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Abstract

On a general metric measure space X equipped with a strongly local regular
Dirichlet form, we establish an inverse regularity theorem showing that, under nat-
ural geometric conditions, domA n C?(X) consists solely of constant functions once
0 exceeds a critical value determined by the capacity upper bound and the bound-
ary geometry. As applications, we prove the Barlow—Perkins conjecture that on the
Sierpinski gasket SG, domA n C?(SG) = Rlgg for every 6 > log(5/3)/log2. We
also show that on the Sierpinski carpet SC, domA n LIP(SC) = Rlse.

1 Introduction

Since Dirichlet forms (or diffusion processes) have been constructed on self-similar fractals,
including the Sierpinski gasket SG by Goldstein, Kusuoka, and Barlow—Perkins [Gol, Kus,
BPJ; the Sierpinski carpet SC by Barlow-Bass and Kusuoka-Zhou [BB89, KZ]; nested
fractals by Lindstrgm [Lin]; and finitely post-critical fractals by Kigami [Kig89, Kig01],
many “strange” properties of these Dirichlet forms, distinct from those in the setting of
smooth manifolds, have emerged. The most typical abnormal phenomenon is that the
heat kernel estimates on fractals usually hold with walk dimension S strictly larger than
2, known as sub-Gaussian heat kernel estimates, to distinguish them from the typical
case = 2 on manifolds, known as Gaussian heat kernel estimates. Another abnormal
phenomenon is that the energy measure on fractals is usually singular with respect to the
symmetric measure of the fractal; thus, in most situations, there is no intrinsic way to
express the Dirichlet form as an integral of a square power of some well-defined derivative
of functions. Indeed, there is a deterministic relation between these two properties; see
[KM20].

In this paper, we will prove such a “strange” property concerning the domain of the
infinitesimal generator, denoted by domA, of Dirichlet forms on fractals. Recall that
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Barlow and Perkins [BP] constructed a self-similar Dirichlet form (£, F) on the Sierpinski
gasket and proved that any function in the domain of the infinitesimal generator of the
form is Holder continuous with index o = log(5/3)/log2, denoted by C?(X); see [BP,
Theorem 5.22]. This is mainly due to the same Holder continuity of Green functions,
which is indeed also a typical property on fractals, since the Green function on Euclidean
spaces with dimension larger than 1 is not continuous. The index o coincides with the
capacity upper bound of their Dirichlet form

cap(B(x,r), X\B(x,2r)) <r °.
Moreover, they proposed a conjecture concerning the sharpness of the bound o:
domA n C%(X) = Rlx for all 0 > o, (1.1)

where R1y is the family of all constant functions on the Sierpinski gasket; see the first
paragraph of [BP, Section 9]. This conjecture implies that, except for the trivial common
part of constant functions, domA and C?(X) are actually disjoint. This is much stronger
than sharpness, which only requires domA & C?%(X) for every # > o. One of the main
motivations of this paper is to prove this conjecture as an inverse regularity theorem
for the domain of the generator, abbreviated as inverse reqularity theorem in the sequel,
which will be proved as a corollary of the general scheme in Theorem 1.2.

Theorem 1.1. For the Sierpinski gasket SG with the self-similar Dirichlet form con-
structed in [BP] and o :=log(5/3)/log 2, we have

domA n C%(SG) = Rlsg for all § > o.

Indeed, the proof of the above theorem on the Sierpinski gasket can be easily sum-
marized in the following three steps (readers familiar with the theory on the Sierpinski
gasket in [KigO1, Str] may readily verify them):

(1) If a function u belongs to the domain of the infinitesimal generator, then its restriction
to a cell also belongs to the domain of the infinitesimal generator for the cell without
a boundary condition.

(2) If the function w is Hélder continuous with index 6 > o, then it has a zero normal
derivative on the boundary of every cell. See [KigO1, Definition 3.7.6] or [Str, Defini-
tion 2.3.1] for the definition of normal derivative on the Sierpinski gasket. In other
words, the function u satisfies the Neumann boundary condition on every cell.

(3) With a constant test function, it turns out that the integral of Au over every cell is
zero, where A is the infinitesimal generator. Then, by the Lebesgue point theorem, we
have Au = 0 almost everywhere, which yields the desired result that u is a constant
function, since &(u,u) = — fulAu = 0.

One of the key points in the proof is that Holder continuity with index larger than o
serves as a sufficient condition for the Neumann boundary condition, with the calculation



of the normal derivative as an intermediate step. To extend this calculation to general
metric measure Dirichlet spaces, we need a mechanism to reduce the boundary behavior
of a function u to a difference of the form |u(x) — u(y)| for z,y near the boundary, just
like the normal derivative on the Sierpinski gasket. This leads to the application of the
trace of a Dirichlet form near the boundary, and to a specific requirement that the trace
form be purely jumping. In this case, the trace form can be expressed as the integral
of differences |u(x) — u(y)| with respect to a measure, called the jump measure. To this
end, we apply the trace theory recently established independently in [CC]| and [KM24],
which proves that every uniform domain in a metric measure Dirichlet space satisfying the
volume doubling condition and heat kernel estimates has the desired trace form and jump
measure; see Subsection 2.3. By shrinking the neighborhood of the boundary thinner and
thinner, the trace form serves as a substitution for the “normal derivative” on general
metric measure Dirichlet spaces.

At this stage, one may notice that the finiteness (or dimension 0) of the boundary in
the Sierpinski gasket plays an important role in Theorem 1.1. If the boundary of an open
set in a general metric measure Dirichlet space has upper box dimension v > 0, then the
appropriate bound on the Holder continuity index should be changed from ¢ to o+, since
we need a faster decay rate of the oscillation near the boundary to cancel out the effect of
the boundary volume. Roughly speaking, we will prove the following sufficient condition
for the Neumann boundary condition: if the Dirichlet form on a metric measure space
satisfies the capacity upper bound condition with index ¢ € R and U is a desired
open subset with boundary upper box dimension v > 0, then every Holder continuous
function with index 6 > o +  satisfies the Neumann boundary condition; see Theorem
2.20. The remaining part of the proof of the inverse regularity theorem, Theorem 1.2,
remains the same as that for the Sierpinski gasket, which leads to (1.1) holding with o
replaced by o + 7.

Theorem 1.2. Let (X,d,m,E, F) be a metric measure Dirichlet (MMD) space satisfying
the capacity upper bound with index o € R. Assume there is a measure determining class
C of X such that all U € C are bounded trace admissible domains admitting an interior
cutoff sequence. Let vy := supyee dimp(8U). Then for any 6 > o + vy, we have

DomA n C%(X) = ker€.

The notions in this theorem are introduced in Section 2. In the standard MMD space
setting with volume doubling and heat kernel estimates, the capacity upper bound follows
from [GHL] and bounded uniform domains are trace admissible by [CC, KM24]. Thus, in
concrete examples, the remaining task is to construct a measure determining class of such
domains with interior cutoff sequences, which is a geometric and topological verification.

A similar notion of boundary dimension, called the topological Hausdorff dimension
and denoted by diy, is involved in the discussion of the range of bounded variation func-
tions and the weak Bakry-Emery condition wBE(x) in [ABCRST]. For the Sierpinski
carpet, the topological Hausdorff dimension diy = log2/log3 + 1 coincides with v + 1,
where « is the upper box boundary dimension log2/log 3 discussed above. They conjec-
tured that wBE(x) holds on the Sierpinski carpet with k = 0 + dig — 1(= o + ), that
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is,
d K
75 - Tt w) < D

for every f e L¥(X,m), t > 0 and z,y € X, where T} is the semigroup and [ is the walk
dimension of the Sierpinski carpet. For the Sierpinski gasket, they proved that wBE(k)
holds with k = ¢ and that this bound is sharp. Our present work shares a similar flavor
while addressing different topics and using different approaches.

It is worth noting that, if the metric space is quasi-convex and o + v > 1, then the
inverse regularity theorem is trivial, since the space C?(X) itself consists only of constant
functions even without intersecting with domA. A typical situation is that of open balls
in n-dimensional Euclidean space with n > 1, in which case we have ¢ = 2 — n and
v =mn — 1, and then 0 + 7 = 1. This is why such an inverse regularity theorem is not
visible in Euclidean spaces. However, for the Sierpinski carpet, we can find a desired
family of subsets with an upper box boundary dimension v = log2/log3 < 0.64. By a
numerical calculation, see [BB9I0, equation (5.5)], the capacity upper bound holds with
index 0 < 0.23, so 0+~ < 0.87 < 1. Thus the inverse regularity theorem is non-trivial on
the Sierpinski carpet. In particular, we can prove that the intersection of the domain of
the infinitesimal generator and the family of Lipschitz functions consists only of constant
functions.

Theorem 1.3. For the Sierpinski carpet SC with the self-similar Dirichlet form con-
structed in [BB89, KZ], we have

dOH’lA M LIP(SC) = Rlsc.

