−1(Q)). Therefore

λ(Q) ≤
L∑

h=1

P
(
Π−1([Γk(x

(h))])
)
.

Applying (5.21) to each x(h) and using L ≤ 2d proves (5.19). □

We now turn the product estimate in (5.19) into an entropy lower bound. Applying
Corollary 4.4 block by block yields the estimate in the following lemma.

Lemma 5.5. For the measure λ constructed in Lemma 5.3, the following estimate holds
uniformly for z ∈ K as k → ∞:

− log λ(Qk(z)) ≥
s∑

i=1

(⌊θik⌋ − ⌊θi−1k⌋)h(τiη)

+

s∑
i=1

∆i

(
Eβ(⌊θik⌋)− Eβ(⌊θi−1k⌋)

)
− o(kβ). (5.22)

Here ∆i = h(τiξ)− h(τiη).

Proof. Fix k ≥ 2. Write ki = ⌊θik⌋ for 0 ≤ i ≤ s. For 1 ≤ i ≤ s, write Di = ki − ki−1 and
Ii(k) = (ki−1, ki] ∩ N. Let rk = r∗(k) and set

Ek = rk log k + L∗(k) + p rk + rk log(p+ 1).

By (5.11) and β > 1/2,

Ek
kβ

= O
(
k1/2−β log k

)
−→ 0 k → ∞. (5.23)

Fix 1 ≤ i ≤ s, a stage j ≥ 1, and a measure ω ∈ {η, ξ}. Let J be the set of block indices in
a consecutive segment of the sequence (rj,ω(v))1≤v≤Nj,ω . Thus, for some 0 ≤ a < b ≤ Nj,ω,
J = {rj,ω(v) : a < v ≤ b}. Let n = b− a = #J and, for 1 ≤ q ≤ mj,ω, write

nq = #{a < v ≤ b : uj,ω(v) = q}, Bj,ω,q,i = #τi(Cj,ω,q).

Recall that Si = τi(S) is the set of digits that occur in Xi. Corollary 4.4 and (5.8) give
mj,ω∑
q=1

ρj,ω,q logBj,ω,q,i ≥ Ljh(τiω)−O(logLj),

|nq − ρj,ω,qn| ≤ 2s,

logBj,ω,q,i ≤ Lj log#Si.

Therefore ∑
r∈J

logBr,i =

mj,ω∑
q=1

nq logBj,ω,q,i

= n

mj,ω∑
q=1

ρj,ω,q logBj,ω,q,i +

mj,ω∑
q=1

(nq − ρj,ω,qn) logBj,ω,q,i

≥ nLjh(τiω)−O
(
n logLj

)
− 2s

mj,ω∑
q=1

logBj,ω,q,i

≥ nLjh(τiω)−O
(
n logLj + Lj

)
. (5.24)
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We now return to all factor levels. Fix ℓ ∈ Lk. For each 1 ≤ i ≤ s, write

ℓη,i,k(ℓ) =
∑

r∈Bi,k(ℓ)
εr=0

L(r), ℓξ,i,k(ℓ) =
∑

r∈Bi,k(ℓ)
εr=1

L(r).

For j ≥ 1, 1 ≤ i ≤ s, and ω ∈ {η, ξ}, let

Jj,ω,i(ℓ) =

{
{r ∈ Bi,k(ℓ) : Qj−1 < r ≤ Qj , εr = 0}, ω = η,

{r ∈ Bi,k(ℓ) : Qj−1 < r ≤ Qj , εr = 1}, ω = ξ.

If this set is nonempty, there are integers a < b such that

Jj,ω,i(ℓ) = {rj,ω(v) : a < v ≤ b}.
Hence, for each fixed ℓ ∈ Lk, the set Jj,ω,i(ℓ) is a consecutive segment of (rj,ω(v))1≤v≤Nj,ω .
We may therefore take J = Jj,ω,i(ℓ) in (5.24). The index ranges Qj−1 < r ≤ Qj are disjoint
for different stages j, so summing over j counts each block at most once. For the fixed length
pattern ℓ, let jk(ℓ) be the largest j for which a stage-j block meets one of the first k positions
of the concatenated sequence. For 1 ≤ j ≤ jk(ℓ) and ω ∈ {η, ξ}, write

nj,ω,i = #Jj,ω,i(ℓ).

If nj,ω,i > 0, then a complete stage-j block lies in Ii(k), and hence Lj ≤ Di ≤ k. Therefore

jk(ℓ)∑
j=1

∑
ω∈{η,ξ}

nj,ω,i ≤ rk, logLj ≤ log k,

jk(ℓ)∑
j=1

Lj ≲ L∗(k),

where the last inequality follows from
∑jk(ℓ)

j=1 Lj ≲ Ljk(ℓ) and Ljk(ℓ) ≤ L∗(k). Moreover,

jk(ℓ)∑
j=1

nj,η,iLj = ℓη,i,k(ℓ),

jk(ℓ)∑
j=1

nj,ξ,iLj = ℓξ,i,k(ℓ).

For fixed i and ℓ, the sets Jj,ω,i(ℓ), over all j and ω, form a partition of Bi,k(ℓ). Summing
(5.24) over j and ω therefore gives

∑
r∈Bi,k(ℓ)

logBr,i =

jk(ℓ)∑
j=1

∑
ω∈{η,ξ}

∑
r∈Jj,ω,i(ℓ)

logBr,i

≥
jk(ℓ)∑
j=1

(
nj,η,iLjh(τiη) + nj,ξ,iLjh(τiξ)

)
−O

jk(ℓ)∑
j=1

∑
ω∈{η,ξ}

nj,ω,i logLj +

jk(ℓ)∑
j=1

Lj


≥ h(τiη)ℓη,i,k(ℓ) + h(τiξ)ℓξ,i,k(ℓ)−O

(
rk log k + L∗(k)

)
. (5.25)

The positions in Ii(k) not counted by ℓη,i,k + ℓξ,i,k lie in joining words or in the parts of at
most two source blocks cut by the endpoints. Thus

0 ≤ Di − ℓη,i,k(ℓ)− ℓξ,i,k(ℓ) ≤ p rk + 2L∗(k). (5.26)

For a fixed length pattern ℓ, the values MI(t), 1 ≤ t ≤ k, are the same for all I ∈ Ωℓ; denote
them by Mℓ(t), and set Mℓ(0) = 0.

The differenceMℓ(ki)−Mℓ(ki−1) counts the ξ-block digits in Ii(k) = (ki−1, ki]∩N, including
the parts of at most two blocks cut by the endpoints. Hence

0 ≤Mℓ(ki)−Mℓ(ki−1)− ℓξ,i,k(ℓ) ≤ 2L∗(k). (5.27)
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For 1 ≤ i ≤ s, write

e0,i = Di − ℓη,i,k(ℓ)− ℓξ,i,k(ℓ), e1,i =Mℓ(ki)−Mℓ(ki−1)− ℓξ,i,k(ℓ).

