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Abstract

On a general metric measure space X equipped with a strongly local regular
Dirichlet form, we establish an inverse regularity theorem showing that, under nat-
ural geometric conditions, dom∆XCθpXq consists solely of constant functions once
θ exceeds a critical value determined by the capacity upper bound and the bound-
ary geometry. As applications, we prove the Barlow–Perkins conjecture that on the
Sierpinski gasket SG, dom∆ X CθpSGq “ R1SG for every θ ą logp5{3q{ log 2. We
also show that on the Sierpinski carpet SC, dom∆ X LIPpSCq “ R1SC .

1 Introduction

Since Dirichlet forms (or diffusion processes) have been constructed on self-similar fractals,
including the Sierpinski gasket SG by Goldstein, Kusuoka, and Barlow–Perkins [Gol, Kus,
BP]; the Sierpinski carpet SC by Barlow–Bass and Kusuoka–Zhou [BB89, KZ]; nested
fractals by Lindstrøm [Lin]; and finitely post-critical fractals by Kigami [Kig89, Kig01],
many “strange” properties of these Dirichlet forms, distinct from those in the setting of
smooth manifolds, have emerged. The most typical abnormal phenomenon is that the
heat kernel estimates on fractals usually hold with walk dimension β strictly larger than
2, known as sub-Gaussian heat kernel estimates, to distinguish them from the typical
case β “ 2 on manifolds, known as Gaussian heat kernel estimates. Another abnormal
phenomenon is that the energy measure on fractals is usually singular with respect to the
symmetric measure of the fractal; thus, in most situations, there is no intrinsic way to
express the Dirichlet form as an integral of a square power of some well-defined derivative
of functions. Indeed, there is a deterministic relation between these two properties; see
[KM20].

In this paper, we will prove such a “strange” property concerning the domain of the
infinitesimal generator, denoted by dom∆, of Dirichlet forms on fractals. Recall that
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Barlow and Perkins [BP] constructed a self-similar Dirichlet form pE ,Fq on the Sierpinski
gasket and proved that any function in the domain of the infinitesimal generator of the
form is Hölder continuous with index σ “ logp5{3q{ log 2, denoted by CσpXq; see [BP,
Theorem 5.22]. This is mainly due to the same Hölder continuity of Green functions,
which is indeed also a typical property on fractals, since the Green function on Euclidean
spaces with dimension larger than 1 is not continuous. The index σ coincides with the
capacity upper bound of their Dirichlet form

cappBpx, rq, XzBpx, 2rqq À r´σ.

Moreover, they proposed a conjecture concerning the sharpness of the bound σ:

dom∆ X Cθ
pXq “ R1X for all θ ą σ, (1.1)

where R1X is the family of all constant functions on the Sierpinski gasket; see the first
paragraph of [BP, Section 9]. This conjecture implies that, except for the trivial common
part of constant functions, dom∆ and CθpXq are actually disjoint. This is much stronger
than sharpness, which only requires dom∆ Ę CθpXq for every θ ą σ. One of the main
motivations of this paper is to prove this conjecture as an inverse regularity theorem
for the domain of the generator, abbreviated as inverse regularity theorem in the sequel,
which will be proved as a corollary of the general scheme in Theorem 1.2.

Theorem 1.1. For the Sierpinski gasket SG with the self-similar Dirichlet form con-
structed in [BP] and σ :“ logp5{3q{ log 2, we have

dom∆ X Cθ
pSGq “ R1SG for all θ ą σ.

Indeed, the proof of the above theorem on the Sierpinski gasket can be easily sum-
marized in the following three steps (readers familiar with the theory on the Sierpinski
gasket in [Kig01, Str] may readily verify them):

(1) If a function u belongs to the domain of the infinitesimal generator, then its restriction
to a cell also belongs to the domain of the infinitesimal generator for the cell without
a boundary condition.

(2) If the function u is Hölder continuous with index θ ą σ, then it has a zero normal
derivative on the boundary of every cell. See [Kig01, Definition 3.7.6] or [Str, Defini-
tion 2.3.1] for the definition of normal derivative on the Sierpinski gasket. In other
words, the function u satisfies the Neumann boundary condition on every cell.

(3) With a constant test function, it turns out that the integral of ∆u over every cell is
zero, where ∆ is the infinitesimal generator. Then, by the Lebesgue point theorem, we
have ∆u “ 0 almost everywhere, which yields the desired result that u is a constant
function, since Epu, uq “ ´

ş

u∆u “ 0.

One of the key points in the proof is that Hölder continuity with index larger than σ
serves as a sufficient condition for the Neumann boundary condition, with the calculation
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of the normal derivative as an intermediate step. To extend this calculation to general
metric measure Dirichlet spaces, we need a mechanism to reduce the boundary behavior
of a function u to a difference of the form |upxq ´ upyq| for x, y near the boundary, just
like the normal derivative on the Sierpinski gasket. This leads to the application of the
trace of a Dirichlet form near the boundary, and to a specific requirement that the trace
form be purely jumping. In this case, the trace form can be expressed as the integral
of differences |upxq ´ upyq| with respect to a measure, called the jump measure. To this
end, we apply the trace theory recently established independently in [CC] and [KM24],
which proves that every uniform domain in a metric measure Dirichlet space satisfying the
volume doubling condition and heat kernel estimates has the desired trace form and jump
measure; see Subsection 2.3. By shrinking the neighborhood of the boundary thinner and
thinner, the trace form serves as a substitution for the “normal derivative” on general
metric measure Dirichlet spaces.

At this stage, one may notice that the finiteness (or dimension 0) of the boundary in
the Sierpinski gasket plays an important role in Theorem 1.1. If the boundary of an open
set in a general metric measure Dirichlet space has upper box dimension γ ą 0, then the
appropriate bound on the Hölder continuity index should be changed from σ to σ`γ, since
we need a faster decay rate of the oscillation near the boundary to cancel out the effect of
the boundary volume. Roughly speaking, we will prove the following sufficient condition
for the Neumann boundary condition: if the Dirichlet form on a metric measure space
satisfies the capacity upper bound condition with index σ P R and U is a desired
open subset with boundary upper box dimension γ ą 0, then every Hölder continuous
function with index θ ą σ ` γ satisfies the Neumann boundary condition; see Theorem
2.20. The remaining part of the proof of the inverse regularity theorem, Theorem 1.2,
remains the same as that for the Sierpinski gasket, which leads to (1.1) holding with σ
replaced by σ ` γ.

Theorem 1.2. Let pX, d,m, E ,Fq be a metric measure Dirichlet (MMD) space satisfying
the capacity upper bound with index σ P R. Assume there is a measure determining class
C of X such that all U P C are bounded trace admissible domains admitting an interior
cutoff sequence. Let γ :“ supUPC dimBpBUq. Then for any θ ą σ ` γ, we have

Dom∆ X Cθ
pXq “ kerE .

The notions in this theorem are introduced in Section 2. In the standard MMD space
setting with volume doubling and heat kernel estimates, the capacity upper bound follows
from [GHL] and bounded uniform domains are trace admissible by [CC, KM24]. Thus, in
concrete examples, the remaining task is to construct a measure determining class of such
domains with interior cutoff sequences, which is a geometric and topological verification.

A similar notion of boundary dimension, called the topological Hausdorff dimension
and denoted by dtH, is involved in the discussion of the range of bounded variation func-
tions and the weak Bakry–Emery condition wBEpκq in [ABCRST]. For the Sierpinski
carpet, the topological Hausdorff dimension dtH “ log 2{ log 3 ` 1 coincides with γ ` 1,
where γ is the upper box boundary dimension log 2{ log 3 discussed above. They conjec-
tured that wBEpκq holds on the Sierpinski carpet with κ “ σ ` dtH ´ 1p“ σ ` γq, that
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is,

|Ttfpxq ´ Ttfpyq| À
dpx, yqκ

tκ{β
}f}L8

for every f P L8pX,mq, t ą 0 and x, y P X, where Tt is the semigroup and β is the walk
dimension of the Sierpinski carpet. For the Sierpinski gasket, they proved that wBEpκq

holds with κ “ σ and that this bound is sharp. Our present work shares a similar flavor
while addressing different topics and using different approaches.

It is worth noting that, if the metric space is quasi-convex and σ ` γ ě 1, then the
inverse regularity theorem is trivial, since the space CθpXq itself consists only of constant
functions even without intersecting with dom∆. A typical situation is that of open balls
in n-dimensional Euclidean space with n ě 1, in which case we have σ “ 2 ´ n and
γ “ n ´ 1, and then σ ` γ “ 1. This is why such an inverse regularity theorem is not
visible in Euclidean spaces. However, for the Sierpinski carpet, we can find a desired
family of subsets with an upper box boundary dimension γ “ log 2{ log 3 ď 0.64. By a
numerical calculation, see [BB90, equation (5.5)], the capacity upper bound holds with
index σ ď 0.23, so σ`γ ď 0.87 ă 1. Thus the inverse regularity theorem is non-trivial on
the Sierpinski carpet. In particular, we can prove that the intersection of the domain of
the infinitesimal generator and the family of Lipschitz functions consists only of constant
functions.

Theorem 1.3. For the Sierpinski carpet SC with the self-similar Dirichlet form con-
structed in [BB89, KZ], we have

dom∆ X LIPpSCq “ R1SC.

A similar conjecture for the Sierpinski gasket is raised in [Mur24a, Section 6.3], with
the domain of the infinitesimal generator replaced by the entire domain of the Dirichlet
form. This conjecture remains open to this day.

Moreover, different from the case of the Sierpinski gasket, for general metric mea-
sure Dirichlet spaces like the Sierpinski carpet, there appears a gap between the inverse
regularity result

dom∆ X Cσ`γ`ϵ
pXq “ R1X ,

and the positive regularity result, see [Kig12, Section 4] for Dirichlet forms induced from
regular resistance forms,

dom∆ Ă Cσ
pXq.