A similar conjecture for the Sierpinski gasket is raised in [Mur24a, Section 6.3], with
the domain of the infinitesimal generator replaced by the entire domain of the Dirichlet
form. This conjecture remains open to this day.

Moreover, different from the case of the Sierpinski gasket, for general metric mea-
sure Dirichlet spaces like the Sierpinski carpet, there appears a gap between the inverse

regularity result
domA n C7*¢(X) = Rly,

and the positive regularity result, see [Kigl2, Section 4] for Dirichlet forms induced from
regular resistance forms,

domA < C7(X).

According to the conjecture in [ABCRST], we should expect that im7; < domA n
C7t(X); thus, o + v is the optimal bound for the inverse regularity theorem on the
Sierpinski carpet. Moreover, the topological dimension of the Sierpinski carpet has been
proved to be log2/log3 + 1 [BBE, Theorem 5.4], which also shows the sharpness of the
choice of 7. Nevertheless, to the best of the authors’ knowledge, there has been no im-
provement in the positive regularity, even if the domain of the infinitesimal generator is
replaced by the family of harmonic functions.



Conjecture 1.4. For the Sierpinski carpet SC with the self-similar Dirichlet form con-
structed in [BB89, KZ7] and constants o, as before, we have

domA N C7"(8C) # Rlse.

We should point out that even if the inverse regularity theorem, Theorem 1.2, implies
a fundamental incompatibility between the Dirichlet form and Lipschitz functions on
fractals, it is still possible to construct functions in the domain of the Dirichlet form with
Lipschitz continuity on some “thin” continua. Such a construction plays a key role in some
circumstances. For example, every function f in the domain of the Dirichlet form F on
the Sierpinski carpet admits an approximating sequence f,, € F with Lipschitz continuity
(indeed, piecewise linear) on the boundary of the convex hull square; see [C()24a] for
their building-block manipulation. This idea can be extended to many fractals with flat
geometric boundaries, such as the unconstrained Sierpinski carpets proposed in [C()24a]
and the golden ratio gasket proposed in [C()24b]. As a substitution for classical arguments
involving local symmetry, it leads to the existence and trace characterization of the self-
similar Dirichlet form on such fractals in the absence of local symmetry.

This paper is organized as follows. Section 2 is devoted to proving the inverse regularity
theorem, Theorem 1.2, for general metric measure Dirichlet spaces. There, we recall the
setting of metric measure Dirichlet spaces, the local Dirichlet form, the domain of the
Laplacian, and the trace form in Subsections 2.1, 2.2, and 2.3, respectively, and prove the
main theorem in Subsection 2.4. We then apply the general scheme of Theorem 1.2 to
concrete examples in Section 3, including the self-similar Dirichlet form on the Sierpinski
carpet in Subsection 3.1 and resistance forms on finitely ramified fractals in Subsection
3.2.

2 Inverse regularity theorem for MMD spaces

2.1 Preliminary on Dirichlet forms

Recall the setting of metric measure Dirichlet spaces (X, d, m, &, F) as follows. (X, d, m)
is said to be a metric measure space, if (X,d) is a complete, separable, proper metric
space and m is a Radon measure on X with full support. Here a metric space is said
to be proper, if every bounded set in the space is precompact. For each m-measurable
function v on X, we write spt(u) for the support of the measure spt(u-m). We denote by
Co(X) the class of continuous functions with compact support equipped with the norm
[u]cixy == sup,ex |u(z)|. A pair (€, F) is said to be a strongly local regular Dirichlet form
on (X,d,m), if

(1) F is a dense subspace of L?(X,m) and £ is a nonnegative symmetric bilinear form

on F.

(2) Closed. (F,&) is a Hilbert space with & (u,v) = E(u,v) + (u,v)r2(x,m) for u,v e F.



(3) Markovian. For all uw € F with u := (u A 1) v 0, it holds that © € F and £(u,u) <
E(u,u).

(4) Regular. F n Cy(X) is dense in both (F,&;) and (Co(X), || - [lccx))-

(5) Strongly local. For any u,v € F and ¢ € R with spt(u — ¢) n spt(v) = &, we have
E(u,v) = 0.

Generally, (€, F) satisfying conditions (1)—(3) is said to be a Dirichlet form on (X, d, m).
If (£,F) is a strongly local regular Dirichlet form on a metric measure space (X, d, m),
then (X,d,m,&, F) is said to be a metric measure Dirichlet space, or MMD space for
simplicity. A detailed account of the theory of Dirichlet forms can be found in [FOT]. We
denote the kernel of (£, F) by

ker€ :={ue F: E(u,u) =0},

and write R1 4 for the class of all real constant functions on a set A.

One of the most typical examples of a Dirichlet form is the first-order Hilbert space
with Dirichlet boundary (H&(Q), (-, ~)H1(Q)) of an open set €2 < R™. For each open set 2,
we define the first-order Hilbert space on 2 by

HY(Q) == {ue L* (L") : djue L*(Q,L"),j =1,--- ,n}

and bilinear form

n

(u, ) g1 () = Z(ﬁju, V) L2(0,0m) = J Vu - VodL"  foru,ve H(Q),
Q

=1

where L£" is the Lebesgue measure on R”, d;u is the j-th weak partial derivative of u
and Vu = (d1u, -+ ,0,u). Then the first order Hilbert space with Dirichlet boundary
H{(Y) is defined as the closure of H'(Q) n Co(Q) in (H*(Q), (-, )ar(e)). It is known
that ((-,)m (), H3(2)) is a strongly local regular Dirichlet form on (£2,d, £"). Clearly,
ker H} (Q) = {0}.

For a general Dirichlet form (€, F), it is unknown whether there exists a finite integer
n = 0 and a reasonable linear map V : F — (L*(X, m))" such that

E(u,v) = J Vu - Vudm.
X

However, there still exists a finite measure, called the energy measure and denoted by
['(u,v), on X for each u,v € F, which encodes the local information of £(u,v) on each
Borel set and serves as a substitution for (Vu - Vov) - £L" in H}(2). Hence we need
to introduce the following concepts of capacity and quasi continuity to ensure that the
integral of the energy measure is well-defined.

For each set A < X, we define the 1-capacity of A by

Cap(A) := inf{& (u,u) : ue F,u|ly =1 m-a.e. for some open set U > A},
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where &£ (u,v) = E(u,v) + (u,v)r2(x,m) as before. A Radon measure p on X is said to
be a smooth measure, if u(A) = 0 for all sets A < X satisfying Cap(A) = 0. Clearly
the measure m is a smooth measure since m(A) < Cap(A) for all Borel sets A. As a
counter example of smooth measure, one can take a k-dimensional subspace S < R" with
0 < k < n — 2 and restrict the k-dimensional Hausdorff measure on S by p := 1g - H*.
Then we have Cap(S) = 0 and u(S) > 0, which implies that u is not a smooth measure.
The capacity in this example is defined relative to H} (R™).

Similar to the terminology almost everywhere, a statement depending on points is said
to hold quasi everywhere (q.e.) on some A < X if there is a set N © A with Cap(N) =0
such that the statement holds for all x € A\N. For example, two functions u,v : X — R
are said to satisfy u = v q.e. if Cap({z € X : u(z) # v(x)}) = 0. It is worth noting that,
if v is a smooth measure on X and functions u,v : X — R satisfy u = v q.e., then u = v
p-a.e.. See [FOT, Section 2.1] for details on capacity.

A function u : X — R is said to be quasi continuous on a set A < X, if for any € > 0,
there is a closed set F' < X such that u|snr € C(A n F) and Cap(X\F') < e. For each
u € JF, there is a quasi continuous function @ : X — R such that « = u m-a.e.. The
function w is said to be a quasi continuous version of u, which is unique in the following
sense: if both quasi continuous @, u’ satisfy @ = u, 4 = u m-a.e., then @ = @' q.e.. We
always denote a quasi continuous version of u by @. See [FOT, Section 2.2] for details of
quasi continuity.

For each uw € F n L*(X,m), there is a Radon measure I'(u,u) on X satisfying
1
f odl(u, u) = E(up,u) — 55(1/?,90) for all g € F n LZ(X,m).
be

For general u € F, let u, = (u A n) v (—n) for n > 1 and define I'(u,u) :=
lim,, o ['(uy, u,). For u,v € F, the energy measure of u, v is defined by polarization

C(u,v) := i(f‘(u—l—v,lﬁ—v) —D(u—v,u—0)).

Energy measure I'(u, u) is always a smooth measure.
For u, ¢ € H}(R"), we have

Jn (V(up) - Vu - %V(?ﬂ) - V)dL" = J ©|Vul2dL"

n

by Leibniz law of V. Thus the energy measure of u € H}(R") is T'(u,u) = [Vul?- L. See
[FOT, Section 3.2] for details of energy measure.

