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Abstract

Let G be the golden ratio Sierpiński gasket, with basic contraction ratio ρ = (
√
5− 1)/2

and three-point boundary V0. A countable cell decomposition adapted to its exact overlaps
defines a renormalization operator Rp,r on p-resistance forms on V0. For p ∈ (1,∞) and
r ∈ (ρp−1, 1), we prove the joint continuity of Rp,r. It has a unique eigenvalue λp(r) and, up
to a positive scalar, a unique eigenform Dp,r, which is necessarily symmetric. This eigenform
yields a regular strongly local self-similar p-resistance form (Ep,r,Fp,r) on G, unique up to
a positive scalar. There is a unique rp ∈ (ρp−1, 1) with λp(rp) = r2p; for the corresponding

standard form (Ep,Fp), its effective p-resistance REp
satisfies REp

(x, y) ≍ |x− y|log rp/ log ρ.

Finally, p 7→ r
1/(p−1)
p is non-increasing and continuous; consequently, p 7→ rp is strictly

decreasing and continuous.
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1 Introduction

The object of this paper is the nonlinear energy theory of the golden ratio Sierpiński gasket
shown in Figure 1. Its defining maps are simple, but its exact overlaps rule out the usual
finite-graph renormalization scheme.

Figure 1: The golden ratio Sierpiński gasket G.

Analysis on fractals has two classical starting points. In the late 1980s and early 1990s,
the constructions of Brownian motion on the Sierpiński gasket by Goldstein, Kusuoka, and
Barlow–Perkins opened the subject [13, 24, 5]; Lindstrøm then extended this picture to nested
fractals [27], while Kigami’s compatible graph energies gave a direct analytic construction on
post-critically finite (p.c.f.) self-similar sets [19, 20]. A second basic model is the Sierpiński
carpet. Beginning in the same period, Barlow and Bass constructed Brownian motion on
infinitely ramified carpets [2, 3], whereas Kusuoka and Zhou constructed the corresponding
Dirichlet form [25]. These are two equivalent descriptions of the same symmetric Markov process:
a regular symmetric Dirichlet form determines its associated Hunt process, and conversely [12].
In 2010, Barlow, Bass, Kumagai, and Teplyaev proved the corresponding uniqueness theorem
[4]. More recently, for unconstrained Sierpiński carpets, which generalize the classical carpets by
allowing small cells to lie off a fixed grid, Cao and the second author developed a direct analytic
method establishing the existence of Dirichlet forms, and subsequently proved uniqueness and
convergence of the associated resistance forms [10, 11]. Taken together, the gasket and the carpet
illustrate the two basic geometric regimes in fractal analysis—finite and infinite ramification—and
have long served as its reference examples.

Resistance forms, introduced and developed by Kigami, give a pointwise language for energy
on these spaces [20, 21]. In the quadratic case, a regular resistance form yields a regular Dirichlet
form and the corresponding diffusion. Recently, Kajino and Shimizu introduced p-resistance
forms as nonlinear Lp-counterparts [16, 18]. When p = 2, the two notions agree. For p ∈ (1,∞),
a p-resistance form is a p-energy form with the additional properties needed for pointwise analysis:
a complete energy space, point separation, finite effective p-resistance, and a contraction principle.
These properties give traces and harmonic extensions, as well as pointwise resistance estimates.
In the fractal setting considered here, we further require the p-resistance forms to be self-similar.

From this viewpoint, a p-energy on a fractal plays the role of the classical Sobolev energy∫
|∇u|p. It is the basic tool for p-harmonic functions and nonlinear potential theory [14, 6].

On general metric spaces, related first-order theories include Korevaar–Schoen energies and
Newtonian Sobolev spaces [23, 32]. On self-similar sets, early work on p.c.f. sets appears in
[15, 34], followed by a general construction in [7]. Recent work reaches more general infinitely
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ramified fractals and compact metric spaces [22, 33, 29, 17]. The golden ratio Sierpiński gasket
is a nonuniform variant of the classical gasket and lies just outside the familiar finite-graph
setting. Let q0, q1, q2 be the vertices of an equilateral triangle, with q0 at the top, and put
ρ = (

√
5−1)/2. The set G is generated by one similitude of ratio ρ2 fixing q0 and two similitudes

of ratio ρ fixing q1 and q2; denote these maps by F0, F1, F2, respectively. Their coordinates are
given in Section 3. For a finite word w = w1 · · ·wm, write Fw := Fw1 ◦ · · · ◦ Fwm . The identity
F122G = F211G is an exact overlap: two different words describe the same cell. It prevents the
usual reduction to a finite boundary graph. At the same time, the overlap has finite type, so one
can organize the geometry by a countable family of cells with controlled boundary intersections
[1, 31, 30, 26, 28, 8]. In the quadratic case, this observation was used in [9] to construct a local
resistance form with dense continuous domain, characterize it by a countable self-similarity
relation, and derive resistance and heat-kernel estimates.

In this paper, for the golden ratio Sierpiński gasket, we develop the nonlinear counterpart
by combining the countable-cell geometry of [9] with the p-resistance framework in [16, 18].
The passage from 2 to p is not formal. On the three-point boundary V0, a p-resistance form
need not be representable by a finite weighted graph, and harmonic extension is nonlinear.
Moreover, the renormalized trace is obtained by minimizing a countable cell energy. We therefore
work directly with the full cone of p-resistance forms on V0. Compactness of the minimizing
extensions, together with uniform tail bounds, yields joint continuity of the renormalization
operator. The normalized operator preserves a compact convex subset of this cone, so Schauder’s
theorem yields a boundary eigenform. For uniqueness, we compare the extremal ratios of two
boundary eigenforms and use a one-vertex Perron–Frobenius asymptotic along the nested cells
Fn
0 G. Finally, the boundary eigenpair defines compatible finite-level forms whose monotone

limit is a global self-similar p-resistance form on G.
Here is the basic construction. Let V0 = {q0, q1, q2}, and let W1 be the representative

word set from [9] (see also Definition 3.2): it contains one word for each cell in the countable
decomposition. For a word w, |w| denotes its length. For a p-resistance form D on V0 and r > 0,
define

Ψp,rD(f) :=
∑

w∈W1

r1−|w|D(f ◦ Fw|V0),

and let Rp,rD be its trace to V0. We call Rp,r the renormalization operator. We first establish
its continuity under simultaneous variation of p, r, and the p-resistance form D on V0. We
then prove that, for every p ∈ (1,∞) and r ∈ (ρp−1, 1), the operator Rp,r has an eigenform
Dp,r, unique up to a positive scalar, satisfying Rp,rDp,r = λp(r)Dp,r for some λp(r) > 0. Every
eigenform is symmetric under the reflection that exchanges q1 and q2.

The eigenform on V0 determines a compatible sequence of finite-level energies and hence a
p-resistance form (Ep,r,Fp,r) on G. Up to a positive scalar, this global form is characterized by
the cellwise domain relation and the weighted energy identity associated with the countable
iterated function system {Fw}w∈W1 .

The renormalization factor rp, characterized by λp(rp) = r2p, is called standard because, for
this choice, the energy weight of every cell is the same fixed power of its geometric contraction
ratio. For the associated standard form, we prove a two-sided power-law estimate for the effective
resistance and establish the monotonicity and continuity of the standard renormalization factor
with respect to p.

All functions in this paper are real-valued. For a p-resistance form (E ,F), the symbol RE
denotes its effective p-resistance, defined precisely in Definition 2.1.

The main results are stated below. Let Mp(V0) denote the set of p-resistance forms on V0,
and let ρw denote the contraction ratio of Fw. A form on the compact set G is regular when its
domain is uniformly dense in C(G). It is strongly local when energy contributions supported in
separate regions do not interact; the exact identity used here is (6.27).

3



Theorem 1. Fix p ∈ (1,∞) and r ∈ (ρp−1, 1).

(a) The operator Rp,r has a unique eigenvalue λp(r) > 0. There exists a p-resistance form
Dp,r ∈ Mp(V0), unique up to a positive scalar, such that Rp,rDp,r = λp(r)Dp,r. Moreover,
Dp,r is symmetric.

(b) Set γ0 = λp(r), γ1 = γ2 = r, and γw =
∏|w|

j=1 γwj . Up to a positive scalar, there is a unique
p-resistance form (Ep,r,Fp,r) on G such that

Fp,r =
{
f ∈ C(G) : f ◦ Fw ∈ Fp,r ∀w ∈W1,

∑
w∈W1

γ−1
w Ep,r(f ◦ Fw) <∞

}
,

and Ep,r(f) =
∑

w∈W1
γ−1
w Ep,r(f ◦ Fw) for every f ∈ Fp,r. This form is regular and strongly

local.

Theorem 2. For every p ∈ (1,∞), there exists a unique rp ∈ (ρp−1, 1) such that λp(rp) = r2p.
Let (Ep,Fp) be the form in Theorem 1 corresponding to r = rp, and set θp = log rp/ log ρ. Then

γw = ρ
θp
w for every w ∈W1, and there exist constants c1, c2 > 0 such that

c1|x− y|θp ≤ REp(x, y) ≤ c2|x− y|θp , x, y ∈ G.

For p = 2, the eigenform and global form constructed in Theorems 1 and 2 coincide with
those constructed in [9].

The dependence of the standard renormalization factor on the exponent is the content of the
following theorem.

Theorem 3. The map p 7→ r
1/(p−1)
p is non-increasing and continuous on (1,∞). Consequently,

p 7→ rp is continuous and strictly decreasing, and hence so is p 7→ λp = r2p.

The monotonicity argument compares the standard cell energies at two different exponents
by means of harmonic oscillation estimates. Continuity is proved sequentially: as the exponent
varies, the corresponding normalized boundary eigenforms are precompact in the topology of
local uniform convergence on L(V0), and the varying-exponent continuity of the renormalization
operator allows us to pass to the limit in the standard eigenvalue equation.

We organize the paper as follows. Section 2 reviews the p-resistance facts used later. Section 3
describes the geometry of the golden ratio Sierpiński gasket and constructs the countable level-one
form. Section 4 defines the renormalization operator and proves its joint continuity. Section 5
constructs an eigenform, estimates its eigenvalue, and determines rp. Section 6 extends the
boundary eigenpair to a global form and proves the resistance estimate. Section 7 proves
uniqueness of the boundary eigenform and of the global form and completes the proofs of
Theorems 1 and 2, while Section 8 studies the dependence of the standard renormalization
factor on p and proves Theorem 3. Appendix A establishes the one-vertex asymptotic needed
for uniqueness. We write A ≍ B if cB ≤ A ≤ CB for some constants c, C > 0 independent of
the variables under consideration. Unless stated otherwise, constants denoted by c, C, ci, or Ci

are positive, depend only on the fixed parameters; c and C may change from line to line.
Before closing this section, we point out that the golden ratio Sierpiński gasket is the n = 3

member of a natural family. If n ≥ 4, ρ ∈ (0, 1) is the root of ρn − 2ρ + 1 = 0, and the
contraction ratios of F0, F1, F2 are 1 − ρ, ρ, ρ, respectively, then the resulting gasket has the
exact overlap F1F

n−1
2 G = F2F

n−1
1 G, which generalizes the exact overlap above; see [9]. The

nonlinear construction for the n = 3 case can be naturally extends to this family.