According to the conjecture in [ABCRST], we should expect that imTt Ă dom∆ X

Cσ`γpXq; thus, σ ` γ is the optimal bound for the inverse regularity theorem on the
Sierpinski carpet. Moreover, the topological dimension of the Sierpinski carpet has been
proved to be log 2{ log 3 ` 1 [BBE, Theorem 5.4], which also shows the sharpness of the
choice of γ. Nevertheless, to the best of the authors’ knowledge, there has been no im-
provement in the positive regularity, even if the domain of the infinitesimal generator is
replaced by the family of harmonic functions.
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Conjecture 1.4. For the Sierpinski carpet SC with the self-similar Dirichlet form con-
structed in [BB89, KZ] and constants σ, γ as before, we have

dom∆ X Cσ`γ
pSCq ‰ R1SC.

We should point out that even if the inverse regularity theorem, Theorem 1.2, implies
a fundamental incompatibility between the Dirichlet form and Lipschitz functions on
fractals, it is still possible to construct functions in the domain of the Dirichlet form with
Lipschitz continuity on some “thin” continua. Such a construction plays a key role in some
circumstances. For example, every function f in the domain of the Dirichlet form F on
the Sierpinski carpet admits an approximating sequence fn P F with Lipschitz continuity
(indeed, piecewise linear) on the boundary of the convex hull square; see [CQ24a] for
their building-block manipulation. This idea can be extended to many fractals with flat
geometric boundaries, such as the unconstrained Sierpinski carpets proposed in [CQ24a]
and the golden ratio gasket proposed in [CQ24b]. As a substitution for classical arguments
involving local symmetry, it leads to the existence and trace characterization of the self-
similar Dirichlet form on such fractals in the absence of local symmetry.

This paper is organized as follows. Section 2 is devoted to proving the inverse regularity
theorem, Theorem 1.2, for general metric measure Dirichlet spaces. There, we recall the
setting of metric measure Dirichlet spaces, the local Dirichlet form, the domain of the
Laplacian, and the trace form in Subsections 2.1, 2.2, and 2.3, respectively, and prove the
main theorem in Subsection 2.4. We then apply the general scheme of Theorem 1.2 to
concrete examples in Section 3, including the self-similar Dirichlet form on the Sierpinski
carpet in Subsection 3.1 and resistance forms on finitely ramified fractals in Subsection
3.2.

2 Inverse regularity theorem for MMD spaces

2.1 Preliminary on Dirichlet forms

Recall the setting of metric measure Dirichlet spaces pX, d,m, E ,Fq as follows. pX, d,mq

is said to be a metric measure space, if pX, dq is a complete, separable, proper metric
space and m is a Radon measure on X with full support. Here a metric space is said
to be proper, if every bounded set in the space is precompact. For each m-measurable
function u on X, we write sptpuq for the support of the measure sptpu ¨mq. We denote by
C0pXq the class of continuous functions with compact support equipped with the norm
}u}CpXq :“ supxPX |upxq|. A pair pE ,Fq is said to be a strongly local regular Dirichlet form
on pX, d,mq, if

(1) F is a dense subspace of L2pX,mq and E is a nonnegative symmetric bilinear form
on F .

(2) Closed. pF , E1q is a Hilbert space with E1pu, vq “ Epu, vq ` pu, vqL2pX,mq for u, v P F .
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(3) Markovian. For all u P F with u :“ pu ^ 1q _ 0, it holds that u P F and Epu, uq ď

Epu, uq.

(4) Regular. F X C0pXq is dense in both pF , E1q and pC0pXq, } ¨ }CpXqq.

(5) Strongly local. For any u, v P F and c P R with sptpu ´ cq X sptpvq “ H, we have
Epu, vq “ 0.

Generally, pE ,Fq satisfying conditions (1)–(3) is said to be a Dirichlet form on pX, d,mq.
If pE ,Fq is a strongly local regular Dirichlet form on a metric measure space pX, d,mq,
then pX, d,m, E ,Fq is said to be a metric measure Dirichlet space, or MMD space for
simplicity. A detailed account of the theory of Dirichlet forms can be found in [FOT]. We
denote the kernel of pE ,Fq by

kerE :“ tu P F : Epu, uq “ 0u,

and write R1A for the class of all real constant functions on a set A.

One of the most typical examples of a Dirichlet form is the first-order Hilbert space
with Dirichlet boundary

`

H1
0 pΩq, p¨, ¨qH1pΩq

˘

of an open set Ω Ă Rn. For each open set Ω,
we define the first-order Hilbert space on Ω by

H1
pΩq :“

␣

u P L2
pΩ,Ln

q : Bju P L2
pΩ,Ln

q, j “ 1, ¨ ¨ ¨ , n
(

and bilinear form

pu, vqH1pΩq :“
n
ÿ

j“1

pBju, BjvqL2pΩ,Lnq “

ż

Ω

∇u ¨ ∇vdLn for u, v P H1
pΩq,

where Ln is the Lebesgue measure on Rn, Bju is the j-th weak partial derivative of u
and ∇u “ pB1u, ¨ ¨ ¨ , Bnuq. Then the first order Hilbert space with Dirichlet boundary
H1

0 pΩq is defined as the closure of H1pΩq X C0pΩq in pH1pΩq, p¨, ¨qH1pΩqq. It is known
that

`

p¨, ¨qH1pΩq, H
1
0 pΩq

˘

is a strongly local regular Dirichlet form on pΩ, d,Lnq. Clearly,
kerH1

0 pΩq “ t0u.

For a general Dirichlet form pE ,Fq, it is unknown whether there exists a finite integer
n ě 0 and a reasonable linear map ∇ : F Ñ pL2pX,mqqn such that

Epu, vq “

ż

X

∇u ¨ ∇vdm.

However, there still exists a finite measure, called the energy measure and denoted by
Γpu, vq, on X for each u, v P F , which encodes the local information of Epu, vq on each
Borel set and serves as a substitution for p∇u ¨ ∇vq ¨ Ln in H1

0 pΩq. Hence we need
to introduce the following concepts of capacity and quasi continuity to ensure that the
integral of the energy measure is well-defined.

For each set A Ă X, we define the 1-capacity of A by

CappAq :“ inftE1pu, uq : u P F , u|U ě 1 m-a.e. for some open set U Ą Au,
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where E1pu, vq “ Epu, vq ` pu, vqL2pX,mq as before. A Radon measure µ on X is said to
be a smooth measure, if µpAq “ 0 for all sets A Ă X satisfying CappAq “ 0. Clearly
the measure m is a smooth measure since mpAq ď CappAq for all Borel sets A. As a
counter example of smooth measure, one can take a k-dimensional subspace S Ă Rn with
0 ď k ď n ´ 2 and restrict the k-dimensional Hausdorff measure on S by µ :“ 1S ¨ Hk.
Then we have CappSq “ 0 and µpSq ą 0, which implies that µ is not a smooth measure.
The capacity in this example is defined relative to H1

0 pRnq.

Similar to the terminology almost everywhere, a statement depending on points is said
to hold quasi everywhere (q.e.) on some A Ă X, if there is a set N Ă A with CappNq “ 0
such that the statement holds for all x P AzN . For example, two functions u, v : X Ñ R
are said to satisfy u “ v q.e. if Cap

`

tx P X : upxq ‰ vpxqu
˘

“ 0. It is worth noting that,
if µ is a smooth measure on X and functions u, v : X Ñ R satisfy u “ v q.e., then u “ v
µ-a.e.. See [FOT, Section 2.1] for details on capacity.

A function u : X Ñ R is said to be quasi continuous on a set A Ă X, if for any ϵ ą 0,
there is a closed set F Ă X such that u|AXF P CpA X F q and CappXzF q ă ϵ. For each
u P F , there is a quasi continuous function ũ : X Ñ R such that ũ “ u m-a.e.. The
function ũ is said to be a quasi continuous version of u, which is unique in the following
sense: if both quasi continuous ũ, ũ1 satisfy ũ “ u, ũ1 “ u m-a.e., then ũ “ ũ1 q.e.. We
always denote a quasi continuous version of u by ũ. See [FOT, Section 2.2] for details of
quasi continuity.

For each u P F X L8pX,mq, there is a Radon measure Γpu, uq on X satisfying
ż

X

φ̃dΓpu, uq “ Epuφ, uq ´
1

2
Epu2, φq for all φ P F X L8

pX,mq.

For general u P F , let un :“ pu ^ nq _ p´nq for n ě 1 and define Γpu, uq :“
limnÑ8 Γpun, unq. For u, v P F , the energy measure of u, v is defined by polarization

Γpu, vq :“
1

4

`

Γpu ` v, u ` vq ´ Γpu ´ v, u ´ vq
˘

.

Energy measure Γpu, uq is always a smooth measure.

For u, φ P H1
0 pRnq, we have
ż

Rn

`

∇puφq ¨ ∇u ´
1

2
∇pu2q ¨ ∇φ

˘

dLn
“

ż

Rn

φ|∇u|
2dLn

by Leibniz law of ∇. Thus the energy measure of u P H1
0 pRnq is Γpu, uq “ |∇u|2 ¨ Ln. See

[FOT, Section 3.2] for details of energy measure.

Classically, a function u P F is said to belong to the domain of infinitesimal generator
∆ related to the measure m, if there is g P L2pX,mq such that

Epu, φq “ ´

ż

g ¨ φdm for all φ P F ,

and we write ∆u “ g, see [FOT, Corollary 1.3.1]. We write dom∆ for the domain of
generator relative to m.
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The following definition of the Laplacian is slightly more general than the infinitesimal
generator of a Dirichlet form in [FOT] (we use the term “Laplacian” to indicate the
difference), since the image of the Laplacian will only be required to be a signed smooth
measure. This relaxation enables us to deal with more general functions, such as Green
functions on resistance form spaces, which are not included in the classical definition of
the domain of the generator.

Definition 2.1. Define the domain of Laplacian Dom∆ by u P Dom∆ if and only if u P F
and there is a smooth measure µ on X and a µ-measurable function η : X Ñ t´1, 1u such
that

Epu, φq “ ´

ż

X

φ ¨ ηdµ for all φ P F X C0pXq. (2.1)

For each u P Dom∆, we write ∆u :“ η ¨ µ.