Classically, a function u € F is said to belong to the domain of infinitesimal generator
A related to the measure m, if there is g € L?(X, m) such that

E(u,p) = —fg-godm for all p € F,

and we write Au = g, see [FOT, Corollary 1.3.1]. We write domA for the domain of
generator relative to m.



The following definition of the Laplacian is slightly more general than the infinitesimal
generator of a Dirichlet form in [FOT] (we use the term “Laplacian” to indicate the
difference), since the image of the Laplacian will only be required to be a signed smooth
measure. This relaxation enables us to deal with more general functions, such as Green
functions on resistance form spaces, which are not included in the classical definition of
the domain of the generator.

Definition 2.1. Define the domain of Laplacian DomA by v € DomA if and only if u € F
and there is a smooth measure p on X and a p-measurable function n : X — {—1, 1} such
that
E(u,p) = —f w-ndu  for all p € F n Cy(X). (2.1)
b's
For each u € DomA, we write Au := 7 - pu.

Remark 2.2. If u € F satisfies (2.1) for a Radon measure p and = 1 p-a.e., then for
any nonnegative ¢ € F n Cy(X) with |y = 1 m-a.e. for some open set U > A, we have

u(A) < f odit = 1€, 0)] < E4(u, 1) 281 (0, )2,
X

which implies
p(A) < E(u,u)*Cap(A)'/?

for all Borel sets A. Thus p is automatically a smooth measure. A similar argument
holds if n = —1 p-a.e.. However, it is unknown whether a Radon measure representing
the total variation of the image of the Laplacian is automatically a smooth measure when
both p({n =1}) > 0 and p({n = —1}) > 0.

If u € domA with Au = g € L*(X, m), then by defining n := 10} — l{y<0} and
i = |g| - m, which is a smooth measure, we have u € DomA with Au = n - p. Tt is
worth noting that the domain of the Laplacian DomA is independent of the choice of the
measure m, in contrast to domA.

Definition 2.3. A class C of bounded subsets in a proper metric space X is said to be
a measure determining class, if for any two Radon measures p, v on X, u(C) = v(C) for
all C' e C implies p = v.

For example, a typical measure determining class C of R" is given by
C:= {H(kJQm, (kj + 1)2m] m e Z, l{?] € Z,j = 1, s ,n},
j=1
see [Kal, Lemma 1.17].

Lemma 2.4. Let C be a measure determining class on X. If a Radon measure p on X
and a p-measurable function n : X — {—1,1} satisfy Sc ndp = 0 for all C € C, then
n-p=0.



Proof. Define py := 1g,—1y - o and pp := 1g—_1y - . Then for each C' € C, we have

1 (C) — pa(C) = Lndu = 0.

Since both iy, o are Radon measures and C is a measure determining class, we have
1 = po. This gives

fndu=f dﬂ—f dp = p(A) — pa(A) = 0
A An{n=1} An{n=-1}

for all Borel measurable sets A. Thus n - = 0. O

2.2 Local Dirichlet space and local Laplacian

Before introducing the notion of local Dirichlet spaces and local Laplacian with various
boundary conditions, we first recall some geometric inequality conditions and the notion
of uniform domain, see [GHL, Mur24a].

Associated with a Dirichlet form (&,F), there is a strongly continuous semigroup
{T;}+~0 on L*(X,m), that is, a family of bounded linear operators on L?*(X,m) such that
TTs = Tivs, | Tou| 12 (xm) < ] 2(x,m) and limy_o Tyu = w in L*(X,m) for all s,¢ > 0 and
ue L*(X,m). A non-negative Borel function p; : X x X — R is said to be the kernel of
T;, if

Tiu(z) = JX w(y)pe(z,y)dm(y) m-a.exe X

for all u e L*(X,m) and ¢ > 0.

The notion of relative capacity is defined as follows. For disjoint sets A, B < X, we
define the relative capacity between A and B by

cap(A, B) := inf{&(u,u) : ue F,uly = 0,uly =1 m-a.e. for open sets U > A,V > B}.
(2.2)

We list some well-known geometric inequalities that will be involved in this paper.

Definition 2.5. Let (X, d,m, &, F) be a MMD space and {7}}:~¢ be the associated semi-
group.

(1) (X,d) is said to be metric doubling, if there is a constant N > 1 such that for any
x € X and r > 0, there exists x1, -+ ,x, € X with n < N satisfying

B(z,2r) < U B(xj, 7).

(2) (X,d,m) is said to be volume doubling, if there is a constant C' > 1 such that

m(B(z,2r)) < Cm(B(x,r)) forallze X,r > 0.

9



(3) (X,d,m) is said to be a-Ahlfors reqular for o = 0, if there is C' = 1 such that

Cr* <m(B(z,r)) < Cr* for all r € (0,diamX].

(4) (X,d,m,E,F) is said to satisfy capacity upper bound with index o € R, if there is a
constant C' > 1 such that

cap(B(z,r), X\B(z,2r)) < Cr™? for allz € X,r > 0.

(5) (X,d,m,E,F) is said to satisfy heat kernel estimates with walk dimension § = 0,
HKE(p), if T; admits a kernel p;(z,y) and there is a constant C' > 1 such that the
kernel of T; satisfies

e o) < —C e[ () =
m(B(x,tl/ﬂ)) {d(x,y)éC*ltl/B}\pt YY) = m(B(m,tl/B)) XP Ot

for all z,y € X and ¢t > 0.

It is well-known that if (X, d, m,&,F) is a-Ahlfors regular and satisfies heat kernel
estimates with walk dimension [, then it satisfies capacity upper bound estimate with
index 0 = § — «, see [GHL]. Actually, the index of Ahlfors regularity and walk dimension
always satisfy the relation

2<pf<a+l,

see [Mur24b] for the proof and optimality of this relation. In particular, it implies o < 1.
Definition 2.6. Let U be a connected, nonempty, open, proper subset of X. If there is a

constant A > 1 such that for any x,y € U, there is a path-connected set v in U containing
both z and y such that diamy < Ad(z,y) and

dist({z},0U) = A~ (d(x,2) A d(y, 2)) forall z €,
then U is said to be a uniform domain of X.

The following definition of local Dirichlet space follows from [Mur24a, Definition 2.5].
For an open set U < X, we denote the domain of local Dirichlet space on U by Fi,.(U),
where u € Fioe(U) if and only if for any relatively compact open subset V' < U, there is
u? € F such that u = u# m-a.e. on V. The energy measure I'(u,u) of u € F,.(U) is a
Radon measure on U such that 1y - T'(u,u) = 1y - T'(u#, u#) for any relatively compact
open set V < U and any u” € F such that u = u# m-a.e. on V. Define a pair (&, F(U))
by

FU) = {u & FioolU) n L2 (U, m) L A0 (u, ) < oo}

and

Eu(u, 1) = L A0 (i, ).
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For u,v € F(U), we write Ey(u,v) := 1(Ey(u+ v,u+v) — Ey(u — v, u — v)).

It is worth emphasizing that the pair (&, F(U)) might fail to be a regular Dirichlet
form on (U,d,m). For example, let U := B(0,1)\([0,1] x {0}) = R%. Then H*(U) as
the local version of H'(R?) is not regular since u(r cos,rsin @) := 6 satisfies u € H*(U)
while there does not exist a sequence u, € H(U) n C(U) such that u, converges to u in
(-, )1 y- See [Mur24a, Definition 4.1, Lemma 4.2] for the following sufficient condition
for (€, F(U)) to be a strongly local regular Dirichlet form on (U, d, m).

Definition 2.7. An open subset U < X is said to be an extension domain, if there is
a bounded linear operator £ : F(U) — F such that Fu = u m-a.e. on U, where the
topology on F(U) and F are given by &y and &; respectively.

Proposition 2.8. I[fU = X is an extension domain and m(0U) = 0, then (Ey, F(U)) is
a strongly local reqular Dirichlet form on (U,d, m). Moreover, the 1-capacity for A < U
with respect to (€, F) and (Ey, F(U)) are comparable to each other.

Once U is an extension domain, the notions of quasi everywhere and quasi continuity
on U are equivalent for (£, F) and (Ey, F(U)). We have the following sufficient condition
for a set to be an extension domain; see [Mur24a, Theorem 2.7].

Proposition 2.9. If MMD space (X,d, m,E, F) satisfies volume doubling property and
heat kernel estimates, then any uniform domain in X s an extension domain.

Next, we consider restricting the Laplacian on the whole space, defined in Definition
2.1, to an open set U. Recall that for each u € DomA, the Laplacian Aw is only required
to be a signed smooth measure on X.

Definition 2.10. Let U < X be an extension domain.

(1) Define the domain of Laplacian on U without boundary condition Dom(A,U) < F(U)
by w € Dom(A, U) if and only if for any relatively compact open set V < U, there is
u? € DomA such that uly = u |y m-a.e..

(2) If w € Dom(A,U), then there exists a signed smooth measure Au on U such that
1y - Au = 1y - Au? for any relatively compact open set V < U and u# € DomA such
that u = u* on V m-a.e..