Equations (5.26) and (5.27) give

0 ≤ e0,i ≤ p rk + 2L∗(k), 0 ≤ e1,i ≤ 2L∗(k).

Since h(τiξ) = h(τiη) + ∆i, the two main terms on the right-hand side of (5.25) are exactly

h(τiη)ℓη,i,k(ℓ) + h(τiξ)ℓξ,i,k(ℓ)

= h(τiη)
(
ℓη,i,k(ℓ) + ℓξ,i,k(ℓ)

)
+∆iℓξ,i,k(ℓ)

= h(τiη)(Di − e0,i) + ∆i

(
Mℓ(ki)−Mℓ(ki−1)− e1,i

)
= Dih(τiη) + ∆i

(
Mℓ(ki)−Mℓ(ki−1)

)
− h(τiη)e0,i −∆ie1,i.

Since the entropies and the numbers ∆i are fixed, (5.25) and the preceding bounds give∑
r∈Bi,k(ℓ)

logBr,i ≥ Dih(τiη)

+ ∆i

(
Mℓ(ki)−Mℓ(ki−1)

)
−O

(
rk log k + L∗(k) + p rk

)
. (5.28)

Applying (5.12) at both endpoints and using 0 ≤ ki−1 ≤ ki ≤ k gives∣∣(Mℓ(ki)−Mℓ(ki−1)
)
−
(
Eβ(ki)− Eβ(ki−1)

)∣∣ ≲ L∗(k) + p rk.

Substitution in (5.28) yields, uniformly in ℓ,∑
r∈Bi,k(ℓ)

logBr,i ≥ Dih(τiη) + ∆i

(
Eβ(ki)− Eβ(ki−1)

)
−O

(
rk log k + L∗(k) + p rk

)
. (5.29)

If λ(Qk(z)) = 0, the conclusion is immediate, with − log 0 = +∞. Otherwise, (5.19) gives

− log λ(Qk(z)) ≥ min
ℓ∈Lk

s∑
i=1

∑
r∈Bi,k(ℓ)

logBr,i − rk log(p+ 1)− d log 2.

For every ℓ ∈ Lk, summing (5.29) over i yields

s∑
i=1

∑
r∈Bi,k(ℓ)

logBr,i ≥
s∑

i=1

Dih(τiη)

+

s∑
i=1

∆i

(
Eβ(ki)− Eβ(ki−1)

)
−O

(
rk log k + L∗(k) + p rk

)
.

The right-hand side is independent of ℓ. Taking the minimum over ℓ and adding the loss
rk log(p + 1) + d log 2 gives a total error of order O(Ek). Now Ek = o(kβ) by (5.23), which
proves (5.22). □
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5.3. Completion of the proof.

Proof of Proposition 5.1. Let λ be the probability measure constructed in Lemma 5.3. Set

A =
s∑

i=1

∆i(θ
β
i − θβi−1) > 0.

The function x 7→ (x+ 1)β−1 is decreasing. Hence, for every integer N ≥ 1,∫ N+1

1
(x+ 1)β−1 dx ≤ Eβ(N) ≤

∫ N

0
(x+ 1)β−1 dx.

Evaluating the two integrals gives

Eβ(N) =
Nβ

β
+O(1). (5.30)

By (5.30), the identities ⌊θik⌋ = θik +O(1) and Eβ(0) = 0 give

s∑
i=1

∆i

(
Eβ(⌊θik⌋)− Eβ(⌊θi−1k⌋)

)
=
kβ

β

s∑
i=1

∆i(θ
β
i − θβi−1) +O(1) =

A

β
kβ +O(1). (5.31)

Also, by (2.3) and condition (ii),
s∑

i=1

(⌊θik⌋ − ⌊θi−1k⌋)h(τiη) = k

s∑
i=1

(θi − θi−1)h(τiη) +O(1) = kP a(σ) +O(1). (5.32)

Equations (5.22), (5.31), and (5.32) give

− log λ(Qk(z)) ≥ kP a(σ) +
A

β
kβ − o(kβ).

Here the o(kβ) term is uniform for z ∈ K. Hence there is k0 such that, for every z ∈ K and
k ≥ k0, the absolute value of this error is at most Akβ/(2β). Then

log λ(Qk(z)) + kP a(σ) ≤ − A

2β
kβ.

Thus (5.1) holds with c0 = A/(2β). □

6. Proof of Proposition 2.3

Recall that η = ηa is the unique a-weighted equilibrium state from Proposition 2.1(ii).
Thus P a(σ) =

∑s
i=1 aih(τiη). We prove that dimHK < dimBK implies c(β) > 0 for some

β ∈ (1/2, 1). Suppose instead that c vanishes on an open interval. We show that η is then the
equilibrium state for an open family of weights. The resulting uniform fibre estimates imply
dimHK = dimBK, a contradiction.

6.1. Common equilibrium states. We first show that if c vanishes on an open interval,
then η is the equilibrium state for an open family of weights.

For a positive probability weight vector b = (b1, . . . , bs), write

Ai(b) =
i∑

ℓ=1

bℓ, 0 < A1(b) < · · · < As(b) = 1.

For b = a(β), where a(β) is defined in (2.8),

Ai(a(β)) = θβi . (6.1)
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Lemma 6.1. Let I ⊂ (0, 1) be a nonempty open interval. There are distinct β1, . . . , βs ∈ I
such that a(β1), . . . ,a(βs) are affinely independent. More explicitly, if real numbers t1, . . . , ts
satisfy

s∑
j=1

tj = 0,
s∑

j=1

tja(βj) = 0,

then t1 = · · · = ts = 0.

Proof. Write m = s − 1. We regard vectors in Rm as column vectors. The map from b to(
A1(b), . . . , Am(b)

)T
is affine and one-to-one. Consider the column vector

F (β) =
(
θβ1 , . . . , θ

β
m

)T
.

Fix β0 ∈ I, and write xi = log θi for 1 ≤ i ≤ m. For 1 ≤ r ≤ m, the r-th derivative of F at β0
is

F (r)(β0) =
(
θβ0
1 x

r
1, . . . , θ

β0
m x

r
m

)T
.

Consequently, factoring θβ0
i xi from row i gives

det
(
F ′(β0), . . . , F

(m)(β0)
)
=

m∏
i=1

θβ0
i xi · det(x

r−1
i )1≤i,r≤m

=

m∏
i=1

θβ0
i log θi

∏
1≤i<j≤m

(log θj − log θi). (6.2)

Since 0 < θ1 < · · · < θm < 1, (6.2) is nonzero.
Choose distinct real numbers u1, . . . , us. For 2 ≤ j ≤ s, Taylor’s formula at β0 gives

F (β0 + εuj)− F (β0 + εu1) =

m∑
r=1

εr(urj − ur1)

r!
F (r)(β0) +O(εm+1). (6.3)

Let C be the m×m matrix whose entry in row r and column j−1 is (urj −ur1)/r!. Subtracting
the first column from every other column in the usual Vandermonde determinant for u1, . . . , us,
and then expanding along its first row, gives

detC =
1∏m

r=1 r!