Remark 2.2. If u P F satisfies (2.1) for a Radon measure µ and η “ 1 µ-a.e., then for
any nonnegative φ P F X C0pXq with φ|U ě 1 m-a.e. for some open set U Ą A, we have

µpAq ď

ż

X

φdµ “ |Epu, φq| ď E1pu, uq
1{2E1pφ, φq

1{2,

which implies
µpAq ď E1pu, uq

1{2CappAq
1{2

for all Borel sets A. Thus µ is automatically a smooth measure. A similar argument
holds if η “ ´1 µ-a.e.. However, it is unknown whether a Radon measure representing
the total variation of the image of the Laplacian is automatically a smooth measure when
both µptη “ 1uq ą 0 and µptη “ ´1uq ą 0.

If u P dom∆ with ∆u “ g P L2pX,mq, then by defining η :“ 1tgě0u ´ 1tgă0u and
µ :“ |g| ¨ m, which is a smooth measure, we have u P Dom∆ with ∆u “ η ¨ µ. It is
worth noting that the domain of the Laplacian Dom∆ is independent of the choice of the
measure m, in contrast to dom∆.

Definition 2.3. A class C of bounded subsets in a proper metric space X is said to be
a measure determining class, if for any two Radon measures µ, ν on X, µpCq “ νpCq for
all C P C implies µ “ ν.

For example, a typical measure determining class C of Rn is given by

C :“

" n
ź

j“1

pkj2
m, pkj ` 1q2ms : m P Z, kj P Z, j “ 1, ¨ ¨ ¨ , n

*

,

see [Kal, Lemma 1.17].

Lemma 2.4. Let C be a measure determining class on X. If a Radon measure µ on X
and a µ-measurable function η : X Ñ t´1, 1u satisfy

ş

C
ηdµ “ 0 for all C P C, then

η ¨ µ “ 0.
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Proof. Define µ1 :“ 1tη“1u ¨ µ and µ2 :“ 1tη“´1u ¨ µ. Then for each C P C, we have

µ1pCq ´ µ2pCq “

ż

C

ηdµ “ 0.

Since both µ1, µ2 are Radon measures and C is a measure determining class, we have
µ1 “ µ2. This gives

ż

A

ηdµ “

ż

AXtη“1u

dµ ´

ż

AXtη“´1u

dµ “ µ1pAq ´ µ2pAq “ 0

for all Borel measurable sets A. Thus η ¨ µ “ 0.

2.2 Local Dirichlet space and local Laplacian

Before introducing the notion of local Dirichlet spaces and local Laplacian with various
boundary conditions, we first recall some geometric inequality conditions and the notion
of uniform domain, see [GHL, Mur24a].

Associated with a Dirichlet form pE ,Fq, there is a strongly continuous semigroup
tTtutą0 on L

2pX,mq, that is, a family of bounded linear operators on L2pX,mq such that
TtTs “ Tt`s, }Ttu}L2pX,mq ď }u}L2pX,mq and limtÑ0 Ttu “ u in L2pX,mq for all s, t ą 0 and
u P L2pX,mq. A non-negative Borel function pt : X ˆ X Ñ R is said to be the kernel of
Tt, if

Ttupxq “

ż

X

upyqptpx, yqdmpyq m-a.e.x P X

for all u P L2pX,mq and t ą 0.

The notion of relative capacity is defined as follows. For disjoint sets A,B Ă X, we
define the relative capacity between A and B by

cappA,Bq :“ inftEpu, uq : u P F , u|U “ 0, u|V “ 1 m-a.e. for open sets U Ą A, V Ą Bu.
(2.2)

We list some well-known geometric inequalities that will be involved in this paper.

Definition 2.5. Let pX, d,m, E ,Fq be a MMD space and tTtutą0 be the associated semi-
group.

(1) pX, dq is said to be metric doubling, if there is a constant N ě 1 such that for any
x P X and r ą 0, there exists x1, ¨ ¨ ¨ , xn P X with n ď N satisfying

Bpx, 2rq Ă

n
ď

j“1

Bpxj, rq.

(2) pX, d,mq is said to be volume doubling, if there is a constant C ě 1 such that

mpBpx, 2rqq ď CmpBpx, rqq for all x P X, r ą 0.
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(3) pX, d,mq is said to be α-Ahlfors regular for α ě 0, if there is C ě 1 such that

C´1rα ď mpBpx, rqq ď Crα for all r P p0, diamXs.

(4) pX, d,m, E ,Fq is said to satisfy capacity upper bound with index σ P R, if there is a
constant C ě 1 such that

cappBpx, rq, XzBpx, 2rqq ď Cr´σ for all x P X, r ą 0.

(5) pX, d,m, E ,Fq is said to satisfy heat kernel estimates with walk dimension β ě 0,
HKEpβq, if Tt admits a kernel ptpx, yq and there is a constant C ě 1 such that the
kernel of Tt satisfies

C´1

mpBpx, t1{βqq
¨ 1tdpx,yqďC´1t1{βu ď ptpx, yq ď

C

mpBpx, t1{βqq
exp

ˆ

´

ˆ

dpx, yqβ

Ct

˙
1

β´1
˙

for all x, y P X and t ą 0.

It is well-known that if pX, d,m, E ,Fq is α-Ahlfors regular and satisfies heat kernel
estimates with walk dimension β, then it satisfies capacity upper bound estimate with
index σ “ β´α, see [GHL]. Actually, the index of Ahlfors regularity and walk dimension
always satisfy the relation

2 ď β ď α ` 1,

see [Mur24b] for the proof and optimality of this relation. In particular, it implies σ ď 1.

Definition 2.6. Let U be a connected, nonempty, open, proper subset of X. If there is a
constant A ě 1 such that for any x, y P U , there is a path-connected set γ in U containing
both x and y such that diamγ ď Adpx, yq and

distptzu, BUq ě A´1
pdpx, zq ^ dpy, zqq for all z P γ,

then U is said to be a uniform domain of X.

The following definition of local Dirichlet space follows from [Mur24a, Definition 2.5].
For an open set U Ă X, we denote the domain of local Dirichlet space on U by FlocpUq,
where u P FlocpUq if and only if for any relatively compact open subset V Ă U , there is
u# P F such that u “ u# m-a.e. on V . The energy measure Γpu, uq of u P FlocpUq is a
Radon measure on U such that 1V ¨ Γpu, uq “ 1V ¨ Γpu#, u#q for any relatively compact
open set V Ă U and any u# P F such that u “ u# m-a.e. on V . Define a pair pEU ,FpUqq

by

FpUq :“

"

u P FlocpUq X L2
pU,mq :

ż

U

dΓpu, uq ă 8

*

and

EUpu, uq :“

ż

U

dΓpu, uq.
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For u, v P FpUq, we write EUpu, vq :“ 1
4
pEUpu ` v, u ` vq ´ EUpu ´ v, u ´ vqq.

It is worth emphasizing that the pair pEU ,FpUqq might fail to be a regular Dirichlet
form on pU, d,mq. For example, let U :“ Bp0, 1qzpr0, 1s ˆ t0uq Ă R2. Then H1pUq as
the local version of H1pR2q is not regular since upr cos θ, r sin θq :“ θ satisfies u P H1pUq

while there does not exist a sequence un P H1pUq X CpUq such that un converges to u in
p¨, ¨qH1pUq. See [Mur24a, Definition 4.1, Lemma 4.2] for the following sufficient condition

for pEU ,FpUqq to be a strongly local regular Dirichlet form on pU, d,mq.

Definition 2.7. An open subset U Ă X is said to be an extension domain, if there is
a bounded linear operator E : FpUq Ñ F such that Eu “ u m-a.e. on U , where the
topology on FpUq and F are given by EU,1 and E1 respectively.

Proposition 2.8. If U Ă X is an extension domain and mpBUq “ 0, then pEU ,FpUqq is
a strongly local regular Dirichlet form on pU, d,mq. Moreover, the 1-capacity for A Ă U
with respect to pE ,Fq and pEU ,FpUqq are comparable to each other.

Once U is an extension domain, the notions of quasi everywhere and quasi continuity
on U are equivalent for pE ,Fq and pEU ,FpUqq. We have the following sufficient condition
for a set to be an extension domain; see [Mur24a, Theorem 2.7].

Proposition 2.9. If MMD space pX, d,m, E ,Fq satisfies volume doubling property and
heat kernel estimates, then any uniform domain in X is an extension domain.

Next, we consider restricting the Laplacian on the whole space, defined in Definition
2.1, to an open set U . Recall that for each u P Dom∆, the Laplacian ∆u is only required
to be a signed smooth measure on X.

Definition 2.10. Let U Ă X be an extension domain.

(1) Define the domain of Laplacian on U without boundary condition Domp∆, Uq Ă FpUq

by u P Domp∆, Uq if and only if for any relatively compact open set V Ă U , there is
u# P Dom∆ such that u|V “ u#|V m-a.e..

(2) If u P Domp∆, Uq, then there exists a signed smooth measure ∆u on U such that
1V ¨∆u “ 1V ¨∆u# for any relatively compact open set V Ă U and u# P Dom∆ such
that u “ u# on V m-a.e..

Clearly for each u P Dom∆, we have u|U P Domp∆, Uq and

∆pu|Uq “ 1U ¨ ∆u.

We need the following characterization when ∆u acts on φ P FpUq with φ̃|BU “ 0 q.e..

Lemma 2.11. Let U Ă X be an extension domain and u P Domp∆, Uq. Then for each
φ P FpUq X L8pU,mq such that φ̃|BU “ 0 q.e., we have

EUpu, φq “ ´

ż

U

φ̃d∆u. (2.3)

11



Proof. Write ∆u “ η¨µ as before. Since |φ| ď }φ}L8pX,mq m-a.e., we have |φ̃| ď }φ}L8pX,mq

q.e., which implies }φ̃}L8pX,µq ď }φ}L8pX,mq. By [FOT, Corollary 2.3.1], there is a sequence
φn P FpUq X C0pUq such that limnÑ8 EU,1pφ ´ φn, φ ´ φnq “ 0. Moreover, by [FOT,
Theorem 1.4.2 (v)], we further assume }φ̃n}L8pU,µq ď }φ̃}L8pU,µq for all n ě 1. By the
definition of ∆u, we have

EUpu, φnq “ Epu#, φ0
nq “ ´

ż

X

φ0
nd∆u

#
“ ´

ż

U

φn ¨ ηdµ,

where φ0
n is defined on X as the zero extension of φn, and u

# P Domp∆q such that u “ u#

on the support of φn. Clearly we have

lim
nÑ8

EUpu, φnq “ EUpu, φq,

so it remains to show that

lim
nÑ8

ż

U

φn ¨ ηdµ “

ż

U

φ̃ ¨ ηdµ.