Clearly for each v € DomA, we have u|y € Dom(A,U) and
A(U|U) = 1U - Au.
We need the following characterization when Au acts on ¢ € F(U) with @loy = 0 q.e..

Lemma 2.11. Let U < X be an extension domain and v € Dom(A,U). Then for each
pe F(U)n L*(U,m) such that ¢loy = 0 g.e., we have

Eu(u,p) = — JU PdAu. (2.3)
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Proof. Write Au = n-p1 as before. Since || < [¢] 1o (x,m) m-a.e., we have [@] < || Lo (x,m)
q.e., which implies [P e (x,0) < [|¢[ 2o (x,m)- By [FOT, Corollary 2.3.1], there is a sequence
on € F(U) n Cy(U) such that lim, o, Ey1(@ — ©n, ¢ — @n) = 0. Moreover, by [FOT,
Theorem 1.4.2 (v)], we further assume |@,|reow, < |@|re@w,y for all n > 1. By the
definition of Au, we have

Eulu,ipn) = E(ut, ) = —f ALdAut = — f en - nd,
X U

where 0 is defined on X as the zero extension of ,,, and u# € Dom(A) such that u = u#
on the support of ¢,. Clearly we have

lim 5U<U, @n) = gU(u7 30)7

n—00

so it remains to show that

lim | @, - ndp = f @ - ndp.
U

n—0o0 U

Since p is a smooth measure, by [FOT, Theorem 2.2.2, Theorem 2.2.4], there is an
increasing sequence of relatively closed sets F; < U such that Cap(U\F;) — 0, u(U\Fj) —

0 and
vdp| < Ciz/Eur(v,v or allve F(U
Jm j M‘ J U,l( ) f ( )

for some constant C; > 1 depending on j.

Then we have

| (wn—@-ndu‘ <[ toudldut [ Lol
U UnF; U\F;

< O\ J€0(0u — 0, 00— ©) + 21(U\E)8] oy,
which implies
imsup| [ (00— ) ndu‘ < 2(U\E)3 ]
n—00 U

for all 7 > 1. Then the desired result follows by taking j — 0. m

Recall the Gauss-Green formula for open sets in Euclidean spaces. Let {2 = R” be a

bounded open set with smooth boundary. Then for each u, p € C*(£2), we have

r r
J Vu-Vedl" = — | Au-pdl" + J dyu - edH" 1,
Q Ja o0

where d,u is the normal derivative of u on 0 oriented outside of Q. If u € C*(f) satisfies

r r
J Vu-Vodl" = — | Au-@pdL™  for all p e C*(Q),
Q

Q J
then 0,ulsn = 0 H" '-a.e., and in this case we say u has Neumann boundary on 0.

Similarly, we define the domain of Laplacian on U with Neumann boundary for Dirich-
let forms as follows.

12



Definition 2.12. Let U < X be an extension domain. Define the domain of Laplacian
on U with Neumann boundary by

Domy (A, U) := {u € Dom(A,U) : Ey(u, p) = —J @dAu for all p € f(U)mLOO(U,m)}.
U

Compared with Lemma 2.11, if u satisfies the Neumann boundary condition, then (2.3)
holds not only for a function ¢ with zero boundary values on 0U, but for all essentially
bounded functions in the domain of the local Dirichlet form.

In the case of a bounded open set = R™ with smooth boundary and u € C*(Q), if
there are 0 > 1 and C > 1 such that

lu(z) —u(y)| < Cd(x,y)? for allxe 09,y e Q,

then 0,ulsq = 0, and thus u satisfies the Neumann boundary condition.

2.3 Trace of Dirichlet forms and estimates of the jump measure

The following definition of the trace form mainly follows [[XM24], using different notation.
Let U < X be an extension domain. Then (Ey, F(U)) is a strongly local regular Dirichlet
form on (U, d,m). Define a space F(0U) by @ € F(oU) if and only if @ : 0U — R is quasi
continuous on OU and there is @# € F(U) such that @#|;y = @ q.e.. For each @ € F(oU),
define
Eov(t, @) := inf{Ey (0¥, a¥) : a¥ e F(U),a* =i q.e. on oU}.

For @, 7 € F(oU), we define £(@,¥) by polarization. The pair (€, F(AU)) is called the
trace of (Ey, F(U)) on oU.

Assume (X,d,m, &, F) satisfies the volume doubling property and heat kernel esti-
mates. If U is a uniform domain of X, then there is a smooth measure p on U, called
the &-elliptic measure; see [KM24, Proposition 4.1]. Moreover, (&, F(U)) is a Dirichlet
form on (0U, d, ). The following characterization of the trace mainly follows from [KM24,
Theorem 1.5, Definition 2.33].

Proposition 2.13. Let (X,d,m,E,F) be a MMD space satisfying the volume doubling
property and heat kernel estimates, and let U be a uniform domain of X.

(1) There is a linear operator Hyy : F(0U) — F(U) satisfying the following properties.

(a) Hyyilloy = @ q.e. for all e F(oU).
(b) Eu(Havt, ) = Eau(@, ¢lov) for all ae F(OU) and ¢ € F(U).
(¢) Ev(Hayi, Hoptt) = Eay (@, @) for all e F(OU).

(d) |Hovt| Lo @wm) < @] ze@u,e), where we define

|@| Lo (ove) = inf{c € [0,0] : Cap({|a| > c}) = 0}.

13



(2) There is a Radon measure Jar on 0U Xoq OU such that

éaU(u, v) = J (u(z) —u(y)(v(z) —v(y))dJou(z,y) for all u,v € ]:'(GU).

aUdeaU

Here for each A, B < X, we write A xoq B := {(x,y) € A x B : x # y}, where ‘od’
means off-diagonal.

The linear operator Hayy 1s said to be the harmonic extension operator, and the measure
Jou 1s said to be the jump measure.

Since the open sets considered below might not even be connected, and thus may not
be uniform domains, we need the following generalization.

Definition 2.14. Let U < X be an extension domain. If there exist a linear operator
Hyy and a Radon measure Jy; that satisfy the properties in Proposition 2.13, respectively,
then U is said to be a trace admissible domain in X.

Lemma 2.15. Let U; be trace admissible domains in X for 1 < ¢ < n such that
dist(U;,U;) > 0 for all1 < i < j <n. Then U := U?Zl U; is still a trace admissible
domain.

Proof. Note that by definition, it is easy to see that u € F(U) if and only if u|y, € F(U;)
forall 1 <i<n,and

Eu(u,u) = €, (uly,, ulv,).

i—1
In particular, if spt(u) = U; and spt(v) < U, for i # j, then Ey(u,v) = 0.
Moreover, we have u € F(0U) if and only if u|sy, € F(OU;) for all 1 <i < n. Then we

can define Hyy : F(0U) — F(U) by
Hypu := Zn] Hoy, (ulou;) - 1z,
i=1
and define Jyy on dU Xoq 0U by
Jou 1= Zn: Jou,-
i=1
Then Hyy and Jyy give the desired harmonic extension operator and jump measure. [

The following upper bound estimate of the jump measure will be useful in the proof
of our main theorem.

Lemma 2.16. Let U be a trace admissible domain of X.
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(1) For any disjoint open sets A, B < X, we have
Jou((An dU) x (Bn oU)) < cap(A, B),
where the relative capacity is defined in (2.2).

(2) Assume (€, F) satisfies capacity upper bound in Definition 2.5 (4) with index o € R.
Let K < oU and N < K such that K < |J,.y B(x,0/3) for 6 > 0. Then for
F:={(z,y) e K x oU : d(z,y) = d}, we have

Jou(F) < #N - C677,
where C' =1 is a constant only depending on the capacity upper bound condition.

Proof. (1) It is enough to consider the case cap(A, B) < co. Take ¢ € F such that
Yla = 1,%|p = 0 m-a.e. and E(¥, ) < cap(A, B) + € for some € > 0. Then we have

EW.Y) = Eu(Wlu, Ylv) = Eav(¥lov, ¥lov)
-G - bW (e)
0U x 5q0U

>f (B(x) — $(y)Vddow (2,y)
(AnoU)x (BnoU)
> Jou((An dU) x (B noUl)).

Then the desired result follows by taking e — 0.

(2) For each x € N, write B, := B(z,/3) and A, := X\B(z,2/3). For any (z,y) €
K x 0U with d(x,y) > d, there exists ' € N such that = € B,y and y € A,,. Then we have

Jov(F) < Y Jou(Be 0 K) x (A, 0 0U)) < Y cap(By, A,) < #N - C57°.

zeN zeN

This gives the desired estimate. O]

Lemma 2.17. Let U; < X, j = 0 be a sequence of bounded trace admissible domains such
that Uj11 < U; for all j = 0 and ﬂ;ozo U, =.

(1) Let A, B < X be disjoint open sets such that cap(A, B) < co. Then

lim Jo, ((A n 0U;) x (B n dUj)) = 0.