∏
1≤i<j≤s

(uj − ui) ̸= 0. (6.4)

By the multilinearity of the determinant, (6.3) therefore gives

det
(
F (β0 + εu2)− F (β0 + εu1), . . . , F (β0 + εus)− F (β0 + εu1)

)
= εm(m+1)/2 det

(
F ′(β0), . . . , F

(m)(β0)
)
detC + o

(
εm(m+1)/2

)
. (6.5)

The coefficient of the leading term is nonzero by (6.2) and (6.4). Thus the determinant in
(6.5) is nonzero for every sufficiently small positive ε. We may also choose ε so small that
βj = β0 + εuj belongs to I for every 1 ≤ j ≤ s. Since this determinant is nonzero, the vectors
F (βj)− F (β1), 2 ≤ j ≤ s, are linearly independent. Hence the points F (β1), . . . , F (βs) are
affinely independent.

Finally, (6.1) says that the affine one-to-one map at the beginning of the proof sends a(βj)
to F (βj). Hence a(β1), . . . ,a(βs) are affinely independent. □

Lemma 6.2. Suppose c(β) = 0 for every β in a nonempty open interval I, and let η = ηa.
Then there is a relatively open subset U of the positive weight simplex such that η is the unique
b-weighted equilibrium state for every b ∈ U .
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Proof. Choose β1, . . . , βs as in Lemma 6.1. The equality c(βj) = 0 means that η attains the

supremum defining P a(βj)(σ). If

b =
s∑

j=1

tja(βj), tj > 0,
∑
j

tj = 1,

then for every µ ∈ Mσ(X),∑
i

bih(τiµ) =
∑
j

tj
∑
i

ai(βj)h(τiµ)

≤
∑
j

tj
∑
i

ai(βj)h(τiη) =
∑
i

bih(τiη).

Thus η is an equilibrium state for every weight vector in the relative interior of the convex
hull of these vectors. Uniqueness follows from Proposition 2.1. □

6.2. Recursive-function estimate. Combining the common equilibrium state given by
Lemma 6.2 with the Gibbs estimates of D.-J. Feng [Fen11], we will obtain a recursive-function
estimate.

For a positive probability weight vector b = (b1, . . . , bs), set

α1(b) = 0, αi(b) =
Ai−1(b)

Ai(b)
2 ≤ i ≤ s. (6.6)

When b is fixed, we write simply αi for αi(b). For the vector a in (2.3), this is exactly

αi(a) =
θi−1

θi
=

log ni
log ni−1

.

The map b 7→ (α2, . . . , αs) is a diffeomorphism from the positive weight simplex onto (0, 1)s−1.
Let V be the image of the set U from Lemma 6.2 under this map. The open set V contains
an open box

B = I2 × · · · × Is, B ⊂ V ⊂ (0, 1)s−1. (6.7)

For α ∈ B, let b(α) ∈ U denote the unique weight vector given by the inverse diffeomorphism.
We now define recursive functions associated with the successive factor maps. Their

definition agrees with the functions used in D.-J. Feng’s weighted equilibrium construction, so

the Gibbs estimates in [Fen11] can be applied. Fix b, set ϕ
(1)
b ≡ 1 on L(X1), and define the

remaining functions recursively by

ϕ
(2)
b (J) = #{I ∈ L|J |(X1) : π2(I) = J}, J ∈ L(X2),

ϕ
(i)
b (J) =

∑
I∈L|J|(Xi−1)

πi(I)=J

ϕ
(i−1)
b (I)αi−1(b), J ∈ L(Xi), 3 ≤ i ≤ s. (6.8)

For N ≥ 1, write

Zb(N) =
∑

J∈LN (Xs)

ϕ
(s)
b (J)αs(b). (6.9)

The function ϕ
(i)
b depends only on α2(b), . . . , αi−1(b).

The following proposition is based on [Fen11].

Proposition 6.3. Let ηb be the b-weighted equilibrium state. Then:
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(i) for every N ≥ 1 and J ∈ LN (Xs),

(τsηb)[J ] ≍b
ϕ
(s)
b (J)αs(b)

Zb(N)
; (6.10)

(ii) if 1 ≤ j < s, N ≥ 1, and Ij ∈ LN (Xj), let Ik = πk ◦ · · · ◦ πj+1(Ij) for j < k ≤ s, and
write

g̃j,b,N (Ij) =

s−1∏
k=j

ϕ
(k)
b (Ik)

αk(b)

ϕ
(k+1)
b (Ik+1)

 ϕ
(s)
b (Is)

αs(b)

Zb(N)
. (6.11)

Then ∑
Ij∈LN (Xj)

g̃j,b,N (Ij) = 1, g̃j,b,N (Ij) ≲b (τjηb)[Ij ]. (6.12)

All implicit constants in this proposition are independent of N and of the words involved.

Proof. For a subshift Y satisfying weak specification with bound p, recall from [Fen11,
Section 5] that Dw(Y, p) is the collection of positive word functions ψ : L(Y ) → (0,∞)
satisfying the following two properties: for some C ≥ 1,

ψ(IJ) ≤ Cψ(I)ψ(J) whenever IJ ∈ L(Y ),

and, for every I, J ∈ L(Y ), there is a word W ∈ L(Y ) with |W | ≤ p such that

IWJ ∈ L(Y ), ψ(IWJ) ≥ C−1ψ(I)ψ(J).

The function ϕ
(1)
b ≡ 1 on L(X1) belongs to Dw(X1, p). By [Fen11, Lemma 5.7], every ϕ

(i)
b ,

and every positive power of it, belongs to Dw(Xi, p), since positive powers and fibre sums
under a factor map preserve the required two inequalities.

For part (i), [Fen11, Lemma 7.2] identifies τsηb as the equilibrium state on Xs generated

by
(
ϕ
(s)
b

)αs(b). Thus [Fen11, Theorem 5.5], applied to this word function, gives (6.10).
For part (ii), [Fen11, Theorem 7.3(i)] gives the required inequality when j = 1. Now fix

2 ≤ j < s. The recursion (6.8) says that, for every 1 ≤ k < s and Ik+1 ∈ LN (Xk+1),∑
πk+1(Ik)=Ik+1

ϕ
(k)
b (Ik)

αk(b)

ϕ
(k+1)
b (Ik+1)

= 1.