2 p-Resistance forms

We recall, without proof, only the facts on p-resistance forms used below. The statements have
been shortened or combined when convenient; they are contained in [18, Section 2], with complete
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proofs in [16]. Throughout this section, p ∈ (1,∞) is fixed. For real-valued functions, u ∧ v and
u ∨ v denote the pointwise minimum and maximum. We write u+ := u ∨ 0, u− := −(u ∧ 0), and
sgn(a) := |a|−1a, with sgn(0) = 0. For a function u on a nonempty set A, put

∥u∥∞,A := sup
x∈A

|u(x)|, oscA(u) := sup
x,y∈A

|u(x)− u(y)|.

We omit the set A from the norm when the domain is clear. We write 1A for the constant-one
function on A and, for x ∈ A, 1Ax for the indicator of {x} in A.

Definition 2.1 (p-resistance form). Let K be a nonempty set, let Fp ⊂ RK be a linear subspace,
and let Ep : Fp → [0,∞). The pair (Ep,Fp) is called a p-resistance form on K if the following
conditions hold.

(RF1)p E1/p
p is a seminorm on Fp and {u ∈ Fp : Ep(u) = 0} = R1K .

(RF2)p The quotient normed space (Fp/R1K , E1/p
p ) is complete.

(RF3)p For every pair of distinct points x, y ∈ K, there exists u ∈ Fp such that u(x) ̸= u(y).

(RF4)p The effective p-resistance between x, y ∈ K is finite:

REp(x, y) := sup
u∈Fp\R1K

|u(x)− u(y)|p

Ep(u)
<∞. (2.1)

(RF5)p The generalized contraction property holds: if q ∈ (0, p], r ∈ [p,∞], m,n ∈ N, and
T = (T1, . . . , Tn) : Rm → Rn satisfies T (0) = 0 and

∥T (x)− T (y)∥ℓr ≤ ∥x− y∥ℓq , x, y ∈ Rm,

then, for every u = (u1, . . . , um) ∈ Fm
p , one has T (u) := (T1(u), . . . , Tn(u)) ∈ Fn

p and∥∥∥(Ep(Tk(u))1/p)nk=1

∥∥∥
ℓr

≤
∥∥∥(Ep(uj)1/p)mj=1

∥∥∥
ℓq
.

Remark 2.2. If V is a nonempty finite set, then (Ep,Fp) is a p-resistance form on V if and only
if Fp = RV and Ep satisfies (RF1)p and (RF5)p; see [18, Example 2.2(1)].

By the definition in (2.1),

|u(x)− u(y)|p ≤ REp(x, y)Ep(u), u ∈ Fp, x, y ∈ K. (2.2)

Lemma 2.3. Let Ep,1, Ep,2 : Fp → [0,∞) and a1, a2 ∈ [0,∞). If E1/p
p,1 and E1/p

p,2 are seminorms,

then so is (a1Ep,1 + a2Ep,2)1/p. If both forms satisfy (RF5)p, then so does their weighted sum.

Henceforth in this section, (Ep,Fp) is a p-resistance form on a nonempty set K.

Proposition 2.4. Let u, v ∈ Fp.

(1) If φ ∈ C(R) is 1-Lipschitz, then φ(u) ∈ Fp and Ep(φ(u)) ≤ Ep(u). In particular, u+ ∧ 1, |u|,
u+, and u− belong to Fp and have energy at most Ep(u).

(2) If u and v are bounded, then uv ∈ Fp and Ep(uv)1/p ≤ ∥v∥∞,KEp(u)1/p + ∥u∥∞,KEp(v)1/p.

(3) The following p-Clarkson inequalities hold:

Ep(u+ v) + Ep(u− v) ≥ 2
(
Ep(u)1/(p−1) + Ep(v)1/(p−1)

)p−1
, 1 < p ≤ 2, (2.3)

Ep(u+ v) + Ep(u− v) ≤ 2
(
Ep(u)1/(p−1) + Ep(v)1/(p−1)

)p−1
, 2 ≤ p <∞. (2.4)
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Theorem 2.5. For every u, v ∈ Fp, the limit in (2.5)

Ep(u; v) :=
1

p

d

dt
Ep(u+ tv)

∣∣∣∣
t=0

(2.5)

exists, Ep(u; ·) is linear, Ep(u;u) = Ep(u), and Ep(u;1K) = 0. Moreover, for u, u1, u2, v ∈ Fp and
a ∈ R,

t 7−→ Ep(u+ tv; v) is strictly increasing ⇐⇒ v /∈ R1K , (2.6)

Ep(au; v) = sgn(a)|a|p−1Ep(u; v), Ep(u+ a1K ; v) = Ep(u; v), (2.7)

|Ep(u; v)| ≤ Ep(u)(p−1)/pEp(v)1/p. (2.8)

Let αp :=
1
p ∧ p−1

p . There exists cp > 0 such that

|Ep(u1; v)− Ep(u2; v)| ≤ cp
(
Ep(u1) ∨ Ep(u2)

)(p−1−αp)/pEp(u1 − u2)
αp/pEp(v)1/p. (2.9)

Proposition 2.6. Let u1, u2, v ∈ Fp. If ((u2 − u1) ∧ v)(x) = 0 for every x ∈ K, then
Ep(u1; v) ≥ Ep(u2; v).

Definition 2.7 (Ep-harmonic functions). Let B ⊂ K. A function h ∈ Fp is called Ep-harmonic
on K \B if it minimizes Ep among functions with the same restriction to B, or equivalently, if
Ep(h; v) = 0 for every v ∈ Fp with v|B = 0. We writeHEp,B := {h ∈ Fp : h is Ep-harmonic on K\
B}.

Theorem 2.8. Let ∅ ̸= B ⊂ K, set Fp|B := {u|B : u ∈ Fp}, and define

Ep|B(u) := inf{Ep(v) : v ∈ Fp, v|B = u}, u ∈ Fp|B. (2.10)

Then (Ep|B,Fp|B) is a p-resistance form on B, called the trace of (Ep,Fp) on B, and REp|B =

REp |B×B. For every u ∈ Fp|B, there is a unique h
Ep
B [u] ∈ Fp such that h

Ep
B [u]|B = u and

Ep
(
h
Ep
B [u]

)
= Ep|B(u). Consequently, HEp,B = h

Ep
B (Fp|B) and

h
Ep
B [au+ b1B] = ah

Ep
B [u] + b1K , a, b ∈ R, (2.11)

Ep|B(u|B; v|B) = Ep(u; v), u ∈ HEp,B, v ∈ Fp. (2.12)

If ∅ ̸= A ⊂ B, then (Ep|B)|A = Ep|A and h
Ep
B ◦ hEp|BA = h

Ep
A .

Proposition 2.9. Let ∅ ̸= B ⊂ K and u, v ∈ HEp,B. If u ≤ v on B, then u ≤ v on K.

For a nonempty set B ⊂ K and x ∈ K, define

REp(x,B) := sup
{
Ep(u)−1 : u ∈ Fp, u(x) = 1, u|B = 0

}
, (2.13)

where, as usual, the supremum of the empty set is understood to be 0.

Proposition 2.10. The function R̂Ep(x, y) := REp(x, y)
1/(p−1), x, y ∈ K, is a metric on K.

Moreover, let ∅ ̸= B ⊂ K, let h ∈ HEp,B with ∥h∥∞,B < ∞, and assume 0 < REp(x,B) < ∞.
Then

|h(x)− h(y)| ≤
REp(x, y)

1/(p−1)

REp(x,B)1/(p−1)
oscB(h), y ∈ K.

The following completion theorem is an equivalent formulation of [16, Theorem 6.22].

Theorem 2.11. Let (K̃, d̃) be the completion of (K, R̂Ep), and set F̃p := {u ∈ C(K̃) : u|K ∈ Fp}
and Ẽp(u) := Ep(u|K) for u ∈ F̃p. Then (Ẽp, F̃p) is a p-resistance form on K̃, R̂Ẽp = d̃, and the

restriction map F̃p → Fp is a linear isomorphism.
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Proposition 2.12. Let u ∈ Fp and {un}n∈N ⊂ Fp.

(1) If un(x)− un(y) → u(x)− u(y) for every x, y ∈ K, then Ep(u) ≤ lim infn→∞ Ep(un).

(2) One has Ep(un − u) → 0 if and only if lim supn→∞ Ep(un) ≤ Ep(u) and un(x) − un(y) →
u(x)− u(y) for every x, y ∈ K.

Proposition 2.13. Let {φn}n∈N ⊂ C(R) be 1-Lipschitz and converge pointwise to the identity.
Then, for every u ∈ Fp, φn(u) ∈ Fp and Ep(u− φn(u)) → 0.

3 The golden ratio Sierpiński gasket

The geometric framework used in this section, namely the finite-type structure and the represen-
tative countable cell decomposition, is taken from [9, Sections 2–3]. We first review the geometric
properties needed below and then establish the associated level-one p-resistance results. The
proofs of Propositions 3.5 and 3.6 adapt the corresponding arguments in the quadratic case to
arbitrary p ∈ (1,∞).

3.1 Exact overlaps and finite type

Let q0 = (12 ,
√
3
2 ), q1 = (0, 0), q2 = (1, 0), and ρ :=

√
5−1
2 . Define the contracting similitudes

F0(x) = ρ2(x− q0) + q0, F1(x) = ρ(x− q1) + q1, F2(x) = ρ(x− q2) + q2. (3.1)

By Hutchinson’s theorem, there is a unique nonempty compact set G ⊂ R2 such that

G = F0G ∪ F1G ∪ F2G. (3.2)

We call G the golden ratio Sierpiński gasket. We equip G with the Euclidean metric d(x, y) :=
|x− y|. Thus (3.1) fixes the maps and (3.2) fixes the set throughout the paper.

We begin by fixing the word notation and recalling the finite-type property. Let K be a
self-similar set generated by an iterated function system {Fi}N−1

i=0 , where Fi has contraction
ratio ρi. For m ≥ 1, a word of length m is a string w = w1w2 · · ·wm with wi ∈ {0, 1, . . . , N − 1},
and we write |w| = m. The empty word is denoted by ∅, and the set of all finite words by

W̃∗. Define Fw := Fw1 ◦ Fw2 ◦ · · · ◦ Fw|w| and F∅ := idK . Also set ρw :=
∏|w|

j=1 ρwj , ρ∅ := 1, and
ρ∗ := min0≤i<N ρi.

Definition 3.1 (Finite type). The self-similar set K is said to be of finite type if only finitely

many similitudes h = F−1
w ◦ Fv, with w, v ∈ W̃∗, satisfy FwK ∩ FvK ≠ ∅ and ρh ∈ (ρ∗, ρ

−1
∗ ),

where ρh is the similarity ratio of h.