Jj—0

(2) Let § > 0 and define E = {(x,y) € Uy x Uy : d(x,y) > 6}. Then we have

lim JBU]- (E M (8U] X é’U])) = 0.

J—0
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Proof. (1) Take ¢ € F such that |4 = 1,¢|p = 0 m-a.e.. Then we have
J dr(wﬂ/}) = SUj(MUj?MUj) = S@Uj (&‘anlﬁij)
U.

> f (B(x) — B(y)d o, (2,y)
(Am(?Uj)x(Bm(?Uj)
= J{}U]((A M (?UJ) X (B M an»

Since U, decreases to empty set, we have

Jj—®© Jj—©

lim JaUJ.((A N oU;) x (B ndUj)) < lim dl' (v, ) = 0.
Uj

This gives the desired result.

(2) Since Uy is bounded, there is a finite set N < U, such that Uy < | J,.y Be, where
B, := B(z,d/5). Then for any z,y € Uy such that d(z,y) > ¢, there exists 2/,y’ € N
such that x € B,y € By and dist(By, By) > /5. Note that in this case, we have
cap(B,, By) < oo, which gives

lim Jou, ((Bw 0 0U;) x (B, 0 0Uj)) = 0.
j—
Thus we have

J—0

lim Joy, (E n (0U; x 0U;)) < Z lim Jou, ((By 0 0U;) x (By n 0U;)) = 0,
/ /J*)(D
@'y
where the sum is taken for all 2/, y’ € N such that dist(B,, B,) > 6/5. O

2.4 Inverse regularity of the domain of Laplacian

In this subsection, we prove the two main theorems in this paper. Theorem 2.20 provides
a sufficient condition of Neumann boundary condition in terms of Holder continuity, and
Theorem 1.2 proves the inverse regularity of the domain of Laplacian.

Definition 2.18. (1) For each bounded set K < X and § > 0, we denote by ss(K) the
smallest integer such that there is N X with #N = s5(K) such that

K c U B(z,0).

xeN

Moreover, we write the upper box dimension of K by

- 1 K
dimgK := limsup %.
6—0 - IOg(S
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(2) Foreach® > 0and A = X, we write C?(A) for the class of all functions on A satisfying

f(x) = fly)] < Cd(x,y)? forallz,ye A

for some constant C' > 1. In particular, we write LIP(X) := C*(X). Note that if
X =TR" and 0 > 1, the notion C?(A) is different from its usual meaning.

For two trace admissible open sets V' < U < X with oU < dV and k € Z, we write
F(U, V) := {(z,y) € 0U x oV : 27F < d(x,y) < 2771},
Bu(U) = {(2,y) € T x T s d(z,y) = 274},

Definition 2.19. Let U be a bounded trace admissible domain. A decreasing sequence
of trace admissible domains V; < U for j > 0 is said to be an interior cutoff sequence of
U,it Vo =U, ﬂ;OZOVj =, oU < 0V}, and dist(oU, 0V;\oU) > 0 for all j > 1.

Theorem 2.20. Let (X,d,m,E,F) be a MMD space satisfying the capacity upper bound
condition with index o € R. Let U < X be a bounded trace admissible domain admitting
an interior cutoff sequence {V;};=o. Then for any 8 > o + dimp(0U), we have

Dom(A, U) n C%(U) < Domy (A, U).

Proof. Write 7y := dimp(0U) and take ¢ > 0 such that o+~ +e€ < 6. Let u € Dom(A,U)n
C%U) and write Au = 1 - u. Then there is a constant C' > 1 such that

lu(x) —u(y)| < Cd(z,y)? for allz,yeU. (2.4)

Let ¢ € F(U)n L*(U, m). Since dist(0U, 0V;\dU) > 0, there is 1) € F n L*(X, m) such
that 1D ou = 1 and 1/}|6Vj\6U =0 q.e., which implies (16U : @)|avj = (770 : @)|avj € .7:(6‘/])
Define ¢; : U — R first on V; by ¢; := Hay,((1ov - ¢)|ov;) and extending to U\V; by
assigning value zero. Since @;lovov = 0 q.e., we have p; € F(U) and ¢;|lov = Plov q.e..
Then by Lemma 2.11, we have

otuse -9l = | (5= @)dbu (25)
U
It remains to prove
lim &y (u, ;) =0 and lim | @;dAu = 0.
j—o0 J—© Jir

On one hand, we have

1Bj | Loy < ll@sllLe@wm) = 11ov - Plro@ue) < [0l @m),
which implies
lim J GidAu| < lim [ e x ) - 1(Vy) < ol @my - lim (V) = 0. (2.6)
i—o | Ju j—0 j—o0
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On the other hand, fix 4y > 0 such that s5(0U) < 677~ for all § < &y and take kg € Z
such that 6y > 27%. Then we have

v (u,05)| = |Ev; (ulv,, 05lv;)| = [Eav, (ulav;, B5lav;)|

LV. - (u(x) — u(¥))(B;(x) — ¢;(y))dJav, (z, y)'

=2

[ ) = u)g )i o)
<2 (o) - )0 o)

< 2l ) f () — u(y)|dJov, (2, y)
6U><Od6Vj

< 200l ( [ ule) — uly)|dJoys (. 9)
Eioy (U)(2V; x3V;)

0

+ Z JFk(U,Vj) lu(z) —u(y)|dJay, (2, y))

k=ko+1

< 2]l oo wm) <2lulc<U>Javj(Ek0<U) NV x V) +C D] 2—’f"Javj<Fk(U,v;->>)

k=ko+1

o0
< 2]] oo my <2|U|C(U>Jﬁvj(Eko(U) N (OV; x aVy) +C )] 2—k<9—v—v—s))

k=ko+1
< 2H(pHLOO(U’m) <2|U|C(U)J<9Vj (Eko(U) N (@V} X (N/J)) + 02—190(9—0—7—5))7
where the last second line follows from Lemma 2.16 (2) and the assumption s5(0U) <

d777¢, and the last line follows from that 6 > o + 7 4+ €. Then by Lemma 2.17 (2), we
have

lim sup €y (u, 9;)] < 2[p] oo wm) - C27H00777179
J—0

for all ky € Z such that &, > 27 Let ky — o0, we derive

lim |€4(u, 9;)] = 0. 2.7)
j—00
Then combining (2.5), (2.6) and (2.7), we have

U

for all p € F(U) n L*(U, m), thus u € domy (A, U). O

We now prove Theorem 1.2.
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Proof of Theorem 1.2. Let u € DomA n C?(X). Then for each U € C, we have u|y €
Dom(A, U) with A(u|y) = 1y - Au. Then by Theorem 2.20, we have u|y € Dompy (A, U),
that is,

Eu(ulu, p) = —f @dAu  for all p € F(U) n L*(U,m).
U

Since U is bounded, we have 1y € F(U) n L*(U, m), which gives

J dAu = —EU(U‘U, 1U) = 0.
U

Then by Lemma 2.4, we have Au = 0, which gives
E(u,u) = f udAu = 0,
U

that is, u € ker&. O

3 Examples

We are mainly concerned with two examples: the self-similar Dirichlet form on the Sier-
pinski carpet, and the Dirichlet forms induced by resistance forms on finitely ramified
fractals, including the Sierpinski gasket.

3.1 Sierpinski carpet

The Sierpinski carpet is a compact subset of R?. Let Qy = [0,1]*> ¢ R? and define
F; : Qo — Qo by Fi(x) = p; + (x — p;)/3 for 1 < i < 8, where ¢;—q4 are the vertices of
Qo and ¢5—qgs are the midpoints of the edges of ()g. Then there is a unique nonempty
compact set K < Qg satisfying K = Ule F;(K), which is the Sierpinski carpet. Let d be
the Euclidean distance and m be the (log8/log 3)-dimensional Hausdorff measure on K,
which is a-Ahlfors regular with o = log8/log3. In [BB89, KZ], a Dirichlet form (&, F)
was constructed on K, satisfying heat kernel estimates HKE(S) for some 5 > 2. See
[BB99] for the heat kernel estimates. Moreover, it has the following self-similarity; see
[KZ, Theorem 6.9, Theorem 7.19]:

(1) If fe F, then foF, e F forall 1 <i <8, and
8
E(f, 1) =37 Y E(fo Fi fo k). (3.1)
i=1
(2) If fe C(K) and fo F; e F for all 1 <i <8, then f e F.

Here ¢ = 8 — « is the index of capacity upper bound. Every function in F admits a
continuous version, thus we can directly assume F to be a subfamily of C(K). In [BB90,
equation (5.5)], it has been proved that p = 37 < 1.27656, which implies o < 0.23.
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First we give a measure determining class C of R2. Then for any similitude f : R? —
R% f(C) := {f(C) : C € C} is still a measure determining class of R2.