Since µ is a smooth measure, by [FOT, Theorem 2.2.2, Theorem 2.2.4], there is an
increasing sequence of relatively closed sets Fj Ă U such that CappUzFjq Ñ 0, µpUzFjq Ñ

0 and
ˇ

ˇ

ˇ

ˇ

ż

UXFj

ṽdµ

ˇ

ˇ

ˇ

ˇ

ď Cj

b

EU,1pv, vq for all v P FpUq

for some constant Cj ě 1 depending on j.

Then we have
ˇ

ˇ

ˇ

ˇ

ż

U

pφn ´ φ̃q ¨ ηdµ

ˇ

ˇ

ˇ

ˇ

ď

ż

UXFj

|φn ´ φ̃|dµ `

ż

UzFj

|φn ´ φ̃|dµ

ď Cj

b

EU,1pφn ´ φ, φn ´ φq ` 2µpUzFjq}φ̃}L8pU,µq,

which implies

lim sup
nÑ8

ˇ

ˇ

ˇ

ˇ

ż

U

pφn ´ φ̃q ¨ ηdµ

ˇ

ˇ

ˇ

ˇ

ď 2µpUzFjq}φ̃}L8pU,µq

for all j ě 1. Then the desired result follows by taking j Ñ 8.

Recall the Gauss-Green formula for open sets in Euclidean spaces. Let Ω Ă Rn be a
bounded open set with smooth boundary. Then for each u, φ P C8pΩq, we have

ż

Ω

∇u ¨ ∇φdLn
“ ´

ż

Ω

∆u ¨ φdLn
`

ż

BΩ

Bνu ¨ φdHn´1,

where Bνu is the normal derivative of u on BΩ oriented outside of Ω. If u P C8pΩq satisfies
ż

Ω

∇u ¨ ∇φdLn
“ ´

ż

Ω

∆u ¨ φdLn for all φ P C8
pΩq,

then Bνu|BΩ “ 0 Hn´1-a.e., and in this case we say u has Neumann boundary on BΩ.

Similarly, we define the domain of Laplacian on U with Neumann boundary for Dirich-
let forms as follows.

12



Definition 2.12. Let U Ă X be an extension domain. Define the domain of Laplacian
on U with Neumann boundary by

DomNp∆, Uq :“

"

u P Domp∆, Uq : EUpu, φq “ ´

ż

U

φ̃d∆u for all φ P FpUqXL8
pU,mq

*

.

Compared with Lemma 2.11, if u satisfies the Neumann boundary condition, then (2.3)
holds not only for a function φ with zero boundary values on BU , but for all essentially
bounded functions in the domain of the local Dirichlet form.

In the case of a bounded open set Ω Ă Rn with smooth boundary and u P C8pΩq, if
there are θ ą 1 and C ě 1 such that

|upxq ´ upyq| ď Cdpx, yq
θ for all x P BΩ, y P Ω,

then Bνu|BΩ “ 0, and thus u satisfies the Neumann boundary condition.

2.3 Trace of Dirichlet forms and estimates of the jump measure

The following definition of the trace form mainly follows [KM24], using different notation.
Let U Ă X be an extension domain. Then pEU ,FpUqq is a strongly local regular Dirichlet
form on pU, d,mq. Define a space F̌pBUq by ũ P F̌pBUq if and only if ũ : BU Ñ R is quasi
continuous on BU and there is ũ# P FpUq such that ũ#|BU “ ũ q.e.. For each ũ P F̌pBUq,
define

ĚBUpũ, ũq :“ inftEUpũ#, ũ#q : ũ# P FpUq, ũ# “ ũ q.e. on BUu.

For ũ, ṽ P F̌pBUq, we define Ěpũ, ṽq by polarization. The pair pĚBU , F̌pBUqq is called the
trace of pEU ,FpUqq on BU .

Assume pX, d,m, E ,Fq satisfies the volume doubling property and heat kernel esti-
mates. If U is a uniform domain of X, then there is a smooth measure µ on BU , called
the E-elliptic measure; see [KM24, Proposition 4.1]. Moreover, pĚU , F̌pUqq is a Dirichlet
form on pBU, d, µq. The following characterization of the trace mainly follows from [KM24,
Theorem 1.5, Definition 2.33].

Proposition 2.13. Let pX, d,m, E ,Fq be a MMD space satisfying the volume doubling
property and heat kernel estimates, and let U be a uniform domain of X.

(1) There is a linear operator HBU : F̌pBUq Ñ FpUq satisfying the following properties.

(a) HBU ũ|BU “ ũ q.e. for all ũ P F̌pBUq.

(b) EUpHBU ũ, φq “ ĚBUpũ, φ̃|BUq for all ũ P F̌pBUq and φ P FpUq.

(c) EUpHBU ũ, HBU ũq “ ĚBUpũ, ũq for all ũ P F̌pBUq.

(d) }HBU ũ}L8pU,mq ď }ũ}L8pBU,Eq, where we define

}ũ}L8pBU,Eq :“ inftc P r0,8s : Cappt|ũ| ą cuq “ 0u.
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(2) There is a Radon measure JBU on BU ˆod BU such that

ĚBUpu, vq “

ż

BUˆodBU

pupxq ´ upyqqpvpxq ´ vpyqqdJBUpx, yq for all u, v P F̌pBUq.

Here for each A,B Ă X, we write A ˆod B :“ tpx, yq P A ˆ B : x ‰ yu, where ‘od’
means off-diagonal.

The linear operator HBU is said to be the harmonic extension operator, and the measure
JBU is said to be the jump measure.

Since the open sets considered below might not even be connected, and thus may not
be uniform domains, we need the following generalization.

Definition 2.14. Let U Ă X be an extension domain. If there exist a linear operator
HBU and a Radon measure JBU that satisfy the properties in Proposition 2.13, respectively,
then U is said to be a trace admissible domain in X.

Lemma 2.15. Let Ui be trace admissible domains in X for 1 ď i ď n such that
distpUi, Ujq ą 0 for all 1 ď i ă j ď n. Then U :“

Ťn
j“1 Uj is still a trace admissible

domain.

Proof. Note that by definition, it is easy to see that u P FpUq if and only if u|Ui
P FpUiq

for all 1 ď i ď n, and

EUpu, uq “

n
ÿ

i“1

EUi
pu|Ui

, u|Ui
q.

In particular, if sptpuq Ă U i and sptpvq Ă U j for i ‰ j, then EUpu, vq “ 0.

Moreover, we have u P F̌pBUq if and only if u|BUi
P F̌pBUiq for all 1 ď i ď n. Then we

can define HBU : F̌pBUq Ñ FpUq by

HBUu :“
n
ÿ

i“1

HBUi
pu|BUi

q ¨ 1U i

and define JBU on BU ˆod BU by

JBU :“
n
ÿ

i“1

JBUi
.

Then HBU and JBU give the desired harmonic extension operator and jump measure.

The following upper bound estimate of the jump measure will be useful in the proof
of our main theorem.

Lemma 2.16. Let U be a trace admissible domain of X.
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(1) For any disjoint open sets A,B Ă X, we have

JBUppA X BUq ˆ pB X BUqq ď cappA,Bq,

where the relative capacity is defined in (2.2).

(2) Assume pE ,Fq satisfies capacity upper bound in Definition 2.5 (4) with index σ P R.
Let K Ă BU and N Ă K such that K Ă

Ť

xPN Bpx, δ{3q for δ ą 0. Then for
F :“ tpx, yq P K ˆ BU : dpx, yq ě δu, we have

JBUpF q ď #N ¨ Cδ´σ,

where C ě 1 is a constant only depending on the capacity upper bound condition.

Proof. (1) It is enough to consider the case cappA,Bq ă 8. Take ψ P F such that
ψ|A “ 1, ψ|B “ 0 m-a.e. and Epψ, ψq ď cappA,Bq ` ϵ for some ϵ ą 0. Then we have

Epψ, ψq ě EUpψ|U , ψ|Uq ě ĚBUpψ̃|BU , ψ̃|BUq

“

ż

BUˆodBU

pψ̃pxq ´ ψ̃pyqq
2dJBUpx, yq

ě

ż

pAXBUqˆpBXBUq

pψ̃pxq ´ ψ̃pyqq
2dJBUpx, yq

ě JBUppA X BUq ˆ pB X BUqq.

Then the desired result follows by taking ϵ Ñ 0.

(2) For each x P N , write Bx :“ Bpx, δ{3q and Ax :“ XzBpx, 2δ{3q. For any px, yq P

Kˆ BU with dpx, yq ą δ, there exists x1 P N such that x P Bx1 and y P Ax1 . Then we have

JBUpF q ď
ÿ

xPN

JBUppBx X Kq ˆ pAx X BUqq ď
ÿ

xPN

cappBx, Axq ď #N ¨ Cδ´σ.

This gives the desired estimate.

Lemma 2.17. Let Uj Ă X, j ě 0 be a sequence of bounded trace admissible domains such
that Uj`1 Ă Uj for all j ě 0 and

Ş8

j“0 Uj “ H.

(1) Let A,B Ă X be disjoint open sets such that cappA,Bq ă 8. Then

lim
jÑ8

JBUj
ppA X BUjq ˆ pB X BUjqq “ 0.

(2) Let δ ą 0 and define E :“ tpx, yq P U0 ˆ U0 : dpx, yq ą δu. Then we have

lim
jÑ8

JBUj
pE X pBUj ˆ BUjqq “ 0.
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Proof. (1) Take ψ P F such that ψ|A “ 1, ψ|B “ 0 m-a.e.. Then we have

ż

Uj

dΓpψ, ψq “ EUj
pψ|Uj

, ψ|Uj
q ě ĚBUj

pψ̃|BUj
, ψ̃|BUj

q

“

ż

BUjˆodBUj

pψ̃pxq ´ ψ̃pyqq
2dJBUj

px, yq

ě

ż

pAXBUjqˆpBXBUjq

pψ̃pxq ´ ψ̃pyqq
2dJBUj

px, yq

ě JBUj
ppA X BUjq ˆ pB X BUjqq.