Consequently, successively summing the preceding expression for g̃1,b,N over the fibres of
π2, . . . , πj gives

g̃j,b,N (Ij) =
∑

I1∈LN (X1)
(πj◦···◦π2)(I1)=Ij

g̃1,b,N (I1). (6.13)

Using the definition (6.9), the same fibre-sum calculation, carried all the way to level s, gives∑
I1∈LN (X1)

g̃1,b,N (I1) =
1

Zb(N)

∑
Is∈LN (Xs)

ϕ
(s)
b (Is)

αs(b) = 1.

Summing (6.13) over Ij ∈ LN (Xj) gives∑
Ij∈LN (Xj)

g̃j,b,N (Ij) =
∑

I1∈LN (X1)

g̃1,b,N (I1) = 1,
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which proves the first assertion in (6.12). Finally, using the j = 1 inequality and (6.13) gives

g̃j,b,N (Ij) ≲b

∑
(πj◦···◦π2)(I1)=Ij

ηb[I1] = (τjηb)[Ij ],

which proves the second assertion in (6.12). □

For a subshift Y , we call a positive function ϕ on L(Y ) comparable if there is a constant
C ≥ 1 such that

C−1 ≤ ϕ(I)

ϕ(J)
≤ C whenever I, J ∈ LN (Y ), N ≥ 1, (6.14)

where the constant C is independent of N, I, J .

Lemma 6.4. Fix 1 ≤ j < s and b. Suppose ϕ
(j+1)
b , . . . , ϕ

(s)
b satisfy (6.14). Then, for every

N ≥ 1 and I ∈ LN (Xj),

(τjηb)[I] ≍b
ϕ
(j)
b (I)αj(b)∑

L∈LN (Xj)

ϕ
(j)
b (L)αj(b)

. (6.15)

Proof. Fix N ≥ 1. For each j + 1 ≤ k ≤ s, choose a word Jk,N ∈ LN (Xk). Condition (6.14)
gives

ϕ
(k)
b (Ik) ≍b ϕ

(k)
b (Jk,N ) Ik ∈ LN (Xk).

Substitution in (6.11) gives

g̃j,b,N (I) ≍b TNϕ
(j)
b (I)αj(b), TN =

1

Zb(N)

s∏
k=j+1

ϕ
(k)
b (Jk,N )αk(b)−1.

The quantity TN may depend on N , but it does not depend on I. The normalisation in (6.12)
now gives

1 =
∑

I∈LN (Xj)

g̃j,b,N (I) ≍b TN
∑

I∈LN (Xj)

ϕ
(j)
b (I)αj(b).

Solving this comparison for TN and substituting it into the preceding estimate gives

g̃j,b,N (I) ≍b
ϕ
(j)
b (I)αj(b)∑

L∈LN (Xj)

ϕ
(j)
b (L)αj(b)

. (6.16)

If j = 1, then
(
ϕ
(1)
b

)α1(b) = 1, which belongs to Dw(X1, p), as noted in the proof of Proposi-

tion 6.3. If 2 ≤ j < s, the verification in the proof of Proposition 6.3 shows that
(
ϕ
(j)
b

)αj(b)

belongs to Dw(Xj , p). Thus [Fen11, Theorem 5.5] gives a unique equilibrium state ν on Xj .
Moreover, ν is ergodic and satisfies

ν[I] ≍b
ϕ
(j)
b (I)αj(b)∑

L∈LN (Xj)

ϕ
(j)
b (L)αj(b)

. (6.17)

Equations (6.12), (6.16), and (6.17) imply that

ν[I] ≲b (τjηb)[I]
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for every cylinder [I] ⊂ Xj . Every open subset of Xj can be written as a countable disjoint
union of cylinders, so the same inequality holds for open sets. By regularity of Borel probability
measures, it follows that ν ≪ τjηb.

By [Fen11, Theorem 7.3], the weighted equilibrium state ηb is ergodic, and hence its factor
τjηb is ergodic. Since ν is also ergodic, distinct ergodic invariant probability measures are
mutually singular, whereas ν ≪ τjηb. Therefore ν = τjηb, and (6.17) proves (6.15). □

We now combine the preceding estimates with the fact that the equilibrium state is the
same throughout the box B. By changing one coordinate αi while keeping the others fixed,
two Gibbs estimates for the same measure can be compared.

Lemma 6.5. Suppose that, for every α = (α2, . . . , αs) in the box B = I2 × · · · × Is defined in
(6.7), the same measure η is the b(α)-weighted equilibrium state. Then, for every fixed α ∈ B

and 1 ≤ i ≤ s, the function ϕ
(i)
b(α) satisfies (6.14).

Proof. The case i = 1 is immediate since ϕ
(1)
b(α) ≡ 1. We argue from i = s down to i = 2.

First fix α2, . . . , αs−1 and choose distinct u, v ∈ Is. For t ∈ {u, v}, let bt be the weight

vector corresponding to (α2, . . . , αs−1, t). The function ϕ
(s)
bt

does not depend on t; denote this
common function by Φs. The measure τsη is also unchanged. Write

Ss,t(N) =
∑

L∈LN (Xs)

Φs(L)
t, t ∈ {u, v}

and apply (6.10) to bu and bv. This gives

Φs(J)
u

Ss,u(N)
≍bu (τsη)[J ] ≍bv

Φs(J)
v

Ss,v(N)
.

Therefore

Φs(J)
u−v ≍bu,bv

Ss,u(N)

Ss,v(N)
.

The comparison constants are independent of N and J . Hence, for J, L ∈ LN (Xs),(
Φs(J)

Φs(L)

)u−v

≍bu,bv 1,

with an implicit constant independent of N, J, L. Since u ̸= v, this proves (6.14) for ϕ
(s)
b(α) at

every α ∈ B.

Now suppose the assertion has been proved for ϕ
(j+1)
b , . . . , ϕ

(s)
b at every point of B. Fix

all coordinates of α except αj , and choose distinct u, v ∈ Ij . For t ∈ {u, v}, let bt be the

weight vector obtained by setting αj = t. The function ϕ
(j)
bt

depends only on α2, . . . , αj−1 and
is therefore independent of t; denote it by Φj . Lemma 6.4, applied to bu and bv, gives

(τjη)[I] ≍bu

Φj(I)
u

Sj,u(N)
, (τjη)[I] ≍bv

Φj(I)
v

Sj,v(N)
,

where Sj,t(N) =
∑

L∈LN (Xj)
Φj(L)

t. Since τjη is unchanged,

Φj(I)
u−v ≍bu,bv

Sj,u(N)

Sj,v(N)
.
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Again the comparison constants are independent of N and I. Thus, for I, L ∈ LN (Xj),(
Φj(I)

Φj(L)

)u−v

≍bu,bv 1,

with an implicit constant independent of N, I, L. Since u ̸= v, this proves (6.14) for ϕ
(j)
b(α) at

every α ∈ B. □

6.3. Fibre estimates. We now pass from the recursive functions to the fibres of the factor
maps. We first treat each adjacent map πi and then each composite map τi. The resulting
estimates imply dimension equality and complete the contradiction argument.