Since 1 − ρ = ρ2, a direct calculation gives F122 = F211, and hence F122G = F211G.
As verified in [9, Section 2], the resulting iterated function system is of finite type; see [9,
Definition 2.1] and the subsequent discussion. The resulting essentially non-overlapping graph-
directed realization satisfies the graph-directed open set condition. Consequently, the Hausdorff
dimension dH := dimH G of G is (log η)/(−2 log ρ) ≈ 1.6824, where η is the largest root of
x3 − 6x2 + 5x− 1 = 0. Moreover, the dH -dimensional Hausdorff measure of G is positive and
finite; see [9, 30].

3.2 Countable cells and graph

For finite words w,w′ ∈ W̃∗, their concatenation is denoted by ww′. If w = w1 · · ·wm and
0 ≤ ℓ ≤ m, set [w]ℓ := w1 · · ·wℓ and [w]0 := ∅.

Definition 3.2 (Representative words and cells). Fix a representative word set W1 ⊂⋃∞
n=0{1, 2}n × {0} such that
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(1) for every w ∈
⋃∞

n=0{1, 2}n × {0}, there exists w′ ∈W1 with Fw = Fw′ ;

(2) if w,w′ ∈W1 are distinct, then Fw ̸= Fw′ .

For n ≥ 1, set W1,n := {w ∈ W1 : |w| = n}. For m ≥ 2, define Wm := Wm
1 = {w(1) · · ·w(m) :

w(j) ∈ W1}. Finally, let V0 := {q0, q1, q2} and Vm :=
⋃

w∈Wm
FwV0 for m ≥ 1, and denote by

V m the Euclidean closure of Vm.

We call FwG, w ∈W1, a level-one cell. The cell-incidence graph has vertex set W1 and joins
two words when their cells intersect.

For distinct x, y ∈ V1, declare x ∼ y if there exists w ∈ W1 such that x, y ∈ FwV0. This
defines an infinite graph (V1,∼); we call it the level-one graph; see Figure 2. Its lower part
contains a sequence of finite horizontal chains whose vertices lie in V1 and accumulate on the
bottom segment V 1 \ V1.

Figure 2: The infinite graph (V1,∼). The bottom line, which is not part of V1, represents V 1 \V1.

The following geometric properties, proved in [9, Section 3], will be used repeatedly. We list
them here without proof.

Proposition 3.3. The following assertions hold.

(1) The family {Fw}w∈W1 forms a countable iterated function system for the golden ratio
Sierpiński gasket G, with G =

⋃
w∈W1

FwG, where the closure is taken in the Euclidean
topology. Furthermore, distinct level-one cells intersect only at their boundary vertices:
whenever w ̸= w′ in W1, FwG∩Fw′G = FwV0∩Fw′V0. The cell-incidence graph is connected
and locally finite.

(2) If Nn := #W1,n, then there exist constants c, C > 0 such that cρ−n ≤ Nn ≤ Cρ−n for all
n ≥ 1.

(3) For every n ≥ 1, if x, y ∈ V1 are distinct and d(x, y) < ρn+2, then there exist w,w′ ∈ {1, 2}n
such that x ∈ FwV1, y ∈ Fw′V1, and FwV1 ∩ Fw′V1 ̸= ∅.

3.3 Level-one form and resistance

Fix p ∈ (1,∞), and let Mp(V0) denote the set of all p-resistance forms on V0. For D ∈ Mp(V0),

let RD denote its effective p-resistance and set R̂D := R
1/(p−1)
D . By the first assertion of

Proposition 2.10, R̂D defines a metric on V0. Set R̂
∗
0(D) := maxx,y∈V0 R̂D(x, y).
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Definition 3.4 (Level-one energy). For r > 0 and D ∈ Mp(V0), define

Ψp,rD(f) :=
∑

w∈W1

r−|w|+1D
(
f ◦ Fw|V0

)
, (3.3)

and set
F (1)
p,r,D := Dom(Ψp,rD) :=

{
f ∈ RV1 : Ψp,rD(f) <∞

}
.

Whenever a boundary form is applied to f ◦ Fw, its restriction to V0 is understood.

Proposition 3.5. For every r > 0 and D ∈ Mp(V0),
(
Ψp,rD,F (1)

p,r,D
)
is a p-resistance form on

V1.

Proof. By Lemma 2.3, every finite partial sum of (3.3) has the seminorm and generalized
contraction properties; these properties pass to Ψp,rD by monotone convergence. Vanishing
energy forces constancy on each cell boundary and hence, by connectedness of the cell-incidence
graph, on V1. Thus (RF1)p and (RF5)p hold.

For x, y ∈ V1, choose a finite chain x = x0, . . . , xm = y with {xi−1, xi} ⊂ FwiV0. Then

|f(x)− f(y)| ≤
(
max
a,b∈V0

RD(a, b)

)1/p m∑
i=1

r(|wi|−1)/pΨp,rD(f)1/p.

Hence (RF4)p holds.
To verify (RF2)p, let {fn} be Cauchy in the energy seminorm and normalize each fn by

requiring fn(o) = 0 at a fixed o ∈ V1. The preceding estimate makes {fn(x)} Cauchy for
every x ∈ V1; set f(x) := limn→∞ fn(x). Continuity of D on RV0 and Fatou’s lemma yield
Ψp,rD(fn − f) ≤ lim infk→∞Ψp,rD(fn − fk), so f has finite energy and fn → f in the quotient

norm. Finally, local finiteness gives 1V1
x ∈ F (1)

p,r,D for every x ∈ V1; these functions separate points.
Thus (RF2)p and (RF3)p hold.

Let Rp,r,D be the effective p-resistance associated with Ψp,rD, and set R̂p,r,D := R
1/(p−1)
p,r,D .

We also write s := r1/(p−1).

Proposition 3.6. Let D ∈ Mp(V0) and 0 < r < 1. Every f ∈ F (1)
p,r,D admits a unique continuous

extension to V 1. More precisely, there exists C > 0 such that

|f(x)− f(y)| ≤ C Ψp,rD(f)1/pd(x, y)
log r
p log ρ , x, y ∈ V1. (3.4)

If, in addition, ρp−1 < r < 1, then
(
Ψp,rD,F (1)

p,r,D
)
extends canonically to a p-resistance form

on V 1, and the associated effective p-resistance satisfies

Rp,r,D(x, y) ≤

(
4R̂∗

0(D)

s3(1− s)

)p−1

d(x, y)
log r
log ρ . (3.5)

Proof. For w ∈ W1,n and x, y ∈ FwV0, the weight of the cell yields R̂p,r,D(x, y) ≤ R̂∗
0(D)sn−1.

Summing this estimate along the nested vertical chains gives

R̂p,r,D(x, y) <
2sn

1− s
R̂∗

0(D), x, y ∈ FwV1,

for w ∈ {1, 2}n. To prove (3.5), we first take x, y ∈ V1. The case x = y is trivial. The same
vertical-chain argument with the empty prefix gives

R̂p,r,D(x, y) <
2

1− s
R̂∗

0(D), x, y ∈ V1.
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If d(x, y) ≥ ρ3, then d(x, y)log s/ log ρ ≥ s3, so this estimate implies (3.5). We may therefore
suppose that x ̸= y, d(x, y) < ρ3, and choose n ≥ 1 so that ρn+3 ≤ d(x, y) < ρn+2. Then
Proposition 3.3(3) yields w,w′ ∈ {1, 2}n with x ∈ FwV1, y ∈ Fw′V1, and FwV1 ∩ Fw′V1 ≠ ∅.
Hence

R̂p,r,D(x, y) ≤
4sn

1− s
R̂∗

0(D).

Raising this estimate to the (p− 1)st power proves (3.5) on V1. The resistance inequality (2.2)
then gives (3.4); consequently, every finite-energy function extends uniquely and continuously to
V 1.

Let (X, dX) be the metric completion of (V1, R̂p,r,D). By Theorem 2.11, the level-one form
extends to a p-resistance form on X. Under the assumption ρp−1 < r < 1, the estimate
(3.5) makes the identity (V1, d) → (V1, R̂p,r,D) uniformly continuous, and hence it extends to a
continuous map θ : (V 1, d) → (X, dX).

To prove that θ is injective, let ξ ≠ η and choose a linear function ℓ : R2 → R such that
ℓ(ξ) ̸= ℓ(η). Since every Fw, w ∈W1,n, has similarity ratio ρn+1, Proposition 3.3(2) gives

Ψp,rD(ℓ|V1) =
∑
n≥1

r−n+1#W1,nρ
p(n+1)D(ℓ|V0)

≤ C1rρ
pD(ℓ|V0)

∑
n≥1

(
ρp−1

r

)n

<∞.

The continuous extension of ℓ|V1 to X separates θ(ξ) and θ(η), so θ is injective. Since V 1 is
compact and X is Hausdorff, θ is a homeomorphism onto its compact image. After identifying

V1 with its canonical image in X, we have V1 ⊂ θ(V 1) and hence X = V1
dX ⊂ θ(V 1) ⊂ X. Thus

θ(V 1) = X. Identifying functions in F (1)
p,r,D with their continuous extensions to V 1, we conclude

that
(
Ψp,rD,F (1)

p,r,D
)
is a p-resistance form on V 1. Finally, by density, (3.5) extends to V 1.

Remark 3.7. The lower bound r > ρp−1 is sharp for point separation after continuous extension.
Indeed, suppose that r ≤ ρp−1, and set An := W1,n ∪W1,n+1 and VAn :=

⋃
w∈An

FwV0. For

f ∈ RVAn , set

DAn(f) :=
∑
w∈An

r1−|w|D(f ◦ Fw|V0).

The family An induces a connected finite subgraph. Hence
(
DAn ,RVAn

)
is a p-resistance form by

Lemma 2.3 and Remark 2.2. Let RAn denote its effective p-resistance, and set R̂An := R
1/(p−1)
An

.
The finite-chain geometry underlying Proposition 3.3 (see [9, Section 3]) joins Fn

1 q0 to Fn
2 q0

through at most C1ρ
−n cell sides from An. Each such side {x, y} satisfies R̂An(x, y) ≤ C2r

n/(p−1).
Thus the triangle inequality gives

RAn(F
n
1 q0, F

n
2 q0) ≤ C3r

nρ−n(p−1).

Let f ∈ C(V 1) satisfy f |V1 ∈ F (1)
p,r,D and f(q1) ̸= f(q2). Then F

n
1 q0 → q1 and Fn

2 q0 → q2. Hence
there exists δ > 0 such that |f(Fn

1 q0)− f(Fn
2 q0)|p ≥ δ for all sufficiently large n. Consequently,

DAn(f) ≥ δRAn(F
n
1 q0, F

n
2 q0)

−1 ≥ C−1
3 δr−nρn(p−1) ≥ C−1

3 δ.