Since Uj decreases to empty set, we have

lim
jÑ8

JBUj
ppA X BUjq ˆ pB X BUjqq ď lim

jÑ8

ż

Uj

dΓpψ, ψq “ 0.

This gives the desired result.

(2) Since U0 is bounded, there is a finite set N Ă U0 such that U0 Ă
Ť

xPN Bx, where
Bx :“ Bpx, δ{5q. Then for any x, y P U0 such that dpx, yq ą δ, there exists x1, y1 P N
such that x P Bx1 , y P By1 and distpBx1 , By1q ą δ{5. Note that in this case, we have
cappBx1 , By1q ă 8, which gives

lim
jÑ8

JBUj
ppBx1 X BUjq ˆ pBy1 X BUjqq “ 0.

Thus we have

lim
jÑ8

JBUj
pE X pBUj ˆ BUjqq ď

ÿ

x1,y1

lim
jÑ8

JBUj
ppBx1 X BUjq ˆ pBy1 X BUjqq “ 0,

where the sum is taken for all x1, y1 P N such that distpBx1 , By1q ą δ{5.

2.4 Inverse regularity of the domain of Laplacian

In this subsection, we prove the two main theorems in this paper. Theorem 2.20 provides
a sufficient condition of Neumann boundary condition in terms of Hölder continuity, and
Theorem 1.2 proves the inverse regularity of the domain of Laplacian.

Definition 2.18. (1) For each bounded set K Ă X and δ ą 0, we denote by sδpKq the
smallest integer such that there is N Ă X with #N “ sδpKq such that

K Ă
ď

xPN

Bpx, δq.

Moreover, we write the upper box dimension of K by

dimBK :“ lim sup
δÑ0

log sδpKq

´ log δ
.
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(2) For each θ ě 0 and A Ă X, we write CθpAq for the class of all functions on A satisfying

|fpxq ´ fpyq| ď Cdpx, yq
θ for all x, y P A

for some constant C ě 1. In particular, we write LIPpXq :“ C1pXq. Note that if
X “ Rn and θ ą 1, the notion CθpAq is different from its usual meaning.

For two trace admissible open sets V Ă U Ă X with BU Ă BV and k P Z, we write

FkpU, V q :“ tpx, yq P BU ˆ BV : 2´k
ď dpx, yq ă 2´k`1

u,

EkpUq :“ tpx, yq P U ˆ U : dpx, yq ě 2´k
u.

Definition 2.19. Let U be a bounded trace admissible domain. A decreasing sequence
of trace admissible domains Vj Ă U for j ě 0 is said to be an interior cutoff sequence of
U , if V0 “ U ,

Ş8

j“0 Vj “ H, BU Ă BVj, and distpBU, BVjzBUq ą 0 for all j ě 1.

Theorem 2.20. Let pX, d,m, E ,Fq be a MMD space satisfying the capacity upper bound
condition with index σ P R. Let U Ă X be a bounded trace admissible domain admitting
an interior cutoff sequence tVjujě0. Then for any θ ą σ ` dimBpBUq, we have

Domp∆, Uq X Cθ
pUq Ă DomNp∆, Uq.

Proof. Write γ :“ dimBpBUq and take ϵ ą 0 such that σ`γ`ϵ ă θ. Let u P Domp∆, UqX

CθpUq and write ∆u “ η ¨ µ. Then there is a constant C ě 1 such that

|upxq ´ upyq| ď Cdpx, yq
θ for all x, y P U. (2.4)

Let φ P FpUqXL8pU,mq. Since distpBU, BVjzBUq ą 0, there is ψ P FXL8pX,mq such
that ψ̃|BU “ 1 and ψ̃|BVjzBU “ 0 q.e., which implies p1BU ¨ φ̃q|BVj

“ pψ̃ ¨ φ̃q|BVj
P F̌pBVjq.

Define φj : U Ñ R first on Vj by φj :“ HBVj
pp1BU ¨ φ̃q|BVj

q and extending to UzVj by
assigning value zero. Since φ̃j|BVjzBU “ 0 q.e., we have φj P FpUq and φ̃j|BU “ φ̃|BU q.e..
Then by Lemma 2.11, we have

|EUpu, φ ´ φjq| “

ż

U

pφ̃ ´ φ̃jqd∆u. (2.5)

It remains to prove

lim
jÑ8

EUpu, φjq “ 0 and lim
jÑ8

ż

U

φ̃jd∆u “ 0.

On one hand, we have

}φ̃j}L8pU,µq ď }φj}L8pU,mq “ }1BU ¨ φ̃}L8pBU,Eq ď }φ}L8pU,mq,

which implies

lim
jÑ8

ˇ

ˇ

ˇ

ˇ

ż

U

φ̃jd∆u

ˇ

ˇ

ˇ

ˇ

ď lim
jÑ8

}φj}L8pX,µq ¨ µpVjq ď }φ}L8pU,mq ¨ lim
jÑ8

µpVjq “ 0. (2.6)
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On the other hand, fix δ0 ą 0 such that sδpBUq À δ´γ´ϵ for all δ ă δ0 and take k0 P Z
such that δ0 ą 2´k0 . Then we have

|EUpu, φjq| “ |EVj
pu|Vj

, φj|Vj
q| “ |ĚBVj

pu|BVj
, φ̃j|BVj

q|

“

ˇ

ˇ

ˇ

ˇ

ż

BVjˆodBVj

pupxq ´ upyqqpφ̃jpxq ´ φ̃jpyqqdJBVj
px, yq

ˇ

ˇ

ˇ

ˇ

“ 2

ˇ

ˇ

ˇ

ˇ

ż

BVjˆodBVj

pupxq ´ upyqqφ̃jpxqdJBVj
px, yq

ˇ

ˇ

ˇ

ˇ

ď 2

ż

BUˆodBVj

|upxq ´ upyq||φ̃pxq|dJBVj
px, yq

ď 2}φ}L8pU,mq

ż

BUˆodBVj

|upxq ´ upyq|dJBVj
px, yq

ď 2}φ}L8pU,mq

ˆ
ż

Ek0
pUqXpBVjˆBVjq

|upxq ´ upyq|dJBVj
px, yq

`

8
ÿ

k“k0`1

ż

FkpU,Vjq

|upxq ´ upyq|dJBVj
px, yq

˙

ď 2}φ}L8pU,mq

ˆ

2}u}CpUqJBVj
pEk0pUq X pBVj ˆ BVjqq ` C

8
ÿ

k“k0`1

2´kθJBVj
pFkpU, Vjqq

˙

ď 2}φ}L8pU,mq

ˆ

2}u}CpUqJBVj
pEk0pUq X pBVj ˆ BVjqq ` C

8
ÿ

k“k0`1

2´kpθ´σ´γ´ϵq

˙

ď 2}φ}L8pU,mq

ˆ

2}u}CpUqJBVj
pEk0pUq X pBVj ˆ BVjqq ` C2´k0pθ´σ´γ´ϵq

˙

,

where the last second line follows from Lemma 2.16 (2) and the assumption sδpBUq À

δ´γ´ϵ, and the last line follows from that θ ą σ ` γ ` ϵ. Then by Lemma 2.17 (2), we
have

lim sup
jÑ8

|EUpu, φjq| ď 2}φ}L8pU,mq ¨ C2´k0pθ´σ´γ´ϵq

for all k0 P Z such that δ0 ą 2´k0 . Let k0 Ñ 8, we derive

lim
jÑ8

|EUpu, φjq| “ 0. (2.7)

Then combining (2.5), (2.6) and (2.7), we have

EUpu, φq “

ż

U

φ̃d∆u

for all φ P FpUq X L8pU,mq, thus u P domNp∆, Uq.

We now prove Theorem 1.2.
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Proof of Theorem 1.2. Let u P Dom∆ X CθpXq. Then for each U P C, we have u|U P

Domp∆, Uq with ∆pu|Uq “ 1U ¨ ∆u. Then by Theorem 2.20, we have u|U P DomNp∆, Uq,
that is,

EUpu|U , φq “ ´

ż

U

φ̃d∆u for all φ P FpUq X L8
pU,mq.

Since U is bounded, we have 1U P FpUq X L8pU,mq, which gives
ż

U

d∆u “ ´EUpu|U ,1Uq “ 0.

Then by Lemma 2.4, we have ∆u “ 0, which gives

Epu, uq “

ż

U

ũd∆u “ 0,

that is, u P kerE .

3 Examples

We are mainly concerned with two examples: the self-similar Dirichlet form on the Sier-
pinski carpet, and the Dirichlet forms induced by resistance forms on finitely ramified
fractals, including the Sierpinski gasket.

3.1 Sierpinski carpet

The Sierpinski carpet is a compact subset of R2. Let Q0 “ r0, 1s2 Ă R2 and define
Fi : Q0 Ñ Q0 by Fipxq “ pi ` px ´ piq{3 for 1 ď i ď 8, where q1–q4 are the vertices of
Q0 and q5–q8 are the midpoints of the edges of Q0. Then there is a unique nonempty
compact set K Ă Q0 satisfying K “

Ť8
i“1 FipKq, which is the Sierpinski carpet. Let d be

the Euclidean distance and m be the plog 8{ log 3q-dimensional Hausdorff measure on K,
which is α-Ahlfors regular with α “ log 8{ log 3. In [BB89, KZ], a Dirichlet form pE ,Fq

was constructed on K, satisfying heat kernel estimates HKEpβq for some β ą 2. See
[BB99] for the heat kernel estimates. Moreover, it has the following self-similarity; see
[KZ, Theorem 6.9, Theorem 7.19]:

(1) If f P F , then f ˝ Fi P F for all 1 ď i ď 8, and

Epf, fq “ 3σ
8
ÿ

i“1

Epf ˝ Fi, f ˝ Fiq. (3.1)

(2) If f P CpKq and f ˝ Fi P F for all 1 ď i ď 8, then f P F .

Here σ “ β ´ α is the index of capacity upper bound. Every function in F admits a
continuous version, thus we can directly assume F to be a subfamily of CpKq. In [BB90,
equation (5.5)], it has been proved that ρ “ 3σ ď 1.27656, which implies σ ď 0.23.
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First we give a measure determining class C of R2. Then for any similitude f : R2 Ñ

R2, fpCq :“ tfpCq : C P Cu is still a measure determining class of R2.