For N ≥ 1, 1 ≤ i ≤ s, and J ∈ LN (Xi), write

f1(J) = 1, fi(J) = #{I ∈ LN (Xi−1) : πi(I) = J} (2 ≤ i ≤ s).

Lemma 6.6. For 2 ≤ i ≤ s, if ϕ
(i−1)
b and ϕ

(i)
b satisfy (6.14), then so does fi. The function f1

also satisfies (6.14).

Proof. The constant function f1 ≡ 1 on L(X1) trivially satisfies (6.14). Let 2 ≤ i ≤ s, and
write

mN = min
I∈LN (Xi−1)

ϕ
(i−1)
b (I), MN = max

I∈LN (Xi−1)
ϕ
(i−1)
b (I).

Condition (6.14) gives MN/mN ≤ Ci−1, where Ci−1 ≥ 1 is independent of N . By (6.8),

fi(J)m
αi−1

N ≤ ϕ
(i)
b (J) ≤ fi(J)M

αi−1

N .

Comparing this estimate for two words J, J ′ ∈ LN (Xi) proves that fi(J)/fi(J
′) is bounded

above and below independently of N, J, J ′. □

For N ≥ 1, 1 ≤ i ≤ s, and J ∈ LN (Xi), set

Fi(J) = #{I ∈ LN (X) : τi(I) = J}.

Lemma 6.7. If every fi, 1 ≤ i ≤ s, satisfies (6.14), then every Fi satisfies the same condition.

Proof. The assertion is clear for F1 ≡ 1. If it holds for Fi, then

Fi+1(J) =
∑

L∈LN (Xi)
πi+1(L)=J

Fi(L).

This lies between fi+1(J)minL Fi(L) and fi+1(J)maxL Fi(L). Since both Fi and fi+1 have
uniformly comparable values on words of the same length, the same is true of Fi+1. □

Lemma 6.8. If all the functions Fi satisfy (6.14), then dimHK = dimBK.

Proof. The subshifts X and Xi satisfy weak specification. Hence [Fen26, Proposition 2.2]
gives

#LN (X) ≍ eNhtop(X), #LN (Xi) ≍ eNhtop(Xi).

For J ∈ LN (Xi), condition (6.14) and the identity
∑

L∈LN (Xi)
Fi(L) = #LN (X) give

Fi(J) ≍
#LN (X)

#LN (Xi)
≍ eN(htop(X)−htop(Xi)).

Thus condition (c) of [Fen26, Theorem 3.1] holds, and that theorem gives dimHK = dimBK.
□
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Proof of Proposition 2.3. Recall from (2.9) that c(β) ≥ 0 for every β ∈ (0, 1). Suppose, to
the contrary, that there is no β ∈ (1/2, 1) for which c(β) > 0. Then

c(β) = 0 for every β ∈ (1/2, 1). (6.18)

Apply Lemma 6.2 with I = (1/2, 1). There is a relatively open set U of positive weight vectors
such that the fixed measure η = ηa is the unique b-weighted equilibrium state for every
b ∈ U . Under the ratio coordinates in (6.6), the image of U contains the box B = I2×· · ·× Is
from (6.7). Fix α ∈ B and set b = b(α). Lemma 6.5 shows that ϕ

(i)
b satisfies (6.14) for

every 1 ≤ i ≤ s. Lemmas 6.6 and 6.7 then show that every Fi satisfies the same condition.
Lemma 6.8 gives dimHK = dimBK, contrary to the hypothesis dimHK < dimBK. Hence
(6.18) is impossible, and c(β) > 0 for some β ∈ (1/2, 1). □

7. Proof of Theorem 1.2

We prove Theorem 1.2 in three steps. First, for a sofic subshift X, we establish the existence
and formula for the box dimension of its corresponding self-affine set K = R(X). We then
treat separately the cases dimHK = dimBK and dimHK < dimBK. In the first case, the
critical Hausdorff measure is positive and σ-finite but need not be finite. In the second case,
examples show that it may be positive and finite or infinite and σ-finite.

Fix a finite vertex-labelled directed graph G = (V,E, ℓ) presenting X, where V is the vertex
set, E ⊂ V × V is the edge set, and ℓ : V → S ⊂ A is the label map. Write

ΣG = {v = (vk)k≥1 ∈ V N : (vk, vk+1) ∈ E for every k ≥ 1}.

Applying ℓ coordinatewise, the graph presentation gives

X = ℓ(ΣG) = {(ℓ(vk))k≥1 : v ∈ ΣG}.

For a finite vertex path v1 · · · vN , we also write ℓ(v1 · · · vN ) = ℓ(v1) · · · ℓ(vN ). We use the
following convention for directed paths and strongly connected components; compare [MW88].

A directed path from u to v is a finite sequence of vertices u = v0, v1, . . . , vr = v, where
r ≥ 1, such that (vℓ−1, vℓ) ∈ E for every 1 ≤ ℓ ≤ r. A directed cycle is a directed path whose
first and last vertices are the same. We say that v is reachable from u if there is a directed
path from u to v.

A nonempty set C ⊂ V is strongly connected if, for every u, v ∈ C, there is a directed path
from u to v. A strongly connected component is a maximal strongly connected subset in V . A
vertex belongs to one of these components exactly when it lies on a directed cycle. Distinct
components are disjoint.

An ordered tuple (D1, . . . , Dr) of strongly connected components is called a component
chain if, for every 1 ≤ j < r, either Dj = Dj+1 or a vertex of Dj+1 is reachable from a vertex
of Dj .

Every sequence in X is the label sequence of at least one infinite path in G. The vertices
that occur infinitely often along such a path lie in one strongly connected component, and the
path eventually remains in that component. Let C1, . . . , CM be all the strongly connected
components of G. For a component C, define

ΣC = {v ∈ ΣG : vk ∈ C for every k ≥ 1}, XC = ℓ(ΣC), KC = R(XC).

The path shift ΣC is irreducible, so its factor XC satisfies weak specification.
For a strongly connected component C and 1 ≤ i ≤ s, set

hi(C) = htop
(
τi(XC)

)
. (7.1)
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For 1 ≤ j ≤M , let

Uj = {u ∈ L(X) : uy ∈ X for some y ∈ XCj}.
This is a countable set and contains the empty word. If u = d1 · · · dq ∈ Uj , define

fu(z) =

q∑
ℓ=1

Λ−ℓdℓ + Λ−qz

for z ∈ Rd. For every 1 ≤ j ≤M , we have KCj ⊂ K. Every x ∈ X can be written as x = uy,
where u ∈ Uj and y ∈ XCj for some j, and (1.1) gives R(uy) = fu(R(y)). Thus

M⋃
j=1

KCj ⊆ K ⊆
M⋃
j=1

⋃
u∈Uj

fu(KCj ). (7.2)

Every fu is a bi-Lipschitz affine embedding, so countable stability of Hausdorff dimension
gives

dimHK = max
j

dimHKCj . (7.3)

7.1. Box dimension. The finite graph presentation will be used to prove that the box
dimension exists and to derive its formula. This finiteness assumption is essential: for general
subshifts, even the box dimension may fail to exist [Jur23].