Since each cell occurs in at most two consecutive families An,

2Ψp,rD(f) ≥
∑
n≥1

DAn(f) = ∞,

which is a contradiction. Thus the continuous finite-energy functions on V 1 fail to separate q1
and q2.
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4 The renormalization operator

Fix p ∈ (1,∞) and write L(V0) := RV0 . We identify u ∈ L(V0) with u = (u(q0), u(q1), u(q2)) ∈ R3

and set 1 := 1V0 = (1, 1, 1). We first place the p-resistance forms on V0 in an ambient Banach
space. Its topology is used for continuity of the renormalization operator and, in Section 5, for
the Schauder fixed-point argument.

4.1 Boundary-form topology

Definition 4.1 (Boundary-form space). Define

Bp(V0) :=

{
Φ ∈ C(R3) :

Φ(cu) = |c|pΦ(u),
Φ(u+ t1) = Φ(u)

for all c, t ∈ R, u ∈ R3

}
.

Fix the base point q0 and let H0 := {u ∈ L(V0) : u(q0) = 0}. For Φ ∈ Bp(V0), define

∥Φ∥Bp := sup {|Φ(u)| : u ∈ H0, oscV0(u) = 1} . (4.1)

For the norm in (4.1), invariance under addition of constants and p-homogeneity give

∥Φ∥Bp = sup
u/∈R1

|Φ(u)|
oscV0(u)

p
,

so the norm is independent of the choice of the base point.

Proposition 4.2. The following assertions hold.

(1) (Bp(V0), ∥ · ∥Bp) is a Banach space.

(2) For Φn,Φ ∈ Bp(V0), ∥Φn − Φ∥Bp → 0 if and only if Φn → Φ uniformly on every compact
subset of R3.

Proof. Let S := {u ∈ H0 : oscV0(u) = 1}. The restriction map JΦ = Φ|S is an isometric
embedding of Bp(V0) into C(S), and its image is closed under uniform convergence. Hence
Bp(V0) is complete.

For every compact set K ⊂ R3,

sup
u∈K

|Φn(u)− Φ(u)| ≤ ∥Φn − Φ∥Bp sup
u∈K

oscV0(u)
p.

Thus norm convergence implies local uniform convergence. Conversely, local uniform convergence
implies uniform convergence on the compact set S, and hence convergence in ∥ · ∥Bp .

Recall from Section 3.3 that Mp(V0) denotes the set of all p-resistance forms on V0. Under
the identification L(V0) ≃ R3, every D ∈ Mp(V0) belongs to Bp(V0): indeed, D1/p is a seminorm
on the finite-dimensional space L(V0), so D is continuous, while p-homogeneity and invariance
under addition of constants follow from the resistance-form axioms. Thus Mp(V0) is a convex
cone in Bp(V0) by Lemma 2.3. We equip it with the induced metric dBp(D1,D2) := ∥D1−D2∥Bp .

4.2 Definition and domain

We now define the renormalization operator Rp,r and describe the domain properties needed for
the continuity argument.

Let r ∈ (ρp−1, 1) and D ∈ Mp(V0). By Proposition 3.6, we identify every f ∈ F (1)
p,r,D with its

unique continuous extension to V 1; under this identification,
(
Ψp,rD,F (1)

p,r,D
)
is a p-resistance

form on V 1. The renormalization operator is its trace to V0:

Rp,rD := (Ψp,rD)|V0 .
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Equivalently, for u ∈ L(V0),

(Rp,rD)(u) := inf
{
Ψp,rD(h) : h ∈ F (1)

p,r,D, h|V0 = u
}
.

Proposition 4.3. Let D ∈ Mp(V0) and ρ
p−1 < r1 < r2 < 1.

(1) The domain F (1)
p,r,D depends only on r, and F (1)

p,r1,D ⊂ F (1)
p,r2,D.

(2) For every f ∈ F (1)
p,r2,D and every ε > 0, there exists g ∈ F (1)

p,r1,D such that

g|V0 = f |V0 , Ψp,r2D(f − g) < ε.

In addition, g may be chosen so that, for some A > 0, oscFwV0 g ≤ Aρ|w| for all sufficiently
long w ∈W1.

(3) The space F (1)
p,r1,D is dense in C(V 1).

Proof. (1) Since D1/p induces a norm on L(V0)/R1, finite dimensionality gives constants c0, C0 >
0 such that

c0

(
|h(q0)− h(q1)|p + |h(q0)− h(q2)|p

)
≤ D(h) ≤ C0

(
|h(q0)− h(q1)|p + |h(q0)− h(q2)|p

)
(4.2)

for every h ∈ L(V0). Thus any two forms in Mp(V0) are multiplicatively comparable, so F (1)
p,r,D

depends only on r. If r1 < r2, then r
1−|w|
2 ≤ r

1−|w|
1 for every w ∈W1, and hence F (1)

p,r1,D ⊂ F (1)
p,r2,D.

(2) For h : V1 → R, set

E≥n
r (h) :=

∞∑
ℓ=n

∑
w∈W1,ℓ

r1−ℓD(h ◦ Fw|V0).

Fix δ > 0, to be determined later. Given f ∈ F (1)
p,r2,D, choose n ≥ 3 so large that E≥n

r2 (f) < δ.
List the points {Fwq0 : w ∈W1,n} from left to right as p1, . . . , pN , and set

∆n(f) := |f(q1)− f(p1)|p +
N−1∑
i=1

|f(pi)− f(pi+1)|p + |f(pN )− f(q2)|p.

The level-one geometry gives cell-edge paths between consecutive pi’s, using only cells in
W1,n ∪W1,n+1, with uniformly bounded length and overlap. Hence finite Hölder’s inequality and
(4.2) yield

r−n
2

N−1∑
i=1

|f(pi)− f(pi+1)|p ≤ C1

n+1∑
ℓ=n

∑
w∈W1,ℓ

r1−ℓ
2 D(f ◦ Fw|V0), (4.3)

where we used r−n
2 ≤ r−1

2 r1−ℓ
2 for ℓ ∈ {n, n+ 1}.

For the end increments, note that p1 = Fn−1
1 q0 and pN = Fn−1

2 q0. The successive edges of
the chains Fm

1 q0 → q1 and Fm
2 q0 → q2, m ≥ n− 1, are sides of cells in W1,m+1. Thus weighted

Hölder’s inequality and (4.2) give

r−n
2 |f(q1)− f(p1)|p = r−n

2

∣∣∣∣∣
∞∑

m=n−1

(
f(Fm+1

1 q0)− f(Fm
1 q0)

)∣∣∣∣∣
p

≤ r−n
2

( ∞∑
m=n−1

r−m
2

∣∣f(Fm+1
1 q0)− f(Fm

1 q0)
∣∣p)( ∞∑

m=n−1

r
m/(p−1)
2

)p−1
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≤ c−1
0 r−1

2(
1− r

1/(p−1)
2

)p−1
E≥n

r2 (f),

and the same estimate holds with (q1, p1) replaced by (q2, pN ). Combining these estimates with
(4.3), we obtain r−n

2 ∆n(f) ≤ C2E
≥n
r2 (f).

Let φn depend only on the horizontal coordinate and interpolate linearly between the values
of f at q1, p1, . . . , pN , q2. Define

g(z) =


f(z), z ∈

⋃
ℓ<n

⋃
w∈W1,ℓ

{Fwq0},

φn(z), z ∈ V 1 \
⋃
ℓ<n

⋃
w∈W1,ℓ

{Fwq0}.

The exceptional set on which g is not given by φn is finite and lies away from the bottom-line
accumulation set. Thus g ∈ C(V 1), and g|V0 = f |V0 . To estimate the tail, note that the
consecutive interpolation intervals have lengths comparable to ρn. Hence, for every ℓ ≥ n, each
such interval meets at most C3ρ

n−ℓ cells from W1,ℓ, while every such cell has horizontal diameter
at most C3ρ

ℓ. Since φn is affine between consecutive interpolation points, for ℓ ≥ n, finite
Hölder’s inequality gives ∑

w∈W1,ℓ

oscFwV0(g)
p ≤ C4ρ

(p−1)(ℓ−n)∆n(f). (4.4)

Combining (4.4) with (4.2), and using ρp−1 < ri, we obtain

E≥n
ri (g) ≤ C5∆n(f)

∞∑
ℓ=n

r1−ℓ
i ρ(p−1)(ℓ−n) ≤ C6r

−n
i ∆n(f), i ∈ {1, 2}.

So,
E≥n

r1 (g) ≤ C6r
−n
1 ∆n(f) <∞, E≥n

r2 (g) ≤ C6r
−n
2 ∆n(f) ≤ C2C6δ.

Thus g ∈ F (1)
p,r1,D. Since f − g vanishes on the first n− 1 cell levels (the lower vertices of such a

cell occur among the preceding top vertices or the level-n knots, where φn = f), Minkowski’s
inequality gives

Ψp,r2D(f − g)1/p ≤ E≥n
r2 (f)1/p + E≥n

r2 (g)1/p ≤
(
1 + (C2C6)

1/p
)
δ1/p.

Choosing δ sufficiently small proves the approximation assertion in (2). On the tail, g depends
only on the horizontal coordinate and is piecewise linear. Hence oscFwV0 g ≤ Aρ|w| for some
A > 0 and all sufficiently long w ∈W1, which proves the additional assertion in (2).

(3) If f ∈ C(V 1), carry out the same construction without assuming finite energy. The first
n− 1 levels contribute only finitely many terms, while (4.4) and ρp−1 < r1 show that the tail has

finite r1-energy. Hence g ∈ F (1)
p,r1,D. Moreover, the construction satisfies ∥f − g∥∞ ≤ 2ωf (C7ρ

n),
where ωf is the modulus of continuity of f . Letting n→ ∞ proves (3).

4.3 Continuity

We next establish continuity of Rp,r under simultaneous variation of the exponent p, the weight
parameter r, and the resistance form D. This result is not needed for the fixed-p eigenform
construction in Section 5, but it will be used in Section 8 to prove continuity of the standard
renormalization factor rp with respect to p. For varying exponents p, convergence of resistance
forms on V0 is understood as local uniform convergence on L(V0), which is independent of p; see
Proposition 4.2. It is convenient to write r = sp−1 with s ∈ (ρ, 1).
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Theorem 4.4. Let pn → p ∈ (1,∞) and sn → s ∈ (ρ, 1), and set rn = spn−1
n and r = sp−1.

Suppose that Dn ∈ Mpn(V0), D ∈ Mp(V0), and Dn → D. Then

Rpn,rnDn −→ Rp,rD

locally uniformly on L(V0).

Proof. The argument combines compactness of the minimizing extensions with a uniform tail
estimate, needed because the exponent p varies.