For each n P Z, define n-level triadic cubes in R2 by

Qn :“
␣

rk1 ¨ 3´n, pk1 ` 1q ¨ 3´n
s ˆ rk2 ¨ 3´n, pk2 ` 1q ¨ 3´n

s : k1, k2 P Z
(

.

Two cubes Q1, Q2 in Qn are said to be adjacent, if Q1 XQ2 is a one-dimensional interval.
Then define the collection of rectangles formed by two n-level triadic cubes

Q1
n :“ tQ1 Y Q2 : Q1, Q2 P Q are adjacentu.

Moreover, define the collection of cubes formed by four n-level triadic cubes

Q2
n :“

␣

rk1 ¨ 3´n, pk1 ` 2q ¨ 3´n
s ˆ rk2 ¨ 3´n, pk2 ` 2q ¨ 3´n

s : k1, k2 P Z
(

.

Recall that a class of subsets C of X is said to be a π-system, if A,B P C imply
A X B P C. A class of subsets G of X is said to be a λ-system, if X P G, A,B P G
with A Ă B imply BzA P G, and an increasing sequence An P G implies

Ť

ně1An P G.
Clearly, the intersection of a collection of λ-systems is still a λ-system; thus, every class
of subsets C of X admits a smallest λ-system G such that C Ă G, which is called the
λ-system generated by C. The well-known monotone class theorem asserts that if C is a
π-system, then the λ-system generated by C coincides with the σ-field generated by C.

Moreover, for each E Ă X and class of subsets G of X, we write G X E :“ tA X E :
A P Gu as a collection of subsets of E.

Lemma 3.1. Define C as the family of the interior of the closed sets in
Ť

nPZpQn YQ1
n Y

Q2
nq. Then C is a measure determining class of R2.

Proof. Fix two Radon measures µ and ν on R2 such that µpCq “ νpCq for all C P C.
Define the collection of 2-dimensional n-level triadic open squares Cp2q

n in R2 as the
interior of all the closed sets in Qn. Then Cp2q

n is a subfamily of C, hence µpCq “ νpCq for

all C P Cp2q
n . Similarly, define the lower dimensional n-level triadic open intervals on R2

as Cp1q
n , Cp0q

n by

Cp1q
n :“

␣

pk1 ¨3´n, pk1 `1q ¨3´n
q ˆ tk2 ¨3´n

u, tk1 ¨3´n
u ˆ pk2 ¨3´n, pk2 `1q ¨3´n

q : k1, k2 P Z
(

Cp0q
n :“

␣

tk1 ¨ 3´n
u ˆ tk2 ¨ 3´n

u : k1, k2 P Z
(

.

We claim that µpCq “ νpCq for all C P Cp1q
n Y Cp0q

n .

For C P Cp1q
n , without loss of generality, we assume C “ p0, 3´nq ˆ t0u. Let C1 :“

p0, 3´nqˆp´3´n, 3´nq, C2 :“ p0, 3´nqˆp´3´n, 0q and C3 :“ p0, 3´nqˆp0, 3´nq, which satisfy
that C1, C2, C3 P C, C2 X C3 “ H, C2 Y C3 Ă C1. Moreover, we have C “ C1zpC2 Y C3q.
Then we have

µpCq “ µpC1q ´ µpC2q ´ µpC3q “ νpC1q ´ νpC2q ´ νpC3q “ νpCq.
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Thus µpCq “ νpCq for all C P Cp1q
n .

For C P Cp0q
n , without loss of generality, we assume C “ tp0, 0qu. Let C 1 :“

p´3´n, 3´nqˆt0u and we first prove µpC 1q “ νpC 1q. Indeed, by taking C 1
1 :“ p´3´n, 3´nqˆ

p´3´n, 3´nq, C 1
2 :“ p´3´n, 3´nq ˆ p´3´n, 0q and C 1

3 :“ p´3´n, 3´nq ˆ p0, 3´nq, a similar
argument as above shows that µpC 1q “ νpC 1q. Then we define C2

1 :“ p´3´n, 0q ˆ t0u,

C2
2 :“ p0, 3´nq ˆ t0u, which satisfies C2

1 , C
2
2 P Cp1q

n , and then

µpCq “ µpC 1
q ´ µpC2

1 q ´ µpC2
2 q “ νpC 1

q ´ νpC2
1 q ´ νpC2

2 q “ νpCq.

Thus µpCq “ νpCq for all C P Cp0q
n .

Now we define G :“ tB P BpR2q : µpBq “ νpBqu and let Cp˚q
n :“

Ť2
j“0 C

pjq
n , Cp˚q

˚ :“
Ť

nPZ C
p˚q
n . Then we have Cp˚q

˚ Ă G as proved before. Moreover, each Cp˚q
n gives a disjoint

partition of R2 and Cp˚q

n`1 is finer than Cp˚q
n for all n P Z. Then for each C1, C2 P Cp˚q

˚ , we

have C1 X C2 P tC1, C2,Hu. Thus Cp˚q
˚ Y tHu is a π-system.

Take Qn :“ p´3´n, 3´nq2 P C for n P Z and let Gn :“ tB P BpQnq : µpBq “ νpBqu.
Since µ, ν are Radon measures, their restriction on Qn are finite measures, thus A,B P Gn

and A Ă B implies BzA P Gn. Furthermore, Qn P C X Qn Ă Gn and Gn is closed under

increasing limit, thus Gn is a λ-system. Note that Cp˚q
˚ X Qn is a π-system generating

BpQnq and Cp˚q
˚ X Qn Ă Gn. By monotone class theorem, we conclude BpQnq “ Gn.

Then for any Borel set B P BpR2q, we have

µpBq “ lim
nÑ´8

µpB X Qnq “ lim
nÑ´8

νpB X Qnq “ νpBq.

Thus G “ BpR2q and then µ “ ν.

Define f : R2 Ñ R2 by fpx, yq :“ px` 1
2
, y` 1

2
q. Then the class fpCq is also a measure

determining class of R2, where C is the class defined in the above lemma. Each Q P fpQnq

can be expressed as

Q “

„

2k1 ´ 1

2 ¨ 3n
,
2k1 ` 1

2 ¨ 3n

ȷ

ˆ

„

2k2 ´ 1

2 ¨ 3n
,
2k2 ` 1

2 ¨ 3n

ȷ

for some k1, k2 P Z. For the Sierpinski carpet K, we define CK :“ fpCq X K. Then CK is
a measure determining class of K. For each U P CK , we write BKU for the boundary of
U relative to the topology in K.

Lemma 3.2. Let CK be defined as above. Then

(1) For each U P CK, we have dimBU ď log 2{ log 3.

(2) Each U P CK is a uniform domain in K.

(3) Each U P CK admits an interior cutoff sequence in K.
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Proof. (1) Note that for every n, k P Z, pt2k`1
2¨3n

u ˆ r0, 1sq XK and pr0, 1s ˆ t2k`1
2¨3n

uq XK are
finite union of Cantor sets with upper box dimension log 2{ log 3. Since the boundary of
each U P CK is contained in a finite union of these sets, dimBpBKUq ď log 2{ log 3.

(2) We only prove the case U “ pp1{2, 1s ˆ r0, 1sq XK (the right half of K), since the
other cases follow in a similar manner. Write S :“ t1{2u ˆ r0, 1s. Then BKU “ S X K.

First we collect all triadic cubes removed in the construction ofK, that is the collection
of all connected components of r0, 1s2zK. We denote this collection of open sets by Q̂.
Moreover, collect all cubes in Q̂ intersecting with the symmetry axis S, that is

Q̂1 :“ tQ P Q̂ : Q X S ‰ Hu.

Then remove all Q P Q̂1 from the unit cube r0, 1s2 and the right-half cube p1{2, 1s ˆ r0, 1s,
that is

E :“ r0, 1s
2
z
ď

QPQ̂1

Q and F :“ pp1{2, 1s ˆ r0, 1sqz
ď

QPQ̂1

Q.

Then F is a uniform domain in E. Indeed, one can connect any two points x, y P F by
a curve moving first horizontally, then vertically and finally horizontally such that this
curve satisfies the conditions of uniform domain.

For each curve γ in F , we define the collection of all cubes in Q̂ intersecting with γ by
Q̂pγq :“ tQ P Q̂ : Q X γ ‰ Hu. Note that for each Q P Q̂pγq, there is a path-connected
subset γ̃pQq Ă BQ such that pγzQq Y γ̃pQq is path-connected and

diamγ̃pQq ď 2 ¨ diampγ X Qq ď 2 ¨ diamγ. (3.2)

Since γ Ă F , we have Q̂pγq X Q̂1 “ H. For each γ in F , we define its modification in K
by

γ̃ :“ pγ X Kq Y
ď

QPQ̂pγq

γ̃pQq.

In other words, we substitute γ X Q by γ̃pQq Ă BQ for every Q P Q̂pγq. By substituting
each Q P Q̂pγq one by one, we can prove that γ̃ is a path-connected set in F X K “

pp1{2, 1sˆr0, 1sqXK since it is a limit of path-connected closed sets in Gromov-Hausdorff
distance.

Note that there is a constant C ě 1 such that for each Q P Q̂zQ̂1, we have

diampQq ď C ¨ distpQ,Sq.

For each x, y P U , take γ Ă F such that x, y P γ, diamγ ď A ¨ dpx, yq and

dpx, zq ^ dpy, zq ď A ¨ distptzu, Sq for all z P γ,

where A ě 1 is the constant for uniform domain F . We will prove that the modified curve
γ̃ in U satisfies the conditions of uniform domain. Since x, y P U Ă K and γ X K Ă γ̃,
we have x, y P γ̃.
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For each Qj P Q̂pγq and z1
j P γ̃pQjq with j “ 1, 2, take zj P γ X Qj, which gives

dpz1
1, z

1
2q ď dpz1, z2q ` dpz1, z

1
1q ` dpz2, z

1
2q ď diamγ ` diamγ̃pQ1q ` diamγ̃pQ2q

ď 5diamγ ď 5A ¨ dpx, yq,

where the third inequality follows by (3.2). Similarly, we have dpz1
1, z

1
2q ď A1 ¨ dpx, yq for

all z1
1, z

1
2 P γ̃, where A1 ě 1 is a constant depending only on A. Hence

diamγ̃ ď A1
¨ dpx, yq.