We now estimate the number of level-k approximate cubes. By (3.5), this number is
#Dk(X). Recall from (3.4) that

Dk(X) =

{
(J1, . . . , Js) ∈

s∏
i=1

L⌊θik⌋−⌊θi−1k⌋(Xi) : there is I ∈ Lk(X) such that

τi(I|⌊θik⌋⌊θi−1k⌋) = Ji for every i

}
.

For a component C, 1 ≤ i ≤ s, and N ≥ 1, a vertex path Ĵ = v1 · · · vN ∈ LN (ΣC) is called

a lift of J ∈ LN (τi(XC)) if τi(ℓ(Ĵ)) = J .

Lemma 7.1. Let C be a strongly connected component of G and let 1 ≤ i ≤ s. For every ε > 0
and all sufficiently large N , there are vertices ui,N , vi,N ∈ C and a set Vi,N ⊂ LN (τi(XC))
such that

#Vi,N ≥ exp
(
N(hi(C)− ε)

)
,

and every word in Vi,N has a lift that begins at ui,N and ends at vi,N .

Proof. Choose one lift for each J ∈ LN (τi(XC)) and partition LN (τi(XC)) according to the
initial and terminal vertices of the chosen lifts. There are at most (#C)2 classes, so one class
Vi,N , with common endpoint pair (ui,N , vi,N ) ∈ C × C, satisfies

#Vi,N ≥ #LN (τi(XC))

(#C)2
.

By the definition of hi(C),

lim
N→∞

1

N
log#LN (τi(XC)) = hi(C).
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Therefore, for all sufficiently large N , we have

log#Vi,N ≥ log#LN (τi(XC))− 2 log#C

≥ N(hi(C)− ε/2)−Nε/2

= N(hi(C)− ε).

This completes the proof. □

Proposition 7.2. Let X ⊂ AN be a sofic subshift with the finite vertex-labelled graph
presentation fixed above, let C1, . . . , CM be all its strongly connected components, and set
K = R(X). Then the box dimension of K exists and

dimBK =
1

log ns
max

(D1,...,Ds)

s∑
i=1

aihi(Di), (7.4)

where the maximum is over component chains (D1, . . . , Ds) with Di ∈ {C1, . . . , CM}, and hi
is defined in (7.1).

Proof. For k ≥ 1 and 0 ≤ i ≤ s, write ki = ⌊θik⌋, and write mi = ki − ki−1 for 1 ≤ i ≤ s.
Then

∑s
i=1mi = k and mi/k → ai = θi − θi−1.

Each level-k approximate cube has diameter comparable to n−k
s , while every set of diameter

at most n−k
s meets at most a bounded number of level-k approximate cubes. Thus (3.1), (3.3),

and (3.5) show that the logarithms of the covering number of K at scale n−k
s and of #Dk(X)

differ by O(1). Consequently, the lower and upper box dimensions are obtained from the
corresponding lower and upper limits of k−1 log#Dk(X) by division by log ns. It is therefore
enough to estimate log#Dk(X).

Fix ε > 0. We first prove the upper bound. Since there are finitely many pairs (i, C), we
have, uniformly for all N ≥ 1, i, and C,

#LN (τi(XC)) ≲ε exp
(
N(hi(C) + ε)

)
. (7.5)

For every J = (J1, . . . , Js) ∈ Dk(X), choose a word I(J) ∈ Lk(X) such that

τi
(
I(J)|kiki−1

)
= Ji 1 ≤ i ≤ s.

Since I(J) determines J, the words I(J) chosen for distinct J are distinct. For each I(J),

choose a vertex path Î(J) ∈ Lk(ΣG) with ℓ(Î(J)) = I(J). Decompose this path as

Î(J) = U0P
(1)U1 · · ·Uq−1P

(q)Uq,

where each P (j) is a maximal vertex subpath contained in a component C(j), and every vertex
in the subpath Uj lies outside all components. A vertex outside the components cannot occur
twice in a directed path, since the segment between two occurrences would be a directed cycle.
A path also cannot leave and later return to the same component, since the intervening vertices
would then be strongly connected to that component. Hence C(1), . . . , C(q) are distinct and
form a component chain, q ≤M , and

∑q
j=0 |Uj | ≤ #V. For 1 ≤ i ≤ s and 1 ≤ j ≤ q, let ni,j

be the number of positions in (ki−1, ki] ∩ N occupied by P (j). For each J, form the tuple

T (Î(J)) =

(
q, (C(j))qj=1, (Uj)

q
j=0, (ni,j)1≤i≤s

1≤j≤q

)
.
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Let Tk = {T (Î(J)) : J ∈ Dk(X)}. The number of possibilities for q, (C(j))qj=1, and (Uj)
q
j=0 is

independent of k. Since 0 ≤ ni,j ≤ k,

#Tk ≲
M∑
q=0

(k + 1)sq =
(k + 1)s(M+1) − 1

(k + 1)s − 1
≲ (k + 1)sM .

Fix T ∈ Tk and define

Ji(T ) = {1 ≤ j ≤ q : ni,j > 0}.
For all sufficiently large k, mi > #V for every i, so Ji(T ) is nonempty. Choose ji ∈ Ji(T )

and set Di = C(ji) so that

hi(Di) = max
j∈Ji(T )

hi(C
(j)).

The component subpaths P (1), . . . , P (q) occur in this order along Î(J), and the index intervals
(ki−1, ki] ∩ N are ordered from left to right. Hence ji ≤ ji+1 for 1 ≤ i < s, and therefore
(D1, . . . , Ds) is a component chain. Moreover,

q∑
j=1

ni,j ≤ mi,

q∑
j=1

ni,jhi(C
(j)) ≤ hi(Di)

q∑
j=1

ni,j ≤ mihi(Di).

For fixed T , the vertex words Uj and hence their labels are fixed. The part of Ji corre-

sponding to P (j) is a word in Lni,j (τi(XC(j))). Thus (7.5) gives

#{J ∈ Dk(X) : T (Î(J)) = T} ≤
s∏

i=1

∏
1≤j≤q
ni,j>0

#Lni,j

(
τi(XC(j))

)

≲ε exp


s∑

i=1

q∑
j=1

ni,j
(
hi(C

(j)) + ε
)

≲ε exp

{
s∑

i=1

mihi(Di) + εk

}
.