Write Ψn := Ψpn,rnDn, Ψ := Ψp,rD, and denote their traces by Rn and R. On the compact
set S := {v ∈ H0 : oscV0(v) = 1}, local uniform convergence and the positivity of D give
0 < c1 ≤ C1 < ∞ such that c1 ≤ Dn ≤ C1 on S for all sufficiently large n. Hence, by
pn-homogeneity and invariance under addition of constants,

c1 oscV0(v)
pn ≤ Dn(v) ≤ C1 oscV0(v)

pn , v ∈ L(V0). (4.5)

Fix u ∈ L(V0) and ε > 0, and choose r0 ∈ (ρp−1, r). Let f be the Ψ-minimizing extension of
u, so that Ψ(f) = R(u). By Proposition 4.3(2), there is an extension g of u, chosen with the
additional tail property stated there, such that

g ∈ F (1)
p,r0,D, Ψ(g) ≤ Ψ(f) + ε = R(u) + ε,

and, for some A > 0 and N ≥ 1, oscFwV0(g) ≤ Aρ|w| whenever w ∈ W1 and |w| ≥ N . Using
(4.5), this estimate, and #W1,ℓ ≤ C2ρ

−ℓ, we obtain

∑
w∈W1,ℓ

r1−ℓ
n Dn(g ◦ Fw|V0) ≤ C3rn

(
ρ

sn

)(pn−1)ℓ

, ℓ ≥ N.

For each fixed ℓ, the corresponding level sum converges to
∑

w∈W1,ℓ
r1−ℓD(g ◦ Fw|V0), while

(ρ/sn)
pn−1 → (ρ/s)p−1 < 1. Thus the level sums are bounded by C4η

ℓ for some η ∈ (0, 1), and
dominated convergence over ℓ ∈ N yields Ψn(g) → Ψ(g). Since Rn(u) ≤ Ψn(g),

lim sup
n→∞

Rn(u) ≤ R(u). (4.6)

Let hn be the Ψn-minimizing extension of u. By the weak comparison principle in Proposi-
tion 2.9,

min
V0

u ≤ hn ≤ max
V0

u on V 1,

so {hn} is uniformly bounded, while (4.6) and pn → p give K := supnΨn(hn)
1/pn < ∞. The

lower bound in (4.5) gives R̂∗
0(Dn) ≤ c

−1/(pn−1)
1 , and hence supn R̂

∗
0(Dn) < ∞. Applying

Proposition 3.6 with sn = r
1/(pn−1)
n yields

|hn(x)− hn(y)| ≤

(
4R̂∗

0(Dn)

s3n(1− sn)

) pn−1
pn

Ψn(hn)
1/pnd(x, y)

log rn
pn log ρ

for x, y ∈ V 1. Since pn → p, sn → s, and d(x, y) ≤ 1, the preceding bounds imply that there
exist constants C5 > 0 and β > 0 such that

|hn(x)− hn(y)| ≤ C5d(x, y)
β, x, y ∈ V 1.

By the Arzelà–Ascoli theorem, after passing to a subsequence realizing the lower limit of

Ψn(hn), hn converges uniformly to an extension h of u. For each fixed w ∈W1, r
1−|w|
n Dn(hn ◦

Fw|V0) → r1−|w|D(h ◦ Fw|V0). Fatou’s lemma yields

R(u) ≤ Ψ(h) ≤ lim inf
n→∞

Ψn(hn) = lim inf
n→∞

Rn(u).
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Together with (4.6), this proves Rn(u) −→ R(u) for every u ∈ L(V0).
It remains to upgrade the convergence to local uniform convergence. Set Nn := R1/pn

n

and N := R1/p. These are seminorms on L(V0). If e0, e1, e2 denote the standard basis of
L(V0) ≃ R3, then the pointwise convergence above and pn → p imply supnmax0≤i≤2Nn(ei) <∞.
Consequently, {Nn} is equicontinuous, since

|Nn(u)−Nn(v)| ≤ Nn(u− v) ≤ C6

2∑
i=0

|u(qi)− v(qi)|.

Thus Nn → N locally uniformly on L(V0). Since pn → p, it follows that Rn = N pn
n → N p = R

locally uniformly on L(V0).

Corollary 4.5. For p ∈ (1,∞), the map

Rp : (ρ
p−1, 1)×Mp(V0) −→ Mp(V0), (r,D) 7−→ Rp,rD,

is jointly continuous with respect to the usual topology in r and the metric dBp in D.

Proof. Let rn → r and Dn → D in dBp . Set pn ≡ p, sn := r
1/(p−1)
n , and s := r1/(p−1). Then

sn → s, and Theorem 4.4 gives local uniform convergence Rp,rnDn → Rp,rD on L(V0). The
conclusion follows from Proposition 4.2(2).

5 Renormalization eigenforms

We construct eigenforms of the nonlinear renormalization operator Rp,r on the symmetric cone of
p-resistance forms on V0. A compact convex invariant set for Rp,r gives existence by the Schauder
fixed-point theorem. We then prove uniqueness of the eigenvalue, establish its dependence on r,
and identify the unique standard renormalization factor.

Throughout this section, fix p ∈ (1,∞) and r ∈ (ρp−1, 1). For D ∈ Mp(V0), we retain
the notation RD for its effective p-resistance and CD(x, y) = RD(x, y)

−1 for the corresponding
conductance, where x, y ∈ V0 and x ̸= y.

5.1 Existence and eigenvalues

Let σ : G → G be the reflection in the vertical symmetry axis, so that σ(q0) = q0, σ(q1) = q2,
and σ(q2) = q1 on V0. We call a form symmetric when it is invariant under this reflection, and
set

Msym
p (V0) := {D ∈ Mp(V0) : D(u ◦ σ|V0) = D(u) for every u ∈ L(V0)} .

Both the countable level-one cell structure and the weights are invariant under σ. Consequently,
Rp,r(Msym

p (V0)) ⊆ Msym
p (V0).

Set

u∗ :=

(
1

2
, 0, 1

)
∈ L(V0), (5.1)

so that u∗(q0) = 1/2, u∗(q1) = 0, and u∗(q2) = 1. For D ∈ Mp(V0), define the normalized
renormalization operator

R̃p,rD :=
Rp,rD

(Rp,rD)(u∗)
. (5.2)

Then (R̃p,rD)(u∗) = 1. For c > 0, define

Kc :=
{
D ∈ Msym

p (V0) : D(u∗) = 1, CD(q0, q1) ≥ c
}
. (5.3)

The set Kc will serve as the compact invariant set in the fixed-point argument.
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Lemma 5.1. For every D ∈ Msym
p (V0),

CRp,rD(q0, q1) ≥
(
1− r1/(p−1)

)p−1
CD(q0, q1). (5.4)

Proof. By the definition of conductance and the p-homogeneity of D,

D(v) ≥ CD(q0, q1)|v(q0)− v(q1)|p, v ∈ RV0 . (5.5)

Let f ∈ F (1)
p,r,D satisfy f(q0) = 0 and f(q1) = 1. Applying (5.5) to the cells F1n0G, n ≥ 0,

yields

Ψp,rD(f) ≥ CD(q0, q1)
∞∑
n=0

r−n
∣∣f(Fn+1

1 q0)− f(Fn
1 q0)

∣∣p.
Since Fn

1 q0 → q1, the weighted Hölder inequality gives

1 = |f(q1)− f(q0)|p ≤

( ∞∑
n=0

r−n
∣∣f(Fn+1

1 q0)− f(Fn
1 q0)

∣∣p)( ∞∑
n=0

rn/(p−1)

)p−1

.

Therefore,
∞∑
n=0

r−n
∣∣f(Fn+1

1 q0)− f(Fn
1 q0)

∣∣p ≥ (1− r1/(p−1)
)p−1

.

Taking the infimum over all admissible f proves (5.4).

Lemma 5.2. There exists a constant bp > 0, depending only on p, such that

(Rp,rD)(u∗) ≤ bp
rρp−1

r − ρp−1
CD(q0, q1)

for every D ∈ Msym
p (V0).

Proof. We first note that
D(v) ≤ 2pCD(q0, q1)|v(q0)− v(q1)|p (5.6)

whenever v(q1) = v(q2).
Indeed, let h minimize D subject to h(q0) = 0 and h(q1) = 1. By the contraction property,

we may assume 0 ≤ h ≤ 1. Writing h(q2) = t ∈ [0, 1], symmetry and the triangle inequality for
D1/p yield

(1 + t)D(0, 1, 1)1/p = D(h+ h ◦ σ)1/p ≤ 2CD(q0, q1)
1/p.

Thus
D(1, 0, 0) = D(0, 1, 1) ≤ 2pCD(q0, q1),

which implies (5.6).
Let f(x, y) = x, so that f |V0 = u∗. Define the horizontal-edge relation on V1 by

x ∼h y ⇐⇒ {x, y} = {Fwq1, Fwq2} for some w ∈W1,

and let [x]h be the corresponding connected component. Set

g(x) :=
1

#[x]h

∑
y∈[x]h

f(y).

Then g is constant on every horizontal edge. Since the horizontal components have diameters
tending to zero at the boundary, g extends continuously to V 1, with g|V0 = f |V0 = u∗. Since
f(x, y) = x and g is obtained by averaging f over horizontal components, we have

oscFwV0 g ≤ c1ρ
n, w ∈W1,n. (5.7)
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Since g(Fwq1) = g(Fwq2), it follows from (5.6) and (5.7) that

D(g ◦ Fw|V0) ≤ 2pcp1CD(q0, q1)ρ
pn, w ∈W1,n.

By Proposition 3.3, #W1,n ≤ c2ρ
−n. We therefore obtain

Ψp,rD(g) ≤ 2pcp1c2CD(q0, q1)
∞∑
n=1

r−n+1ρ(p−1)n = 2pcp1c2
rρp−1

r − ρp−1
CD(q0, q1).

Hence g ∈ F (1)
p,r,D, and the variational characterization of the trace gives (Rp,rD)(u∗) ≤ Ψp,rD(g).

The result follows with bp := 2pcp1c2.

Proposition 5.3. There exists cp,r > 0 such that CR̃p,rD(q0, q1) ≥ cp,r for every D ∈ Msym
p (V0).

Consequently, R̃p,r(Kcp,r) ⊆ Kcp,r .

Proof. By the definition of R̃p,r and the homogeneity of conductance,

CR̃p,rD(q0, q1) =
CRp,rD(q0, q1)

(Rp,rD)(u∗)
.

Therefore, Lemmas 5.1 and 5.2 give

CR̃p,rD(q0, q1) ≥
1

bp

(
1− r1/(p−1)

)p−1 r − ρp−1

rρp−1
.

Thus one may take

cp,r :=
1

bp

(
1− r1/(p−1)

)p−1 r − ρp−1

rρp−1
> 0.

Since the normalized operator preserves reflection symmetry and satisfies (R̃p,rD)(u∗) = 1, the
invariance of Kcp,r follows.

Lemma 5.4. Let D ∈ Msym
p (V0) satisfy D(u∗) = 1. Then, for every v ∈ L(V0),

1

2
CD(q0, q1)

1/p oscV0(v) ≤ D(v)1/p ≤ 2 oscV0(v). (5.8)

Proof. By the definition of conductance and reflection symmetry,

D(v) ≥ CD(q0, q1)max
i=1,2

|v(q0)− v(qi)|p.