For each Q P Q̂pγq and z1 P γ̃pQq take z P γXQ. Without loss of generality we assume
dpx, zq ď A ¨ distptzu, Sq. Then

dpx, z1
q ď dpx, zq ` dpz, z1

q ď A ¨ distptzu, Sq ` diampQq

ď A ¨ distptz1
u, Sq ` pA ` 1q ¨ diampQq

ď A ¨ distptz1
u, Sq ` CpA ` 1q ¨ distpQ,Sq

ď pCA ` C ` Aqdistptz1
u, Sq.

Thus γ̃ satisfies that

dpx, z1
q ^ dpy, z1

q ď A2
¨ distptz1

u, Sq for all z1
P γ̃

for some constant A2 ě 1. Thus U is a uniform domain.

(3) We still only consider U “ pp1{2, 1s ˆ r0, 1sq X K. Note that pK, d,m, E ,Fq is
volume doubling and satisfies heat kernel estimates. We define V0 :“ U and

Vj :“ K X

ˆ

`1

2
,
1

2
`

1

3j
˘

ˆ r0, 1s

˙

.

Clearly it satisfies
Ş8

j“0 Vj “ H, BKU Ă BKVj and distpBKU, BKVjzBKUq ą 0 for all j ě 1.
It remains to prove that each Vj is trace admissible.

Since V0 P C, it is trace admissible. For each j ě 1, the same discussion as in the
proof of (2) yields that every connected component of Vj is a uniform domain, and is
thus trace admissible by Propositions 2.9 and 2.13. Since each Vj has only finitely many
components and each pair of components has positive distance, by Lemma 2.15, each Vj
is trace admissible. Thus Vj, j ě 0, is an interior cutoff sequence of U .

Theorem 3.3. Let σ P R be the same constant in (3.1) and γ :“ log 2{ log 3. Then for
any θ ą σ ` γ, we have

Dom∆ X Cθ
pKq “ R1K .

Proof. This follows by combining Theorem 1.2 and Lemmas 3.1 and 3.2.

Proof of Theorem 1.3. This follows by Theorem 3.3, and the estimate that σ ` γ ă 1.
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3.2 Resistance form on finitely ramified fractals

3.2.1 Basic setting

Before introducing the geometric setting, we first recall the notion of the resistance form
and the resistance distance in [Kig12].

Resistance form theory is parallel to Dirichlet form theory, with the distinctive feature
that a resistance form requires every single point to have positive capacity. A detailed
study of resistance form theory on p.c.f. fractals, as well as its relation to Dirichlet form
theory, can be found in [Kig01, Kig12].

For each set S, we write lpSq as the family of all real functions defined on S. Let X
be a set. A pair pEres,Fresq is said to be a resistance form on X, if

(1) Fres is a subspace of lpXq containing all constant functions, and Eres is a nonnegative
symmetric bilinear form on Fres such that Erespu, uq “ 0 if and only if u is a constant
function.

(2) pEres,Fres{Rq is a Hilbert space, where R is an equivalence relation defined on Fres by
uRv if and only if u ´ v is a constant function.

(3) For any nonempty finite subset F Ă X and u P lpF q, there exists ũ P Fres such that
ũ|F “ u.

(4) For any x, y P X,

Rpx, yq :“ supt|upxq ´ upyq|
2 : u P Fres, Erespu, uq ď 1u ă 8. (3.3)

(5) For any u P lpXq define u :“ pu^ 1q`. Then u P Fres implies u P Fres and Erespu, uq ď

Erespu, uq.

Moreover, pEres,Fresq is said to be regular, if Fres X C0pX,Rq is dense in C0pX,Rq.
pEres,Fresq is said to be local, if Erespu, vq “ 0 for all u, v P Fres satisfying distRptu ‰

0u, tv ‰ 0uq ą 0. See [Kig12, Definition 3.1, Definition 6.2, Definition 7.5] for details.

The function R defined by (3.3) is a distance on X by [Kig12, Proposition 3.3], called
the resistance distance induced by pEres,Fresq. It is worth noting that in a typical situa-
tion, pX,Rq is not a quasi-convex metric space, which implies that the family of Hölder
continuous functions CθpX,Rq might contain non-constant functions even if θ ą 1. Here
CθpX, dq is defined as in Definition 2.18.

For example, the resistance distance R of the Sierpinski gasket SG satisfies Rpx, yq —

dpx, yqσ with σ “
logp5{3q

log 2
ă 1, where dpx, yq is the Euclidean distance between x and y.

Therefore CθpX,Rq “ CσθpX, dq contains non-constant functions when 0 ă θ ď 1{σ.

The following relation between resistance forms and Dirichlet forms can be found in
[Kig12, Theorem 9.4].
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Proposition 3.4. Let pEres,Fresq be a local regular resistance form on X, let R be the cor-
responding resistance distance such that pX,Rq is separable, complete, and locally compact,
and let m be a Radon measure on X such that 0 ă mpBpx, rqq ă 8 for all x P X, r ą 0.
Define E “ Eres and F as the E1-closure of F X C0pX,Rq. Then pE ,Fq is a regular
Dirichlet form on pX,R,mq satisfying kerE Ă R1X .

Furthermore, if pEres,Fresq is local, then pE ,Fq is strongly local. If pX,Rq is compact,
then Fres “ F .

The following capacity upper bound estimate for resistance form is adapted from
[Kig12, Corollary 7.13]. Recall that a metric space pX, dq is said to be uniformly perfect,
if there is a constant A ě 1 such that for any x P X and r ą 0, if there is y P X such
that dpx, yq ě r, then there is z P X such that r ď dpx, zq ď Ar. Every connected metric
space is uniformly perfect.

Proposition 3.5. Let pEres,Fresq be a local resistance form on X and R be the resistance
distance. Assume pX,Rq is metric doubling and uniformly perfect. Let m be a Radon
measure on X and write pE ,Fq for the Dirichlet form on pX,R,mq induced by pEres,Fresq.
Then pX,R,m, E ,Fq satisfies capacity upper bound with index σ “ 1.

For each closed set F Ă X, we define the trace of pEres,Fresq on F by

F̌respF q :“ tu P lpF q : there is u# P Fres such that u#|F “ uu,

and
Ěres,F pu, uq :“ inftErespu#, u#q : u# P Fres, u

#
|F “ uu

for u P F̌respF q. By [Kig12, Theorem 8.4], if pEres,Fresq is regular, then pĚres,F , F̌respF qq is
a regular resistance form. This coincides with the trace in the setting of a Dirichlet form.
Moreover, there exists a linear map HF : F̌respF q Ñ Fres that satisfies all the conditions
in Proposition 2.14.

When the base space F is finite, we can write the trace form as a matrix form. In
particular, it provides us a desired jump measure.

Lemma 3.6. If F is a nonempty finite set, then there is a matrix qF px, yq ě 0 for
px, yq P F ˆod F such that F̌respF q “ lpF q and

Ěres,F pu, uq “
ÿ

px,yqPFˆodF

qF px, yqpupxq ´ upyqq
2 for all u P lpF q.

This lemma together with the above discussion provides a sufficient condition of open
sets to be trace admissible in the setting of resistance forms.

Corollary 3.7. If U Ă X is an extension domain of pX,R,m, E ,Fq and BU is finite,
then U is trace admissible.

Now we introduce the geometric setting of finitely ramified fractals. The following
definition of finitely ramified fractal is a slight generalization of [Typ, Definition 2.1].
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Definition 3.8. A locally compact, complete, unbounded metric space X is said to be
a unbounded finitely ramified fractal, if there are two collections tFαuαPA and tVαuαPA of
subsets of X satisfying the following conditions.

(FR1) A is a countable index set.

(FR2) Fα are distinct compact connected subsets of X.

(FR3) Each Vα is a finite subset of Fα containing at least two elements.

(FR4) There is a filtration tAnunPZ such that

(a) Each An is a subset of A such that X “
Ť

αPAn
Fα, and for each x P X, there

is n P Z such that there is a unique α P An such that x P Fα.

(b) An X Am “ H if n ‰ m and A “
Ť

nPZAn.

(c) For any α P An, there is a finite subset Aα Ă An`1 such that Fα “
Ť

βPAα
Fβ.

(FR5) If Fα “
Ť

βPA1 Fβ for some finite subset A1 Ă A, then Vα Ă
Ť

βPA1 Vβ.

(FR6) For any distinct α ‰ β P An, Fα X Fβ Ă Vα X Vβ.

(FR7) For any strictly decreasing sequence Fα1 Ľ Fα2 Ľ ¨ ¨ ¨ , there is x P X such that
Ş8

j“1 Fαj
“ txu.

Each Fα with α P An is said to be a n-cell of X and Vα is said to be the cell boundary of
Fα. The tuple pX, tFαuαPA, tVαuαPAq is said to be a finitely ramified cell structure of X.

Alternatively, ifX is a compact metric space, then the filtration is taken to be tAnuně0,
and the condition (FR4.a) is strengthened by that each An is a finite subset of A with
A0 “ t0u, F0 “ X. In this case, X is said to be a bounded finitely ramified fractal.

Roughly speaking, a locally compact metric space X is a finitely ramified fractal if
it can be broken into small pieces at every scale such that the boundary of each piece
consists only of finitely many points; see also [Typ, Proposition 2.7]. A typical example
of a finitely ramified fractal is the one-dimensional ray R` with a finitely ramified cell
structure given by the collection of all dyadic intervals.

3.2.2 Local finiteness of finitely ramified fractals

The definition of a bounded finitely ramified fractal exactly coincides with the definition in
[Typ, Definition 2.1]. The generalization to the unbounded situation causes no difficulty,
since each cell Fα is compact and pFα, tFβuβPA1 , tVβuβPA1q with A1 :“ tβ P A : Aβ Ă Aαu

gives a finitely ramified cell structure on Fα. All the propositions in [Typ, Section 2]
can be proved for locally compact finitely ramified fractals with the same arguments.
Nevertheless, because of the relaxation of condition (FR4.a), we provide some properties
concerning the locally finite property of X.
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Lemma 3.9. Assume X is an unbounded finitely ramified fractal. For each α P An, n P Z,
take a finite class Aα Ă An`1 such that Fα “

Ť

βPAα
Fβ as ensured by (FR4.c). Moreover,

for each α P An and k ě 1, we define

Aα,k :“ tβ P An`k : Fβ Ă Fαu.