Summing over T ∈ Tk gives, for a constant Cε > 0 independent of k,

#Dk(X) ≤ Cε(k + 1)sM × exp

 max
(D1,...,Ds) is

a component chain

s∑
i=1

mihi(Di) + εk

 .

Taking logarithms gives

log#Dk(X) ≤ max
(D1,...,Ds) is

a component chain

s∑
i=1

mihi(Di) + εk + sM log(k + 1) + logCε. (7.6)

For the lower bound, fix a component chain (D1, . . . , Ds) and set B = #V . Since (Di, Di+1)
is a component chain, any vertex in Di can be joined to any vertex in Di+1 by a positive path
of length at most B.

For all sufficiently large k, Lemma 7.1, applied for each i with N = mi −B, gives vertices
ui := ui,mi−B and vi := vi,mi−B, and a set Vi := Vi,mi−B ⊂ Lmi−B(τi(XDi)) such that

log#Vi ≥ (mi −B)(hi(Di)− ε),

and, for every Ji ∈ Vi, a chosen vertex-path lift Ĵi ∈ Lmi−B(ΣDi) begins at ui and ends at vi.
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For 1 ≤ i < s, choose a vertex path viŴiui+1 of length at most B, and write qi = |Ŵi| ≤ B.
This is independent of Ji, Ji+1. Hence every tuple (J1, . . . , Js) ∈

∏s
i=1 Vi gives a vertex path

Ĵ1Ŵ1Ĵ2Ŵ2 · · · Ŵs−1Ĵs ∈ L(ΣG)

of length

s∑
i=1

(mi −B) +
s−1∑
i=1

qi = k − sB +
s−1∑
i=1

qi < k.

The terminal vertex of Ĵs is fixed and lies in Ds. Starting from this vertex, extend every such
path by the same vertex path until the resulting path has length k, and let I(J1, . . . , Js) ∈
Lk(X) be the word obtained by applying ℓ to the resulting path.

For 1 ≤ i ≤ s, let di = (i− 1)B −
∑i−1

r=1 qr. The number of labels preceding ℓ(Ĵi) is

i−1∑
r=1

(mr −B) +
i−1∑
r=1

qr = ki−1 − di.

Therefore ℓ(Ĵi) occupies the positions

(ki−1 − di, ki −B − di] ∩ N, 0 ≤ di ≤ (i− 1)B.

For sufficiently large k, we have di < mi − B. The digits of XDi belong to ℓ(Di), and the
map τi cannot increase their cardinality. Hence τi(XDi) has at most #Di ≤ B digits, so there
are at most Bdi possible length-di prefixes among the words in Vi. We may therefore choose
V ′
i ⊂ Vi whose words have the same first di digits and such that

#V ′
i ≥ B−di#Vi ≥ B−(i−1)B#Vi.

Map each tuple (J ′
1, . . . , J

′
s) ∈

∏
i V ′

i to the vector in Dk(X) determined by I(J ′
1, . . . , J

′
s).

For 1 ≤ i ≤ s, the i-th coordinate J ′
i gives

τi
(
I(J ′

1, . . . , J
′
s)|

ki
ki−1

)
|mi−B−di
0 = J ′

i |
mi−B
di

.

The deleted prefix is fixed on V ′
i, so different choices of J ′

i give different i-th coordinates. The
map is therefore injective. It follows that

log#Dk(X) ≥
s∑

i=1

log#V ′
i

≥
s∑

i=1

(mi −B)(hi(Di)− ε)−B logB

s∑
i=1

(i− 1)

≥
s∑

i=1

mihi(Di)− εk −O(1).

Taking the maximum over all component chains gives

log#Dk(X) ≥ max
(D1,...,Ds) is

a component chain

s∑
i=1

mihi(Di)− εk −O(1). (7.7)
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Since the number of component chains is finite and mi/k → ai, (7.6) and (7.7) give, after
ε ↓ 0,

lim
k→∞

1

k
log#Dk(X) = lim

k→∞

1

k
max

(D1,...,Ds) is
a component chain

s∑
i=1

mihi(Di)

= max
(D1,...,Ds) is

a component chain

s∑
i=1

aihi(Di).

Therefore the box dimension of K exists and is given by (7.4). □

When s = 2 and Λ = diag(n,m) with n > m, Proposition 7.2 becomes

dimBR(X) = max
C

htop(XC)

log n
+ max

D: (C,D) is
a component chain

htop
(
τ2(XD)

)( 1

logm
− 1

log n

) . (7.8)

This agrees with the planar formula of Fraser and Jurga [FJ23, Theorem 1.2].

7.2. The case dimHK = dimBK. Proposition 7.2 shows that the box dimension exists. We
now prove that dimension equality implies positivity and σ-finiteness. The critical Hausdorff
measure, however, need not be finite.

Lemma 7.3. Let X be a sofic subshift, set K = R(X), and suppose that dimHK = dimBK =
γ. Then Hγ(K) > 0 and Hγ is σ-finite on K.

Proof. Fix a finite vertex-labelled graph presentation of X, and let C1, . . . , CM be all its
strongly connected components. For every component Cj , write δj = dimHKCj . By (7.3),

γ = max
1≤j≤M

δj .

If δj = γ, then KCj ⊂ K and monotonicity of box dimensions give

γ = dimHKCj ≤ dimBKCj ≤ dimBKCj ≤ dimBK = γ.

Hence the Hausdorff and box dimensions of KCj are both equal to γ. Theorem 1.1 therefore
gives

0 < Hγ(KCj ) <∞ whenever δj = γ. (7.9)

If δj < γ, the definition of Hausdorff dimension gives

Hγ(KCj ) = 0. (7.10)

It follows from (7.9) and (7.10) that every component set has finite γ-dimensional Hausdorff
measure. At least one component has δj = γ, so (7.9) and KCj ⊂ K also give Hγ(K) > 0.

Each map fu in (7.2) is a Lipschitz affine map. Hence (7.2) and the finiteness of the
component measures proved above show that K is a countable union of Borel sets of finite
Hγ measure. Thus Hγ is σ-finite on K. □

We now show that the conclusion of Lemma 7.3 cannot in general be strengthened to
finiteness. For an integer m ≥ 2 and a nonempty digit set D ⊆ {0, . . . ,m− 1}, write

Em(D) =


∞∑
j=1

m−jdj : dj ∈ D

 .
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Example 7.4. Consider

Λ = diag(6, 3), SA = {(3, 2), (5, 2)}, SB = {(0, 0), (1, 0)}.
Let S = SA∪SB. Let X ⊂ SN be the subshift of finite type in which every transition inside SA,
every transition inside SB , and every transition from SA to SB is allowed, while no transition
from SB to SA is allowed. Set

XA = SN
A, XB = SN

B, K = R(X), KA = R(XA), KB = R(XB).