For each n € Z, define n-level triadic cubes in R? by
Q, = {[k1 37 (k1 4+ 1) 37" x [ke- 37" (ko +1)-37"]: ky, ko€ Z}-

Two cubes @1, Qs in Q,, are said to be adjacent, if Q1 N Q2 is a one-dimensional interval.
Then define the collection of rectangles formed by two n-level triadic cubes

Q =1{Q1 v Qs:Q1,Qs € Q are adjacent}.
Moreover, define the collection of cubes formed by four n-level triadic cubes
Q.= {[k1 37" (k1 4+2) 37" x [ke 37" (ko +2) 37" ky, ko € Z}.

Recall that a class of subsets C of X is said to be a w-system, if A, B € C imply
An B e C. A class of subsets G of X is said to be a A-system, if X € G, A, B e §
with A = B imply B\A € G, and an increasing sequence A, € G implies | J,-, A, € G.
Clearly, the intersection of a collection of A\-systems is still a A-system; thus, every class
of subsets C of X admits a smallest A-system G such that C < G, which is called the
A-system generated by C. The well-known monotone class theorem asserts that if C is a
m-system, then the A-system generated by C coincides with the o-field generated by C.

Moreover, for each E ¢ X and class of subsets G of X, we write G n E := {An E :
A € G} as a collection of subsets of E.

Lemma 3.1. Define C as the family of the interior of the closed sets in |, ,(Qn v Q) U
Q"). Then C is a measure determining class of R.
Proof. Fix two Radon measures p and v on R? such that u(C) = v(C) for all C € C.

Define the collection of 2-dimensional n-level triadic open squares c!? in R? as the
interior of all the closed sets in Q,. Then C” is a subfamily of C, hence wu(C) =v(C) for

all C € Cff). Similarly, define the lower dimensional n-level triadic open intervals on R?
as CT(LI), ¢l by

C i= {(ky 37", (ke +1)-37") x {ka- 37"}, {ky 37"} x (k- 37", (k2 +1)-37") : k1, kp € Z}

C = {{ky 37"} x {ko 37"} i hy, ko € Z}.

We claim that u(C) = v(C) for all C' e e uel,

For C € Cq(zl), without loss of generality, we assume C' = (0,37") x {0}. Let C; :=
(0,37")x(=3"",37"), Cy := (0,37")x(=37",0) and C5 := (0,37") x(0,37"), which satisfy
that C1,Cy,C3€C, Cy n C3 = &, Cy u C3 < Cy. Moreover, we have C' = C\(Cy u C3).

Then we have

u(C) = pu(Cr) — p(Cr) — u(C3) = v(Ch) — v(Ca) — v(C3) = v(C).
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Thus p(C) = v(C) for all C e CL".

For C e C, without loss of generality, we assume C = {(0,0)}. Let C' :=
(—37™,37™) x {0} and we first prove p(C") = v(C”). Indeed, by taking C] := (—=37",37") x
(=37",3™), C4 := (=37",37") x (=37",0) and Cf := (=37",37") x (0,37"), a similar
argument as above shows that p(C’) = v(C”). Then we define C} := (=37",0) x {0},
CYy :=(0,37") x {0}, which satisfies C7,CY € c{”, and then

p(C) = u(C) = u(CY) = p(C3) = v(C') = v(CY) = v(C3) = v(C).

Thus p(C) = v(C) for all C' e e,

Now we define G := {B € B(R?) : u(B) = v(B)} and let ¢\ := [ J2_,c¥, ¢ =
U ez ¢, Then we have C§<*) c G as proved before. Moreover, each el gives a disjoint
partition of R? and Cf;i)l is finer than CT(L*) for all n € Z. Then for each C,C5 € Ci*), we
have C; n Cy € {C, Cy, &}. Thus et o {} is a m-system.

Take @Q,, := (—=37",3™)?> € C for n € Z and let G, := {B € B(Q,) : n(B) = v(B)}.
Since u, v are Radon measures, their restriction on @), are finite measures, thus A, B € G,
and A < B implies B\A € G,. Furthermore, @, € C n @, < G, and G, is closed under

increasing limit, thus G, is a A-system. Note that ¢t A @, is a m-system generating
B(Q,) and ¢ A Qn < G,. By monotone class theorem, we conclude B(Q,,) = G,.

Then for any Borel set B € B(R?), we have

uw(B) = lim u(Bn@,) = lim v(BnQ,) =v(B).

n——0o n——0o
Thus G = B(R?) and then p = v. O

Define f : R? > R? by f(z,y) := (z+ 3,y + 3). Then the class f(C) is also a measure
determining class of R?, where C is the class defined in the above lemma. Each Q € f(Q,,)
can be expressed as

0 - 2%k, —1 2k +1 y 2%ko —1 2ky + 1
| 2.3n 7 2.3 2.3n 7 92.3n

for some ki, ks € Z. For the Sierpinski carpet K, we define Cx := f(C) n K. Then Cg is
a measure determining class of K. For each U € Ck, we write dxU for the boundary of
U relative to the topology in K.

Lemma 3.2. Let Cx be defined as above. Then

(1) For each U € Cr, we have dimpU < log2/log 3.
(2) Each U € Cy is a uniform domain in K.

(8) Each U € Cx admits an interior cutoff sequence in K.
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Proof. (1) Note that for every n, k € Z, ({351} x [0,1]) n K and ([0, 1] x {#5}) 0 K are

finite union of Cantor sets with upper box dimension log_2/ log 3. Since the boundary of
each U € Ck is contained in a finite union of these sets, dimp(dxU) < log2/log 3.

(2) We only prove the case U = ((1/2,1] x [0,1]) n K (the right half of K), since the
other cases follow in a similar manner. Write S := {1/2} x [0,1]. Then dxU = S n K.

First we collect all triadic cubes removed in the construction of K, that is the collection
of all connected components of [0, 1]2\K. We denote this collection of open sets by Q.
Moreover, collect all cubes in Q intersecting with the symmetry axis S, that is

0, ={QeQ:Qn S+ g}

Then remove all Q € Q; from the unit cube [0, 1] and the right-half cube (1/2,1] x [0, 1],

that is
E:=[0,1"\ | ) Q and F:=((1/2,1]x[0,1)\ | ] @
Qe Qe
Then F' is a uniform domain in E. Indeed, one can connect any two points x,y € F' by
a curve moving first horizontally, then vertically and finally horizontally such that this
curve satisfies the conditions of uniform domain.

 For each curve v in F', we define the collection of all cubes in o) intersecting with v by
Q) :={Q € Q:Q n~ # J}. Note that for each @ € Q(7), there is a path-connected
subset (@) < dQ such that (7y\@Q) U 7(Q) is path-connected and

diamy(Q) < 2 - diam(y n Q) < 2 - diam~y. (3.2)
Since v < F, we have Q(y) n Q1 = . For each v in F, we define its modification in K

by
Fi=(rnK)u | Q)

Qe9(v)

In other words, we substitute v n @ by ¥(Q) < 0Q for every Q € Q(v) By substituting
each Q € Q(v) one by one, we can prove that 7 is a path-connected set in F' n K =
((1/2,1] x [0,1]) n K since it is a limit of path-connected closed sets in Gromov-Hausdorff
distance.

Note that there is a constant C' > 1 such that for each @) € Q\Ql, we have
diam(Q) < C - dist(Q, S).
For each z,y € U, take v = F such that z,y € y, diamy < A - d(z,y) and
d(z,z) nd(y,z) < A-dist({z},S) forall z €,

where A > 1 is the constant for uniform domain F'. We will prove that the modified curve
7 in U satisfies the conditions of uniform domain. Since z,y € U < K and v n K < 7,
we have x,y € 7.
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For each Q; € Q(~) and z; € 4(Qy) with j = 1,2, take z; € ¥ n Q;, which gives

d(z1, 22) + d(21, 21) + d(22, 25) < diamy + diam¥(Q;) + diam¥(Q)
5

<
< bdiamy < 5A - d(x,y),

where the third inequality follows by (3.2). Similarly, we have d(z1, 2) < A’ - d(z,y) for
all 21, 2, € 4, where A’ > 1 is a constant depending only on A. Hence

diamy < A" - d(z,y).

For each () € Q(fy) and 2’ € (Q) take z € v Q. Without loss of generality we assume
d(z,z) < A-dist({z},S). Then

d(z,2') <d(z,z) +d(z,2') < A-dist({z}, S) + diam(Q)
< A-dist({z'},5) + (A+ 1) - diam(Q)
< A-dist({z'},S) + C(A+ 1) - dist(Q, S)
< (CA+ C + A)dist({Z'}, S).

Thus 7 satisfies that
d(z,2') nd(y,2") < A" - dist({z'},S) forall 2/ €%

for some constant A” > 1. Thus U is a uniform domain.
(3) We still only consider U = ((1/2,1] x [0,1]) n K. Note that (K,d,m,&,F) is
volume doubling and satisfies heat kernel estimates. We define Vj := U and

Vii=Kn ((%,%+%) X [0,1]).