(1) Aα,k X Aα1,k “ H for distinct α, α1 P An and k ě 1.

(2) An`1 “
Ť

αPAn
Aα.

(3) Aα,1 “ Aα for all α P An.

(4) An`k “
Ť

αPAn
Aα,k.

(5) Aα,k`1 “
Ť

βPAα,k
Aβ for k ě 1.

(6) For each α P An and k ě 1, the class Aα,k is finite.

Proof. (1) If β P Aα,k X Aα1,k, Fβ P Fα X Fα1 . Then a contradiction follows from that Fβ

is uncountable by [Typ, Proposition 2.8] and Fα X Fα1 “ Vα X Vα1 is a finite set.

(2) It is enough to prove that the left hand side is contained in the right hand side.
Take γ P An`1. Then Fγ is an uncountable set by [Typ, Proposition 2.8]. Then there is
α P An such that Fγ X Fα is uncountable. Moreover, there is β P Aα such that Fγ X Fβ

is uncountable, which implies γ “ β P Aα by (FR6).

(3) It is easy to see Aα Ă Aα,1, and then the other side follows from

Aα,1 Ă An`1z
ď

α1PAnztαu

Aα1,1 Ă An`1z
ď

α1PAnztαu

Aα1 Ă Aα,

where the first containing relation follows from (1) and the third containing relation follows
from (2).

(4) It is enough to prove the left hand side is contained in the right hand side. The
case k “ 1 follows by combining (2) and (3). Assume the claim in (4) holds for the case
k and we consider the case k ` 1. For γ P An`k`1, by the assumption, there is β P An`1

such that γ P Aβ,k, that is Fγ Ă Fβ. Then by (3), there is α P An such that β P Aα,1, that
is Fβ Ă Fα. Then we have Fγ Ă Fα, that is γ P Aα,k`1. Thus the desired result follows
by induction.

(5) It is enough to prove the left hand side is contained in the right hand side. Take
γ P Aα,k`1 and then by (2) and (3), there is β P An`k such that γ P Aβ. Then by (1) and
(4), β P Aα,k. Thus the desired result follows.

(6) This follows by the finiteness of Aα and induction by (5).

Proposition 3.10. For each x P X and n P Z, define the n-neighborhood index of x by

Nn,x :“ tα P An : x P Fαu. (3.4)

Then Nn,x is finite for all x P X and n P Z.
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Proof. It is enough to consider the unbounded case, since in the bounded case, each An is
finite. Fix x P X and write Nn :“ #Nn,x. Then Nn is increasing by (FR4.c) and Lemma
3.9 (1). Note that by (FR4.a), there are n0 P Z and α0 P An0 such that α0 is the unique
index in An0 for which x P Fα0 , which gives Nn0 “ 1. For n ą n0, and β P Nn,x, by
Lemma 3.9 (4), there is α P An0 such that β P Aα,n´n0 . Then we have x P Fβ Ă Fα, which
gives α “ α0 by the uniqueness of α0. Thus Nn,x Ă Aα0,n´n0 , which is finite by Lemma
3.9 (6).

Remark 3.11. We provide an example to show that the uniqueness condition in (RF4.a)
is critical for the locally finite property in Proposition 3.10.

Take a countable infinite subset E Ă S1 and let

X :“ tαx P R2 : x P E,α ě 0u,

which is equipped with the intrinsic distance

dpαx, βyq :“

#

α ` β if x ‰ y,

|α ´ β| if x “ y.

For each n P Z, k ě 0 and x P E, we define subsets of X by

Fn,k,x :“ tαx : α P rk2´n, pk ` 1q2´n
su and Vn,k,x :“ tk2´nx, pk ` 1q2´nxu.

Then for each n P Z, we define An :“ tpn, k, xq : k ě 0, x P Eu, A :“
Ť

nPZAn. It is
not hard to check that tFαuαPA and tVαuαPA satisfy all conditions for a finitely ramified
structure except (FR4.a), since for all n P Z, the n-cell containing x “ p0, 0q is not unique
in An. Moreover, the neighborhood Nx,n for x “ p0, 0q is always infinite for all n P Z.

For each x P X and n P Z, we define the n-level closed neighborhood of x by

Fnpxq :“
ď

αPNn,x

Fα

and let Unpxq be the interior of Fnpxq. Let V˚ :“
Ť

αPA Vα and

CX :“ tUnpxqunPZ,xPV˚
.

Then by [Typ, Proposition 2.10], CX is a fundamental neighborhood system of X.

Corollary 3.12. CX is a measure determining class of X.

Proof. Take two Radon measures µ, ν on X such that µpUnpxqq “ νpUnpxqq for all x P V˚

and n P Z. Since CX is a fundamental neighborhood system on X, for each x P V˚, we
have

µptxuq “ lim
nÑ8

µpUnpxqq “ lim
nÑ8

νpUnpxqq “ νptxuq.
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Note that for each α P An, n P Z, there is x P V˚ X pFαzVαq, which gives Fα “ Fnpxq, thus
intFα P CX for all α P A. Define Uα :“ FαzVα for all α P A and then we have

µpUαq “ µpintFαq ´
ÿ

xPVαzBFα

µptxuq “ νpintFαq ´
ÿ

xPVαzBFα

νptxuq “ νpUαq.

Fix α0 P A and define

Gα0 :“ tB P BpFα0q : µpBq “ νpBqu,

which is clearly a λ-system. Define Cp1q :“ tUα : α P A, Fα Ă Fα0u and Cp0q :“ ttxu : x P

V˚ X Fα0u. As proved above, we have Cp1q Y Cp0q Ă Gα0 . Moreover, Cp1q Y Cp0q Y tHu is a
π-system generating BpFα0q, thus by monotone class theorem, we have Gα0 “ BpFα0q. In
particular, we have µpBq “ νpBq for all B P BpUα0q.

Then for general B P BpXq, we have

µpBq “
ÿ

αPA0

µpBXUαq`
ÿ

xP
Ť

αPA0
Vα

µpBXtxuq “
ÿ

αPA0

νpBXUαq`
ÿ

xP
Ť

αPA0
Vα

νpBXtxuq “ νpBq.

Thus CX is a measure determining class.

3.2.3 Inverse regularity theorem for finitely ramified fractals

In order to apply Theorem 1.2 to finitely ramified fractals with the measure determining
class CX , we need to prove that each Unpxq P CX is trace admissible and admits an interior
cutoff sequence. We will mainly follow the arguments in [Typ, Section 3].

In this part, we assume pEres,Fresq is a local regular resistance form on X, where the
corresponding resistance distance space pX,Rq is a proper finitely ramified fractal with
cells tFαuαPA and boundaries tVαuαPA with index set A “

Ť

nPZAn. Let m be a Radon
measure on pX,Rq such that 0 ă mpBpx, rqq ă 8 for any x P X and r ą 0. Then write
pE ,Fq for the Dirichlet form on pX,R,mq induced by pEres,Fresq, so that pX, d,m, E ,Fq

is a MMD space.

For each α P A, let pEres,α,Fres,αq be the restriction of pEres,Fresq on Fα. Then
pEres,α,Fres,αq coincides with the local Dirichlet space pEintFα ,FpintFαqq. For each Unpxq P

CX , we define

Fres,n,x :“ tu P CpFnpxqq : u|Fβ
P Fres,β for all β P Nn,xu

and
Eres,n,xpu, vq :“

ÿ

βPNn,x

Eres,βpu, vq for all u, v P Fres,n,x.

Then pEres,n,x,Fres,n,xq is a resistance form on Fnpxq, which coincides with the local Dirich-
let space pEUnpxq,FpUnpxqqq.

Lemma 3.13. Let Unpxq P CX with n P Z, x P V˚.

29



(1) dimBpBUnpxqq “ 0.

(2) Unpxq is an extension domain. In particular, Unpxq is trace admissible.

(3) Unpxq admits an interior cutoff sequence.

Proof. (1) This simply follows from that BUnpxq is a finite set.

(2) Since BUnpxq is a finite set, we can fix a linear operator T : Fres,n,x Ñ F such
that Tu|Fnpxq “ u and imT is a finite dimensional space. In particular, we have Tu “ 0
if and only if u “ 0, thus T is a bounded operator. Thus Unpxq is an extension domain.
Combining Proposition 2.8 and Corollary 3.7, Unpxq is trace admissible.

(3) For each y P BUnpxq and j ě 1, we define

Vy,j :“ Un`jpyq X Unpxq

and let Vj :“
Ť

yPBUnpxq
Vy,j. When j is large enough, Vj is a disjoint union of Vy,j such

that each distinct Vy,j, Vy1,j have positive distance. A similar argument as before shows
that each Vy,j is a trace admissible open set; thus, Vj is a trace admissible domain when
j ě 1. In particular, tVjujě0 gives an interior cutoff sequence of U with V0 :“ Unpxq.

Combining all the discussions above, we reach the following inverse regularity theorem
for resistance forms on finitely ramified fractals.

Theorem 3.14. Let pEres,Fresq be a local regular resistance form on X and R be the
resistance distance. Assume pX,Rq is a metric doubling finitely ramified fractal. Let m
be a Radon measure on X such that 0 ă mpBpx, rqq ă 8 for all x P X, r ą 0 and write
pE ,Fq for the Dirichlet form on pX,R,mq induced by pEres,Fresq. Then for any ϵ ą 0, we
have

Dom∆ X C1`ϵ
pXq Ă R1X .

Proof. Note that a finitely ramified fractal is connected and thus uniformly perfect. Then
Proposition 3.5 implies that pX,R,m, E ,Fq has the capacity upper bound with index
σ “ 1. Then, by combining Corollary 3.12 and Lemma 3.13, we apply Theorem 1.2 with
γ “ 0 to derive the desired result.

Proof of Theorem 1.1. This follows by Theorem 3.14 and that the Euclidean distance d
and resistance distance R satisfy dlogp5{3q{ log 2 — R.
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