The coding map gives

KA = E6({3, 5})× {1}, KB = E6({0, 1})× {0}.

Consequently, for γ = log 2
log 6 , we have

dimHKA = dimBKA = dimHKB = dimBKB = γ, 0 < Hγ(KA),Hγ(KB) <∞.

Combining this with equation (7.3) gives dimHK = γ. The component entropies are
htop(XA) = htop(XB) = log 2, while both projected component entropies are zero. For-
mula (7.8) therefore gives

dimBK =
log 2

log 6
= γ = dimHK.

It remains to compute the measure. For r ≥ 1, let

Yr = {Iω : I ∈ Sr
A, ω ∈ XB}.

Set cB = Hγ(KB). For each I ∈ Sr
A, the set Rr(I) + Λ−rKB is a copy of KB on which

distances are multiplied by 6−r. Since 6−rγ = 2−r,

Hγ
(
Rr(I) + Λ−rKB

)
= 2−rcB. (7.11)

Their first-coordinate cylinder sets corresponding to I ∈ Sr
A are separated, so for fixed r these

2r copies are pairwise disjoint. It follows from (7.11) that

Hγ(R(Yr)) = 2r2−rcB = cB. (7.12)

The set R(Yr) lies on the horizontal line with second coordinate 1− 3−r, so the Borel sets
R(Yr) are pairwise disjoint as r varies. Therefore countable additivity and (7.12) give

Hγ(K) ≥
∞∑
r=1

Hγ(R(Yr)) =

∞∑
r=1

cB = ∞.

7.3. The case dimHK < dimBK. We give two examples with dimHK < dimBK. In the
first, the critical Hausdorff measure is positive and finite; in the second, it is infinite but
σ-finite.

Example 7.5. Consider

Λ = diag(9, 3), θ1 =
log 3

log 9
=

1

2
.

Take two disjoint full-shift digit sets

SA = {0, 1, . . . , 6} × {1, 2}, SB = ({0, 1, . . . , 8} × {0}) ∪ {(7, 1), (7, 2)}.
Let S = SA∪SB. Let X ⊂ SN be the subshift of finite type in which every transition inside SA,
every transition inside SB , and every transition from SA to SB is allowed, while no transition
from SB to SA is allowed. Set

XA = SN
A, XB = SN

B, K = R(X), KA = R(XA), KB = R(XB).
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The Bedford-McMullen dimension formulas [Bed84, McM84] give

dimHKA = dimBKA =
log(2

√
7)

log 3
≈ 1.51655,

dimHKB =
log 5

log 3
≈ 1.46497,

dimBKB =
log

√
33

log 3
≈ 1.59133.

Set γ = log(2
√
7)/ log 3. The identity KA = E9({0, . . . , 6}) × E3({1, 2}) shows that KA is

γ-Ahlfors regular, and hence 0 < Hγ(KA) < ∞. Since dimHKB < γ, every affine image of
KB on the right-hand side of (7.2) has zero Hγ measure, while the corresponding images of
KA are contained in KA. Therefore (7.2) gives

Hγ(K) = Hγ(KA) ∈ (0,∞).

The box dimension follows directly from (7.8). The component and projected entropies are

htop(XA) = log 14, htop(τ2(XA)) = log 2,

htop(XB) = log 11, htop(τ2(XB)) = log 3.

Hence (7.8) gives

dimBK = max

{
log 14

log 9
+ log 3

(
1

log 3
− 1

log 9

)
,
log 11

log 9
+ log 3

(
1

log 3
− 1

log 9

)}
=

log 42

log 9
.

Since γ = log 28/ log 9, we obtain

dimHK =
log 28

log 9
<

log 42

log 9
= dimBK, 0 < Hγ(K) <∞.

Example 7.6. Consider

Λ = diag(16, 4), SA = {(8, 2), (10, 2), (12, 2), (14, 2)}, SB = {(1, 0), (1, 1)}.
Let S = SA∪SB. Let X ⊂ SN be the subshift of finite type in which every transition inside SA,
every transition inside SB , and every transition from SA to SB is allowed, while no transition
from SB to SA is allowed. Set

XA = SN
A, XB = SN

B, K = R(X), KA = R(XA), KB = R(XB).

The definition of R gives

KA = E16({8, 10, 12, 14})×
{
2

3

}
, KB =

{
1

15

}
× E4({0, 1}).

Both one-dimensional systems satisfy the strong separation condition. Consequently,

dimHKA = dimBKA =
log 4

log 16
=

1

2
, dimHKB = dimBKB =

log 2

log 4
=

1

2
,

and
0 < H1/2(KA) <∞, 0 < H1/2(KB) <∞. (7.13)

Equation (7.3) gives dimHK = 1/2.
For r ≥ 1, let

Yr = {Iω : I ∈ Lr(XA), ω ∈ XB}.
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Set cB = H1/2(KB). Since XA is the full shift on four digits, #Lr(XA) = 4r. For I ∈ Lr(XA),
the set Rr(I) + Λ−rKB varies only in the second coordinate, where its similarity ratio is 4−r.
Thus

H1/2
(
Rr(I) + Λ−rKB

)
= 2−rcB.

Their first-coordinate cylinder sets are separated, so for fixed r these 4r copies are pairwise
disjoint, and hence H1/2(R(Yr)) = 4r2−rcB = 2rcB. Since R(Yr) ⊂ K,

H1/2(K) ≥ 2rcB r ≥ 1.

Letting r → ∞ gives H1/2(K) = ∞. On the other hand, (7.2) and (7.13) show that K is

covered by countably many Borel sets of finite H1/2 measure. Thus H1/2 is σ-finite on K.
The box dimension follows from (7.8). We have

htop(XA) = log 4, htop(τ2(XA)) = 0,

htop(XB) = log 2, htop(τ2(XB)) = log 2.

Hence (7.8) gives

dimBK = max

{
log 4

log 16
+ log 2

(
1

log 4
− 1

log 16

)
,
log 2

log 16
+ log 2

(
1

log 4
− 1

log 16

)}
=

3

4
.

Therefore

dimHK =
1

2
<

3

4
= dimBK, H1/2(K) = ∞,

and this measure is σ-finite on K.

Proof of Theorem 1.2. Proposition 7.2 proves that the box dimension exists and gives its
formula. Suppose first that dimHK = dimBK = γ. Lemma 7.3 gives Hγ(K) > 0 and shows
that Hγ is σ-finite on K. Example 7.4 shows that Hγ(K) may nevertheless be infinite. This
proves (i).

For (ii), Example 7.5 gives a dimension gap with positive and finite critical Hausdorff
measure, whereas Example 7.6 gives a dimension gap with infinite but σ-finite critical Hausdorff
measure. □
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