Since oscV0(v) ≤ 2maxi=1,2 |v(q0)− v(qi)|, the lower bound follows.
For the upper bound, set M := oscV0(v). If M > 0, choose a piecewise linear function

ϕ : R → R, constant outside [0, 1], such that

ϕ(0) = 0, ϕ

(
1

2

)
= v(q0)− v(q1), ϕ(1) = v(q2)− v(q1).

Then Lip(ϕ) ≤ 2M and v − v(q1)1V0 = ϕ ◦ u∗. By the contraction property in Proposition 2.4,

D(v)1/p = D(ϕ ◦ u∗)1/p ≤ 2MD(u∗)
1/p = 2M.

The case M = 0 is immediate.

The estimate (5.8) will be used below to obtain compactness.

Proposition 5.5. For every c > 0, the set Kc is compact and convex in Bp(V0).
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Proof. Convexity. Let Dt = tD1 + (1 − t)D2, where D1,D2 ∈ Kc and t ∈ [0, 1]. Then Dt ∈
Msym

p (V0), Dt(u∗) = 1, and

CDt(q0, q1) ≥ tCD1(q0, q1) + (1− t)CD2(q0, q1) ≥ c.

Thus Kc is convex.
Closedness. Suppose that Dn ∈ Kc and Dn → D in Bp(V0). The seminorm property, (RF5)p,

reflection symmetry, and normalization pass to the limit. By Lemma 5.4,

Dn(v) ≥ 2−pc oscV0(v)
p, v ∈ L(V0),

so D is nondegenerate. Moreover, if v(q0) = 0 and v(q1) = 1, then Dn(v) ≥ c; passing to the
limit and taking the infimum gives CD(q0, q1) ≥ c. Hence D ∈ Kc, and Kc is closed.

Relative compactness. For D ∈ Kc, set ND := D1/p. By Lemma 5.4,

ND(v) ≤ 2 oscV0(v), v ∈ L(V0).

Hence
|ND(u)−ND(v)| ≤ ND(u− v) ≤ 2 oscV0(u− v).

On the compact set S := {v ∈ H0 : oscV0(v) = 1}, we have ND ≤ 2, and therefore

|D(u)−D(v)| ≤ p2p oscV0(u− v), u, v ∈ S.

Thus the restrictions of the forms in Kc to S are uniformly bounded and equicontinuous. The
Arzelà–Ascoli theorem and Proposition 4.2(2) imply relative compactness in Bp(V0). Together
with closedness, this proves compactness.

Proposition 5.6. Fix p and r. Suppose that

Rp,rD = λD, Rp,rD′ = λ′D′,

where D,D′ ∈ Mp(V0). Then λ = λ′. Hence the eigenvalue depends only on p and r and may be
denoted by λp(r).

Proof. Let θ := maxv/∈R1
D′(v)
D(v) . The quotient L(V0)/R1 is finite dimensional, so the maximum is

attained. Choose u /∈ R1 such that D′(u) = θD(u), and let h be the Ψp,rD-minimizing extension
of u. Then

λ′D′(u) ≤ Ψp,rD′(h) ≤ θΨp,rD(h) = θλD(u).

Hence λ′ ≤ λ. Interchanging D and D′ gives λ ≤ λ′, and therefore λ = λ′.

Theorem 5.7. For every p ∈ (1,∞) and r ∈ (ρp−1, 1), there exist Dp,r ∈ Msym
p (V0) and

λp(r) > 0 such that
Rp,rDp,r = λp(r)Dp,r. (5.9)

The eigenform may be normalized by Dp,r(u∗) = 1.

Proof. Let c := cp,r be the constant from Proposition 5.3. To see that Kc is nonempty, take
D0(u) :=

∑
0≤i<j≤2 |u(qi) − u(qj)|p, which belongs to Msym

p (V0). Then Proposition 5.3 gives

R̃p,rD0 ∈ Kc. By Propositions 5.3 and 5.5 and Corollary 4.5, the normalized operator R̃p,r is a
continuous self-map of the compact convex set Kc. The Schauder fixed-point theorem therefore
yields Dp,r ∈ Kc such that R̃p,rDp,r = Dp,r. With λp(r) := (Rp,rDp,r)(u∗), this fixed-point
identity is equivalent to (5.9).

Proposition 5.8. For fixed p, the function r 7→ λp(r) is continuous and non-increasing on
(ρp−1, 1).
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Proof. Monotonicity. Let r1 ≤ r2, and choose eigenforms Di such that

Rp,riDi = λp(ri)Di, i = 1, 2.

Set θ := maxv/∈R1
D2(v)
D1(v)

, and choose u attaining the maximum. Let h be the Ψp,r1D1-minimizing

extension of u. Since r
1−|w|
1 ≥ r

1−|w|
2 for every w ∈W1, we have

λp(r2)D2(u) ≤ Ψp,r2D2(h) ≤ θΨp,r1D1(h) = θλp(r1)D1(u).

Since D2(u) = θD1(u), it follows that λp(r2) ≤ λp(r1).
Continuity. Let rn → r, and choose a compact interval I contained in (ρp−1, 1) that contains

r and all sufficiently large rn. The explicit bound in Proposition 5.3 yields c0 > 0 such that
normalized eigenforms for all parameters in I may be chosen in the compact set Kc0 . Let Dn be
such eigenforms, normalized by Dn(u∗) = 1.

Since Kc0 is compact by Proposition 5.5, every subsequence of {Dn} has a further subsequence
{Dnk

} converging to some D ∈ Kc0 . By the joint continuity of Rp,

λp(rnk
) = (Rp,rnk

Dnk
)(u∗) −→ (Rp,rD)(u∗) =: λ.

Passing to the limit in
Rp,rnk

Dnk
= λp(rnk

)Dnk

gives Rp,rD = λD. By Proposition 5.6, λ = λp(r). Thus every subsequence contains a further
subsequence along which the eigenvalues converge to λp(r), and consequently λp(rn) → λp(r).

5.2 Eigenvalue estimates and the standard factor

The adjective “standard” refers to compatibility between geometric scale and energy weight. The
W1-cells F0G, F10G, and F20G have contraction ratios ρ2, ρ3, ρ3 and weights λp(r), λp(r)r, λp(r)r,
respectively. Requiring these weights to match the contraction ratios leads to

λp(r) = r2. (5.10)

Equivalently, with θ = log r/ log ρ, every cell weight is its contraction ratio raised to the power θ.
This is the compatibility condition used in the quadratic construction of [9, Section 5]. Thus
(5.10) is precisely the scale-matching equation that selects the standard renormalization factor.

Fix r ∈ (ρp−1, 1) and choose D ∈ Msym
p (V0) such that Rp,rD = λp(r)D. Write R0 := RD

and R1 := RΨp,rD for the effective p-resistances associated with D and Ψp,rD, respectively.
Let A := {0, 20, 110, 120, 210, 1120, 1210} ⊂ W1 be the family of red cells in Figure 3. Set
VA :=

⋃
w∈A FwV0. For f ∈ RVA , define DA(f) :=

∑
w∈A r

1−|w|D(f ◦ Fw|V0). Since A is
connected, Lemma 2.3 and Remark 2.2 imply that (DA,RVA) is a p-resistance form. Let RA

denote its effective p-resistance.

Lemma 5.9. Define

Bp(r) := 2 + r1/(p−1) + 4r2/(p−1) + 2r3/(p−1)

and
βp(r) :=

[
r−1 +Bp(r)

1−p
]−1/(p−1)

. (5.11)

Then 0 < βp(r) < r1/(p−1), and

λp(r) ≥
[

1

1− r1/(p−1)
+ βp(r)− r1/(p−1)

]1−p

>
(
1− r1/(p−1)

)p−1
. (5.12)

Moreover,

λp(r) ≤
2r−1(

1 + (2r−1)1/(p−1)
)p−1 < 1.
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Proof. Upper bound. Let u(q0) = 0 and u(q1) = u(q2) = 1. For t ∈ [0, 1], define ft ∈ RV1 by

ft(q0) = 0, ft(F1q0) = ft(F2q0) = t,

and ft = 1 at all remaining vertices of V1. Then

Ψp,rD(ft) =
(
tp + 2r−1(1− t)p

)
D(u).

Hence, by the variational characterization of the trace,

λp(r) ≤ min
0≤t≤1

{
tp + 2r−1(1− t)p

}
=

2r−1(
1 + (2r−1)1/(p−1)

)p−1 < 1.

Lower bound. Set s := r1/(p−1), a := F1q0, and b := F 2
1 q0. The finite cell family A and the edge

chain from b to a used below are shown in Figure 3.

Figure 3: The finite cell family A = {0, 20, 110, 120, 210, 1120, 1210} (red) and an edge chain
(blue) joining b = F 2

1 q0 to a = F1q0.

For every f with f(a) = 0 and f(b) = 1,

Ψp,rD(f) ≥ r−1D(f ◦ F10|V0) +DA(f),

and, by the definition of R0,
D(f ◦ F10|V0) ≥ R0(q0, q1)

−1.

If w ∈ A, |w| = k, and i ∈ {1, 2}, then the definition of DA and reflection symmetry imply

RA(Fwq0, Fwqi)
1/(p−1) ≤ sk−1R0(q0, q1)

1/(p−1).

The blue chain in Figure 3 uses 2, 1, 4, 2 cell sides from cells of lengths 1, 2, 3, 4, respectively.

Hence the triangle inequality for R
1/(p−1)
A gives

RA(a, b)
1/(p−1) ≤

(
2 + s+ 4s2 + 2s3

)
R0(q0, q1)

1/(p−1) = Bp(r)R0(q0, q1)
1/(p−1).

Consequently,
DA(f) ≥ Bp(r)

1−pR0(q0, q1)
−1.

Taking the infimum over all such f yields

R1(a, b)
1/(p−1) ≤ βp(r)R0(q0, q1)

1/(p−1). (5.13)

In particular, 0 < βp(r) < r1/(p−1) = s.
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Similarly, for every n ≥ 0,

R1(F
n
1 q0, F

n+1
1 q0)

1/(p−1) ≤ snR0(q0, q1)
1/(p−1),

where (5.13) gives the sharper factor βp(r) in place of s when n = 1. Summing these estimates
along the chain q0, F1q0, F

2
1 q0, . . . −→ q1 gives

R1(q0, q1)
1/(p−1) ≤ R0(q0, q1)

1/(p−1)

(
1

1− s
+ βp(r)− s

)
. (5.14)

The eigenvalue equation and trace compatibility give

R1(q0, q1) = λp(r)
−1R0(q0, q1).

Substitution into (5.14) yields

λp(r) ≥
(

1

1− s
+ βp(r)− s

)1−p

.

Since βp(r) < s and 1− p < 0, this lower bound is strictly larger than (1− s)p−1.

Theorem 5.10. For every p ∈ (1,∞), there exists a unique rp ∈ (ρp−1, 1) such that

λp(rp) = r2p. (5.15)

Consequently, there exists Dp ∈ Msym
p (V0) satisfying Rp,rpDp = r2pDp.