Clearly it satisfies ﬂj.ozo V; = &, 0xU < 0k V; and dist(0x U, Ok V;\OxU) > 0 for all j > 1.
It remains to prove that each Vj is trace admissible.

Since Vj € C, it is trace admissible. For each j > 1, the same discussion as in the
proof of (2) yields that every connected component of V; is a uniform domain, and is
thus trace admissible by Propositions 2.9 and 2.13. Since each V; has only finitely many
components and each pair of components has positive distance, by Lemma 2.15, each V;
is trace admissible. Thus Vj, j > 0, is an interior cutoff sequence of U. O

Theorem 3.3. Let 0 € R be the same constant in (3.1) and 7 := log2/log3. Then for
any 0 > o + v, we have
DomA n CY(K) = Rlg.

Proof. This follows by combining Theorem 1.2 and Lemmas 3.1 and 3.2. O

Proof of Theorem 1.3. This follows by Theorem 3.3, and the estimate that o + v < 1.
O
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3.2 Resistance form on finitely ramified fractals
3.2.1 Basic setting

Before introducing the geometric setting, we first recall the notion of the resistance form
and the resistance distance in [Kigl2].

Resistance form theory is parallel to Dirichlet form theory, with the distinctive feature
that a resistance form requires every single point to have positive capacity. A detailed
study of resistance form theory on p.c.f. fractals, as well as its relation to Dirichlet form
theory, can be found in [Kig01, Kigl2].

For each set S, we write [(.S) as the family of all real functions defined on S. Let X
be a set. A pair (Eres, Fres) 18 said to be a resistance form on X if

(1) Fres is a subspace of [(X) containing all constant functions, and &, is a nonnegative
symmetric bilinear form on Fes such that Ees(u, u) = 0 if and only if u is a constant
function.

(2) (&res, Fres/R) is a Hilbert space, where R is an equivalence relation defined on Fes by
uRwv if and only if u — v is a constant function.

(3) For any nonempty finite subset F' < X and u € I(F'), there exists & € Fie such that
ﬂ‘p = U.

(4) For any z,y € X,

R(z,y) := sup{|u(x) — u(y)|? : 4 € Fres, Eres(u, u) < 1} < 0. (3.3)

(5) For any u € I(X) define @ := (u A 1),. Then u € Fres implies U € Fres and E,es(U, U) <
Eres(u, u).

Moreover, (Eres, Fres) is said to be regular, if Fres N Co(X, R) is dense in Cy(X, R).
(Eres, Fres) 18 said to be local, if Ees(u,v) = 0 for all u,v € Fre satisfying distr({u #
0}, {v # 0}) > 0. See [Kig12, Definition 3.1, Definition 6.2, Definition 7.5] for details.

The function R defined by (3.3) is a distance on X by [Kig12, Proposition 3.3], called
the resistance distance induced by (Eyes, Fres)- 1t is worth noting that in a typical situa-
tion, (X, R) is not a quasi-convex metric space, which implies that the family of Hélder
continuous functions C?(X, R) might contain non-constant functions even if § > 1. Here
C?(X,d) is defined as in Definition 2.18.

For example, the resistance distance R of the Sierpinski gasket SG satisfies R(z,y) =

d(z,y)? with o = % < 1, where d(z,y) is the Euclidean distance between x and y.

Therefore C?(X, R) = C°%(X, d) contains non-constant functions when 0 < 0 < 1/0.

The following relation between resistance forms and Dirichlet forms can be found in
[Kig12, Theorem 9.4].
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Proposition 3.4. Let (E,es, Fres) be a local reqular resistance form on X, let R be the cor-
responding resistance distance such that (X, R) is separable, complete, and locally compact,
and let m be a Radon measure on X such that 0 < m(B(z,r)) < 0 for allz € X,r > 0.
Define € = Es and F as the E -closure of F n Co(X, R). Then (€, F) is a regular
Dirichlet form on (X, R, m) satisfying ker€ < Rlx.

Furthermore, if (Ees, Fres) 8 local, then (€, F) is strongly local. If (X, R) is compact,
then Fres = F.

The following capacity upper bound estimate for resistance form is adapted from
[Kig12, Corollary 7.13]. Recall that a metric space (X, d) is said to be uniformly perfect,
if there is a constant A > 1 such that for any x € X and r > 0, if there is y € X such
that d(x,y) = r, then there is z € X such that r < d(z, z) < Ar. Every connected metric
space is uniformly perfect.

Proposition 3.5. Let (Eres, Fres) be a local resistance form on X and R be the resistance
distance. Assume (X, R) is metric doubling and uniformly perfect. Let m be a Radon
measure on X and write (€, F) for the Dirichlet form on (X, R,m) induced by (Eres, Fres)-
Then (X, R,m,E,F) satisfies capacity upper bound with index o = 1.

For each closed set F' < X, we define the trace of (Ees, Fres) on F' by
Fres(F) := {u € I(F) : there is u” € Fres such that u®|p = u},

and )
Eves. (U, 1) 1= Inf{Epes (u, u®) - u? € Fres, u? | = u}

for u € Fres(F). By [Kigl2, Theorem 8.4], if (Epes, Fres) is regular, then (greS,F,ﬁreS(F)) is
a regular resistance form. This coincides with the trace in the setting of a Dirichlet form.

Moreover, there exists a linear map Hp : Fres(F) — Fres that satisfies all the conditions
in Proposition 2.14.

When the base space F' is finite, we can write the trace form as a matrix form. In
particular, it provides us a desired jump measure.

Lemma 3.6. If F is a nonempty finite set, then there is a matriz qp(x,y) = 0 for
(x,y) € F Xoq F' such that Fres(F) = I(F) and

Eresr(uu) = > qp(z,y)(ulx) —u(y))® for all uel(F).

(:D,y)EF X odF

This lemma together with the above discussion provides a sufficient condition of open
sets to be trace admissible in the setting of resistance forms.

Corollary 3.7. If U ¢ X is an extension domain of (X, R,m,E,F) and U is finite,
then U 1s trace admaissible.

Now we introduce the geometric setting of finitely ramified fractals. The following
definition of finitely ramified fractal is a slight generalization of [Typ, Definition 2.1].
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Definition 3.8. A locally compact, complete, unbounded metric space X is said to be
a unbounded finitely ramified fractal, if there are two collections {F,}aea and {V,}aea of
subsets of X satisfying the following conditions.

FR1) A is a countable index set.

FR2

(FR1)
(FR2) F, are distinct compact connected subsets of X.

(FR3) Each V,, is a finite subset of F,, containing at least two elements.
(FR4) There is a filtration {.A, },cz such that

(a) Each A, is a subset of A such that X = |, 4 Fa, and for each v € X, there
is n € Z such that there is a unique «a € A,, such that = € F,.

(b) Apn A, =Fifn#mand A=_J, ,A.
(c) For any « € A, there is a finite subset A, < A, 41 such that F, = UﬂeAa Fj.

(FR5) If Fyy = Ugen i for some finite subset A" = A, then Vi, = (e u V-
(FR6) For any distinct a # € A, F, n Fz < Vo n Vj.

FRT7) For any strictly decreasing sequence F,, 2 F,, 2 ---, there is x € X such that
1 2
| |j::1 Fo, = {z}.

Each F, with a € A, is said to be a n-cell of X and V, is said to be the cell boundary of
F,. The tuple (X, {F,}aea, {Va}taeca) is said to be a finitely ramified cell structure of X.

Alternatively, if X is a compact metric space, then the filtration is taken to be {4, },>0,
and the condition (FR4.a) is strengthened by that each A, is a finite subset of A with
Aop = {0}, Fy = X. In this case, X is said to be a bounded finitely ramified fractal.

Roughly speaking, a locally compact metric space X is a finitely ramified fractal if
it can be broken into small pieces at every scale such that the boundary of each piece
consists only of finitely many points; see also [Typ, Proposition 2.7]. A typical example
of a finitely ramified fractal is the one-dimensional ray R, with a finitely ramified cell
structure given by the collection of all dyadic intervals.

3.2.2 Local finiteness of finitely ramified fractals

The definition of a bounded finitely ramified fractal exactly coincides with the definition in
[Typ, Definition 2.1]. The generalization to the unbounded situation causes no difficulty,
since each cell F,, is compact and (F,, {Fs}gea, {Va}gea) with A= {fe A: Az < A,}
gives a finitely ramified cell structure on F,. All the propositions in [Typ, Section 2]
can be proved for locally compact finitely ramified fractals with the same arguments.
Nevertheless, because of the relaxation of condition (FR4.a), we provide some properties
concerning the locally finite property of X.
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Lemma 3.9. Assume X is an unbounded finitely ramified fractal. For each o € A,,n € Z,
take a finite class A, < A1 such that F,, = UﬁeAa Fs as ensured by (FR4.c). Moreover,
for each a € A,, and k > 1, we define

Aa,k = {6 € An+k : F/B C Fa}.
(1) Ao 0 Ay i = & for distinct a, o’ € A, and k > 1.