Proof. Let r0 = ρp−1. By (5.11), βp extends continuously to r0 and βp(r0) < ρ. Letting r ↓ r0
in (5.12) gives

lim inf
r↓r0

λp(r) ≥
[

1

1− ρ
+ βp(r0)− ρ

]1−p

> (1− ρ)p−1 = ρ2(p−1) = r20.

Hence λp(r) > r2 for all r > r0 sufficiently close to r0. On the other hand,

lim sup
r↑1

λp(r) ≤
2

(1 + 21/(p−1))p−1
< 1 = lim

r↑1
r2.

By the continuity assertion in Proposition 5.8, the functions λp(r) and r2 intersect at some
rp ∈ (r0, 1). Since λp is non-increasing whereas r 7→ r2 is strictly increasing, this intersection is
unique.

Finally, applying Theorem 5.7 with r = rp gives Dp ∈ Msym
p (V0) satisfying Rp,rpDp =

λp(rp)Dp = r2pDp.

The identity (5.15) will be imposed in the global construction to make energy weights depend
only on geometric scale.

6 Global p-resistance forms

Following Kigami’s compatible-energy construction on p.c.f. self-similar sets [20] and the
quadratic construction of Cao and the second author for the golden ratio Sierpiński gasket G [9]
, we define compatible energies on the finite-level vertex sets Vm and then pass to their limit to
obtain the global form on G .

Fix p ∈ (1,∞) and r ∈ (ρp−1, 1). By Theorem 5.7 , choose D ∈ Mp(V0) and λ > 0 such that

Rp,rD = λD. (6.1)

21



By Proposition 5.6, necessarily λ = λp(r), and Lemma 5.9 gives 0 < λ < 1.
Set

γ0 := λ, γ1 = γ2 := r, γw :=

|w|∏
j=1

γwj (w ∈ W̃∗), (6.2)

with γ∅ := 1. Moreover,
γwτ = γwγτ , w, τ ∈ W̃∗.

If w ∈W1, then
γw = λr|w|−1. (6.3)

More generally, if w ∈Wm, then γw = λmr|w|−m.

6.1 Compatible level forms

Definition 6.1 (Compatible level forms). For m ≥ 0, define

D(m)(f) :=
∑

w∈Wm

γ−1
w D

(
f ◦ Fw|V0

)
, (6.4)

and
F (m) :=

{
f ∈ C(V m) : D(m)(f) <∞

}
.

For m = 0, we set D(0) = D and F (0) = RV0 .

For m = 1, (6.3) gives D(1) = λ−1Ψp,rD. Hence,
Theorem 5.7 gives

D(1)
∣∣∣
V0

= λ−1Rp,rD = D. (6.5)

Theorem 6.2. For every m ≥ 0,
(
D(m),F (m)

)
is a regular p-resistance form on V m. Let

Rm(x, y) := sup

{
|f(x)− f(y)|p

D(m)(f)
: f ∈ F (m) \ R1V m

}
denote its effective p-resistance. Moreover,

D(m+1)
∣∣∣
V m

= D(m). (6.6)

Consequently, for n ≥ m and x, y ∈ V m,

Rn(x, y) = Rm(x, y). (6.7)

Proof. We prove by induction on m ≥ 1 the following statement:

(P)m :
(
D(m),F (m)

)
is a regular p-resistance form on V m,

D(m)
∣∣∣
V m−1

= D(m−1).

For m = 1 , Proposition 3.6 , together with (6.3), shows that
(
D(1),F (1)

)
is a p-resistance form

on V 1. Its regularity follows from Proposition 4.3 (3), and the trace identity in (P)1 is (6.5).
Fix m ≥ 1 and assume (P)m. We prove (P)m+1. Since Wm+1 =WmW1 and γwτ = γwγτ ,

D(m+1)(f) =
∑

w∈Wm

γ−1
w D(1)

(
(f ◦ Fw)|V 1

)
. (6.8)
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The level-one trace identity (6.5) and the trace inequality in Theorem 2.8 yield

D(m+1)(f) ≥ D(m)(f |V m
). (6.9)

We now verify that (D(m+1),F (m+1)) is a p-resistance form. By Lemma 2.3 , every finite
partial sum in (6.8) has the seminorm and generalized contraction properties; these pass to
D(m+1) by monotone convergence. If D(m+1)(f) = 0, then (6.9) and (P)m show that f is constant
on V m. Since the summands in (6.8) are nonnegative, each of them vanishes. The base case
(P)1 then makes f constant, with the same value, on every FwV 1 , w ∈Wm. Thus (RF1)p and
(RF5)p hold.

We next verify (RF2)p . Fix o ∈ V0, and let fk(o) = 0 with

D(m+1)(fk − fℓ) −→ 0.

By (6.9) and the completeness of the D(m)-energy norm , fk|V m
converges in the energy norm to

some f̃ ∈ F (m) , normalized by f̃(o) = 0; applying (2.2) to D(m) then gives pointwise convergence
of fk to f̃ . For every w ∈Wm,

D(1)
(
((fk − fℓ) ◦ Fw)|V 1

)
≤ γwD(m+1)(fk − fℓ),

so fk ◦ Fw is Cauchy in the level-one energy seminorm. Its restrictions to V0 converge, through
the convergence on FwV0 ⊂ V m, to f̃ ◦Fw|V0 . Completeness of the level-one form therefore gives

a function f̃w ∈ F (1) to which fk ◦ Fw converges, with f̃w|V0 = f̃ ◦ Fw|V0 . Hence the functions

f̃w glue with f̃ to a function f .
Now we prove f ∈ C(V m+1). Define

V ′
m+1 :=

⋃
w∈Wm

Fw([0, 1]× {0}) ⊂ V m+1,

which gives (non-disjoint) decomposition V m+1 = Vm+1∪V ′
m+1 and satisfies the iteration relation

V ′
m+1 =

( ⋃
w∈Wm

Fw(V
′
1)

)
∪ V ′

m. (6.10)

Moreover, this gives

V m+1 = Vm+1 ∪ V ′
m+1 =

( ⋃
w∈Wm

Fw(V 1)

)
∪ V ′

m. (6.11)

Clearly f is continuous at each x ∈ Vm+1 \ V ′
m+1 since such x is isolated in V m+1. Moreover, if

x ∈ Fw(V
′
1) for some w ∈Wm, then there is r > 0 such that B(x, r)∩ V m+1 ⊂ B(x, r)∩Fw(V 1),

thus the continuity of f at x follows from the continuity of f̃w on Fw(V 1). By (6.10), it remains
to prove that f is continuous at each x ∈ V ′

m.
Let x ∈ V ′

m. For each r > 0 and y ∈ (B(x, r) \ {x}) ∩ V m+1, there are only two cases by
(6.11):

(1) y ∈ V ′
m, in which case |f(x)− f(y)| ≤ oscV m∩B(x,r)(f̃).

(2) y ∈ Fw(V 1) for some w ∈Wm, in which case

|f(x)− f(y)| ≤ |f(x)− f(Fw(q0))|+ |f(Fw(q0))− f(y)|
≤ osc

V m∩B
(
x,r+diam(Fw(V 1))

)(f̃) + oscFw(V 1)
(f̃w)

≤ oscV m∩B(x,Ar)(f̃) + oscFw(V 1)
(f̃w)
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for some constant A ≥ 1. Here the third line follows from a geometric observation simi-
lar to Whitney decomposition that, for each x ∈ V ′

m, (B(x, r) \ {x}) ∩ Fw(V 1) ̸= ∅ implies
diam(Fw(V 1)) ≤ A′r for some constant A′ ≥ 1. To bound those correlated oscFw(V 1)

(f̃w) when

r is small, let M = supk D(m+1)(fk) <∞. Fatou’s lemma and Proposition 3.6 give a constant
C1 > 0 such that

oscFwV 1
(f)p ≤ C1Mγw. (6.12)

For every a > 0, only finitely many w ∈Wm satisfy γw ≥ a. Note that for every w ∈Wm, there
exists r > 0 such that B(x, r) ∩ Fw(V 1) = ∅. Therefore we can pick r > 0 small enough such
that oscFw(V 1)

(f̃w) < a for all w ∈Wm satisfying B(x, r) ∩ Fw(V 1) ̸= ∅ by the finiteness before.
This further gives

|f(x)− f(y)| ≤ oscV m∩B(x,Ar)(f̃) + a

in the second case for every r > 0 small enough. Since f̃ is continuous on V m, combining the
two cases, we reach to

lim
r→0

oscV m+1∩B(x,r)(f) ≤ lim
r→0

oscV m∩B(x,Ar)(f̃) + a = a.

By letting a→ 0, it follows the claim that f is continuous at every x ∈ V ′
m. At this stage, we

have proved the desired f ∈ C(V m+1).
Another application of Fatou’s lemma gives

D(m+1)(fk − f) ≤ lim inf
ℓ→∞

D(m+1)(fk − fℓ),

so fk → f in the energy norm. This proves (RF2)p .
We now verify (RF3)p. Let ℓ : R2 → R be linear. For τ ∈W1,n, the similarity ratio of Fτ is

ρn+1. Hence the p-homogeneity and constant invariance of D give , for every w ∈Wm,

D
(
(ℓ ◦ Fw ◦ Fτ )|V0

)
= ρp(n+1)D

(
(ℓ ◦ Fw)|V0

)
,

and therefore
D(1)

(
(ℓ ◦ Fw)|V 1

)
= Λp,r,λD

(
(ℓ ◦ Fw)|V0

)
,

where

Λp,r,λ := λ−1
∞∑
n=1

#W1,n r
1−nρp(n+1) ≤ C2

∞∑
n=1

(
ρp−1

r

)n

<∞
(
#W1,n ≍ ρ−n, r > ρp−1

)
.

The same computation with Fw = id gives D(1)(ℓ|V 1
) = Λp,r,λD(ℓ|V0) < ∞, so ℓ|V 1

∈ F (1).

Assume inductively that ℓ|V m
∈ F (m). Summing the preceding identity over w ∈Wm and using

(6.8), we obtain
D(m+1)(ℓ|V m+1

) = Λp,r,λD(m)(ℓ|V m
) <∞.

Thus ℓ|V m+1
∈ F (m+1) . Given x ̸= y, choose ℓ with ℓ(x) ̸= ℓ(y). This proves (RF3)p.

It remains to verify (RF4)p. Let x, y ∈ V m+1 and f ∈ F (m+1). If x ∈ V m, let x′ = x;
otherwise, choose w ∈Wm and x′ ∈ FwV0 such that x, x′ ∈ FwV 1. Then

|f(x)− f(x′)|p ≤ R1(F
−1
w x, F−1

w x′)D(1)(f ◦ Fw) ≤ C3γwD(m+1)(f),

where C3 := supa,b∈V 1
R1(a, b) <∞. Define y′ in the same manner.

By the induction hypothesis (P)m, Rm(x′, y′) <∞, and (6.9) gives

|f(x′)− f(y′)|p ≤ Rm(x′, y′)D(m+1)(f).
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Together with the analogous estimate for |f(y)− f(y′)|p, the triangle inequality yields

|f(x)− f(y)| ≤ C(x, y)D(m+1)(f)1/p

for some C(x, y) <∞. Thus (RF4)p follows.
Furthermore, by Proposition 2.4 (2), F (m+1) is a subalgebra containing the constants and

separating points ; hence the Stone–Weierstrass theorem shows that (D(m+1),F (m+1)) is a regular
p-resistance form .