(2) Anp1 = Uae.An A
(3) Aoy = A, for all a e A,.

(4) Apik = UaeAn Aa,k‘
(5) Aapi1 = U/BE-Aa,k Ag for k > 1.
(6) For each a € A,, and k =1, the class A,y is finite.

Proof. (1) If pe Aoy 0 Aw i, Fg € Fy n Fy. Then a contradiction follows from that Fj
is uncountable by [Typ, Proposition 2.8] and F, n F,, =V, NV, is a finite set.

(2) It is enough to prove that the left hand side is contained in the right hand side.
Take v € A,41. Then F, is an uncountable set by [Typ, Proposition 2.8]. Then there is
a € A, such that F., n F,, is uncountable. Moreover, there is 3 € A, such that F, n Fj
is uncountable, which implies v = 8 € A, by (FR6).

(3) It is easy to see A, < A, 1, and then the other side follows from

Aa,l c An+1\ U Aa’,l < An+1\ U Ao © Aa,

a’'eAn\{a} a’eAn\{a}

where the first containing relation follows from (1) and the third containing relation follows
from (2).

(4) It is enough to prove the left hand side is contained in the right hand side. The
case k = 1 follows by combining (2) and (3). Assume the claim in (4) holds for the case
k and we consider the case k + 1. For v € A, ;r.1, by the assumption, there is § € A,
such that v € Agy, that is F, © Fj. Then by (3), there is a € A, such that 5 € A, ;, that
is Fz < F,. Then we have F., c F,, that is v € A, x+1. Thus the desired result follows
by induction.

(5) It is enough to prove the left hand side is contained in the right hand side. Take
v € Aak+1 and then by (2) and (3), there is 8 € A,4 such that v € Ag. Then by (1) and
(4), B € Ay k. Thus the desired result follows.

(6) This follows by the finiteness of A, and induction by (5). O

Proposition 3.10. For each x € X and n € Z, define the n-neighborhood index of x by
Now i={ae A, zeF,}. (3.4)

Then N, is finite for all x € X and n € Z.
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Proof. 1t is enough to consider the unbounded case, since in the bounded case, each A4, is
finite. Fix x € X and write N,, := #N,,,. Then N, is increasing by (FR4.c) and Lemma
3.9 (1). Note that by (FR4.a), there are ng € Z and ag € A, such that «aq is the unique
index in A,, for which x € F,,, which gives N,,, = 1. For n > ng, and € N, ,, by
Lemma 3.9 (4), there is a € A, such that § € Ay ;—n,- Then we have z € Fg < F,, which
gives o = «p by the uniqueness of ag. Thus N, , © Angn—n,, Which is finite by Lemma
3.9 (6). n

Remark 3.11. We provide an example to show that the uniqueness condition in (RF4.a)
is critical for the locally finite property in Proposition 3.10.

Take a countable infinite subset £ = S! and let
X:={azeR’:2¢€ F, a>0}
which is equipped with the intrinsic distance

a+p  ifx#uy,

o o) = {a—m fr=y.

For each ne€ Z, k > 0 and x € E, we define subsets of X by
Fopo ={ax:ae[k27", (k+1)27"]} and Vyga:={k27"z,(k+1)27"z}.

Then for each n € Z, we define A, := {(n,k,z) : k = 0,z € E}, A=,z An. It is
not hard to check that {F,}.ea and {V,}aca satisfy all conditions for a finitely ramified
structure except (FR4.a), since for all n € Z, the n-cell containing z = (0, 0) is not unique
in A,,. Moreover, the neighborhood N, ,, for = (0,0) is always infinite for all n € Z.

For each x € X and n € Z, we define the n-level closed neighborhood of x by

Fu(z):= ] Fa

€Ny &

and let U,(x) be the interior of F,,(x). Let Vi, :=(J 4 Vo and

CX = {Un(];)}nez,er*-
Then by [Typ, Proposition 2.10], Cx is a fundamental neighborhood system of X.

Corollary 3.12. Cx is a measure determining class of X.

Proof. Take two Radon measures p, v on X such that p(U,(x)) = v(U,(z)) for all x € V,
and n € Z. Since Cx is a fundamental neighborhood system on X, for each z € V,, we
have

u({a}) = lim p(U,(x)) = lim p(U, (2)) = v{z}).

n—o0
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Note that for each o € A,,,n € Z, there is z € V, n (F,\V,), which gives F,, = F,(z), thus
intF, € Cx for all « € A. Define U, := F,\V, for all &« € A and then we have

plUa) = plintFa) = 3 pfa)) = v(intFy) = 3 v(fe}) = v(Ua).

2€Va\0Fa 2€Va\OFa
Fix ag € A and define
Gao = {B € B(Fu,) : p(B) = v(B)},

which is clearly a A-system. Define CV) := {U, :a € A, F, c F,,} and C¥) := {{z} : v €
Vi n F,}. As proved above, we have C U C® < G,,. Moreover, C) U C® U {F} is a
m-system generating B(F,, ), thus by monotone class theorem, we have G,, = B(F,,). In
particular, we have u(B) = v(B) for all B € B(U,,).

Then for general B € B(X), we have

p(B) = > w(BaU.)+ >, u(Bofe}) = >, v(BAU)+ >, v(Bn{z}) = v(B).

OtGA() CCEUO(EAO Vo OtGA() $ELJONE.AO Vo

Thus Cx is a measure determining class. O]

3.2.3 Inverse regularity theorem for finitely ramified fractals

In order to apply Theorem 1.2 to finitely ramified fractals with the measure determining
class Cy, we need to prove that each U, (z) € Cx is trace admissible and admits an interior
cutoff sequence. We will mainly follow the arguments in [Typ, Section 3].

In this part, we assume (E,es, Fres) is a local regular resistance form on X, where the
corresponding resistance distance space (X, R) is a proper finitely ramified fractal with
cells {Fi,}aea and boundaries {V,}aeq with index set A = |, ., An. Let m be a Radon
measure on (X, R) such that 0 < m(B(x,r)) < o for any x € X and r > 0. Then write
(&€, F) for the Dirichlet form on (X, R, m) induced by (Eies, Fres), so that (X,d,m,E,F)
is a MMD space.

For each a € A, let (Eesa, Fresa) be the restriction of (Ees, Fres) on F,. Then
(Eves.ar Fres,a) coincides with the local Dirichlet space (Entr, , F (intF,)). For each U, (z) €
Cx, we define

Fresma = {u € C(Fy()) : ulp, € Fresp for all f € Ny o}

and

Eres (U, V) 1= Z Eres p(u,v)  for all u,v € Fres o
BENn

Then (Eres oz, Fresn,z) 1S & resistance form on F,, (), which coincides with the local Dirich-
let space (gUn(m)af(Un(x))>

Lemma 3.13. Let U,(z) € Cx withn € Z,z € V.
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(1) dimp(0U,(x)) = 0.
(2) Un(z) is an extension domain. In particular, U,(x) is trace admissible.

(3) Un(x) admits an interior cutoff sequence.

Proof. (1) This simply follows from that oU,(x) is a finite set.

(2) Since 0U,(z) is a finite set, we can fix a linear operator 1" : Frespno — F such
that Tu|p, () = v and imT is a finite dimensional space. In particular, we have Tu = 0
if and only if u = 0, thus 7" is a bounded operator. Thus U, (z) is an extension domain.
Combining Proposition 2.8 and Corollary 3.7, U, (z) is trace admissible.

(3) For each y € oU,,(x) and j > 1, we define
Vyi = Unsj(y) 0 Un(x)

and let V; := Uyewn(m) Vy.;- When j is large enough, Vj is a disjoint union of V,, ; such
that each distinct V,,;,V,,; have positive distance. A similar argument as before shows
that each V,,; is a trace admissible open set; thus, V; is a trace admissible domain when
j = 1. In particular, {V;};5 gives an interior cutoff sequence of U with Vj := U,(x). O

Combining all the discussions above, we reach the following inverse regularity theorem
for resistance forms on finitely ramified fractals.

Theorem 3.14. Let (Ees, Fres) be a local regular resistance form on X and R be the
resistance distance. Assume (X, R) is a metric doubling finitely ramified fractal. Let m
be a Radon measure on X such that 0 < m(B(x,r)) < oo for all x € X,r > 0 and write
(&€, F) for the Dirichlet form on (X, R, m) induced by (Ees, Fres). Then for any e > 0, we
have

DomA n C'(X) < Rly.

Proof. Note that a finitely ramified fractal is connected and thus uniformly perfect. Then
Proposition 3.5 implies that (X, R,m,&, F) has the capacity upper bound with index
o = 1. Then, by combining Corollary 3.12 and Lemma 3.13, we apply Theorem 1.2 with

~v = 0 to derive the desired result. O]
Proof of Theorem 1.1. This follows by Theorem 3.14 and that the Euclidean distance d
and resistance distance R satisfy ¢°8(5/3)/1g2 = R O]
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