It remains to prove the trace identity in (P)m+1. For f ∈ F (m), use Theorem 2.8 to take the
D(1)-minimizing extension in every level-m cell and glue these extensions to a function Hf . The
cell boundaries agree by construction. Moreover, the resistance estimate in Proposition 3.6 gives
a constant C4 > 0 such that

oscFwV 1
(Hf)p ≤ C4D(f ◦ Fw|V0) ≤ C4γwD(m)(f), w ∈Wm.

Since γw → 0 outside finite subfamilies ofWm, the function Hf is continuous at the accumulation
points. Its cellwise energy sum is finite, so Hf ∈ F (m+1), and

D(m+1)(Hf) =
∑

w∈Wm

γ−1
w D(f ◦ Fw|V0) = D(m)(f). (6.13)

Combining (6.13) with (6.9) proves

D(m+1)
∣∣∣
V m

= D(m).

Thus (P)m+1 holds. Together with D ∈ Mp(V0), the induction proves the regularity assertion
and (6.6) for every m ≥ 0. Finally, repeated use of (6.6) and the preservation of effective
resistance under traces in Theorem 2.8 yield (6.7).

Let V∗ :=
⋃∞

m=0 V m. By (6.6),

D(m+1)(f |V m+1
) ≥ D(m)(f |V m

)

for every function f on V∗. By (6.7), if x, y ∈ V∗ and x, y ∈ V m ⊂ V n, then Rm(x, y) = Rn(x, y).
Thus, for x, y ∈ V∗, we may choose any m such that x, y ∈ V m and define

R̃(x, y) := Rm(x, y).

We next establish a uniform resistance estimate on V∗, which will be used to pass to the
global limit. Recall that W̃∗ is the set of finite words for the original iterated function system
{F0, F1, F2}. For the resistance estimates below, set

θp,r := min

{
log r

log ρ
,
log λ

2 log ρ

}
> 0. (6.14)

By (6.14),
r ≤ ρθp,r , λ ≤ ρ2θp,r .

In (6.2), the letter 0 has weight λ and contraction ratio ρ2, whereas the letters 1 and 2 have
weight r and contraction ratio ρ. Multiplying these bounds along a word gives

γw ≤ ρ
θp,r
w , w ∈ W̃∗. (6.15)

Lemma 6.3. For w ∈ W̃∗, let ν(w) := #{1 ≤ j ≤ |w| : wj = 0}. Then, for every f ∈ F (ν(w)+1),

D(1)
(
(f ◦ Fw)|V 1

)
≤ γwD(ν(w)+1)(f). (6.16)

Consequently, there exists C > 0 such that, for all x, y ∈ FwV 1,

Rν(w)+1(x, y) ≤ Cd(x, y)θp,r . (6.17)
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Proof. For each τ ∈ W1, split wτ immediately after each occurrence of 0 and replace every
resulting block by its representative in W1. This produces a word

v(τ) ∈Wν(w)+1 such that Fv(τ) = Fwτ .

Since ν(v(τ)) = ν(wτ) and ρu = ρ|u|+ν(u) for every word u, the identity Fv(τ) = Fwτ implies
|v(τ)| = |wτ |. Consequently,

γv(τ) = γwτ = γwγτ .

Moreover, the words v(τ) are distinct as τ varies, since Fw is injective and W1 is a representative
word set. Therefore,

D(1)
(
(f ◦ Fw)|V 1

)
=
∑
τ∈W1

γ−1
τ D(f ◦ Fwτ |V0)

= γw
∑
τ∈W1

γ−1
v(τ)D(f ◦ Fv(τ)|V0)

≤ γwD(ν(w)+1)(f),

which proves (6.16).
Now set x′ := F−1

w x and y′ := F−1
w y. Since D(1) = λ−1Ψp,rD, the corresponding effective

resistances satisfy R1(x
′, y′) = λRp,r,D(x

′, y′). Hence, by (3.5),

R1(x
′, y′) ≤ C1d(x

′, y′)
log r
log ρ .

Taking the supremum in the definition of effective resistance and using (6.16), we obtain

Rν(w)+1(x, y) ≤ γwR1(x
′, y′) ≤ C1γwd(x

′, y′)
log r
log ρ .

Finally, since d(x′, y′) ≤ 1, θp,r ≤ log r
log ρ , and γw ≤ ρ

θp,r
w by (6.15),

γwd(x
′, y′)

log r
log ρ ≤ ρ

θp,r
w d(x′, y′)θp,r = d(x, y)θp,r ,

which proves (6.17).

Proposition 6.4. There exists C > 0 such that

R̃(x, y) ≤ Cd(x, y)θp,r , x, y ∈ V∗. (6.18)

Proof. We first establish the following uniform estimate for the resistance diameter of each cell:

R̃(x, y) ≤ C1ρ
θp,r
w , x, y ∈ FwG ∩ V∗, w ∈ W̃∗. (6.19)

Suppose that y ∈ FwV 1 and x ∈ FwV n. Along the nested cell chain from FwV 1 to x, choose
words v0, . . . , vn−1 ∈ W̃∗ and points

y = x0, x1, . . . , xn = x

such that
xj , xj+1 ∈ FwvjV 1, ρvj ≤ ρj , 0 ≤ j < n.

By Lemma 6.3,

R̃(xj , xj+1) ≤ C2ρ
θp,r
wvj ≤ C2(ρwρ

j)θp,r .
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Therefore,

R̃(x, y)1/(p−1) ≤ C2ρ
θp,r/(p−1)
w

∞∑
j=0

ρjθp,r/(p−1) ≤ C3ρ
θp,r/(p−1)
w .

A general pair x, y ∈ FwG ∩ V∗ can be joined through a point z ∈ FwV 1, proving (6.19).

Now let x ̸= y in V∗. Choose w,w
′ ∈ W̃∗ such that

x ∈ FwG, y ∈ Fw′G, ρd(x, y) ≤ ρw, ρw′ < ρ−1d(x, y).

By Proposition 3.3, there is a constant K ∈ N, depending only on G, and a chain of words in W̃∗

w = w(0), w(1), . . . , w(k) = w′, k ≤ K,

satisfying
min{ρw, ρw′} ≤ ρw(i) < ρ−2min{ρw, ρw′}, 0 ≤ i ≤ k,

Fw(i−1)V 1 ∩ Fw(i)V 1 ̸= ∅, 1 ≤ i ≤ k.

For each 1 ≤ i ≤ k, choose a point in this intersection,

zi ∈ Fw(i−1)V 1 ∩ Fw(i)V 1, 1 ≤ i ≤ k,

and set z0 = x and zk+1 = y. By (6.19),

R̃(zi, zi+1) ≤ C1ρ
θp,r
w(i) ≤ C4d(x, y)

θp,r , 0 ≤ i ≤ k.

Since k is uniformly bounded, the triangle inequality for R̃1/(p−1) yields

R̃(x, y)1/(p−1) ≤ C5d(x, y)
θp,r/(p−1).

Raising to the power p− 1 proves (6.18).

6.2 Global construction and self-similarity

Having constructed compatible finite-level forms, we now pass to their global limit.

Definition 6.5 (Global form). For every f ∈ C(G), the sequence {D(m)(f |V m
)}m≥0 is nonde-

creasing by (6.9). Define

Fp,r,D :=
{
f ∈ C(G) : lim

m→∞
D(m)(f |V m

) <∞
}
, (6.20)

and, for f ∈ Fp,r,D, set

Ep,r,D(f) := lim
m→∞

D(m)(f |V m
). (6.21)

For the remainder of this subsection, write (E ,F) := (Ep,r,D,Fp,r,D).

Proposition 6.6. The domain F is dense in C(G) with respect to the uniformly convergence
topology.

Proof. Let f ∈ C(G) and ε > 0. Choose m so large that the oscillation of f on every level-m
cell is less than ε. By Theorem 6.2, there exists g ∈ F (m) such that ∥g − f |V m

∥∞ < ε. Extend g
successively using the minimizing p-harmonic extensions. Equation (6.6) keeps every finite-level
energy equal to D(m)(g). Let g̃ : V∗ → R denote the resulting function. By Proposition 6.4,
there is C1 > 0 such that

|g̃(x)− g̃(y)|p ≤ C1D(m)(g)d(x, y)θp,r , x, y ∈ V∗,

so g̃ extends uniquely to a continuous function on G, again denoted by g̃. The finite-level energy
identity then gives g̃ ∈ F . The weak comparison principle Proposition 2.9 on each level-m cell,
together with this approximation, yields ∥g̃ − f∥∞ ≤ 2ε. Thus F is dense in C(G).
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Theorem 6.7. The pair (E ,F) is a regular p-resistance form on G. For every m ≥ 0,

E|V m
= D(m). (6.22)

Moreover, there exists C > 0 such that

RE(x, y) ≤ C d(x, y)θp,r , x, y ∈ G. (6.23)

Proof. Fix C1 > 0 such that the estimate in Proposition 6.4 reads R̃(x, y) ≤ C1d(x, y)
θp,r for

x, y ∈ V∗. For f ∈ F , the sequence D(m)(f |V m
) increases to E(f). Since each (D(m))1/p is

a seminorm, F is a linear space containing the constants, and homogeneity and the triangle
inequality pass to the limit. If E(f) = 0, then f is constant on every V m, hence on the dense set
V∗ and therefore on G. This proves (RF1)p. Applying the generalized contraction property in
Theorem 6.2 at each finite level and letting m→ ∞ proves (RF5)p. Moreover, Proposition 6.6
shows that F is dense in C(G), which implies that F separates points, proving (RF3)p.

We next prove completeness (RF2)p. Let {fn} ⊂ F be Cauchy in the energy seminorm.
After adding constants, assume that fn(q0) = 0 for every n. For x ∈ V∗, choose m such that
x ∈ V m. Then

|fn(x)− fk(x)|p ≤ Rm(x, q0)D(m)
(
(fn − fk)|V m

)
≤ Rm(x, q0)E(fn − fk),

so {fn(x)} is Cauchy. Define f(x) := limn→∞ fn(x) for x ∈ V∗. Since {fn} is energy Cauchy,
C2 := supn≥1 E(fn) <∞. For x, y ∈ V∗, choose m such that x, y ∈ V m. By Proposition 6.4,

|f(x)− f(y)|p = lim
n→∞

|fn(x)− fn(y)|p ≤ R̃(x, y)C2 ≤ C1C2d(x, y)
θp,r ,

Hence f is uniformly continuous on V∗ and extends uniquely to a continuous function on G, still
denoted by f .

For each fixed m, the sequence fn|V m
is Cauchy in the D(m)-seminorm. Completeness in

Theorem 6.2 and pointwise convergence therefore give f |V m
∈ F (m).

Let ε > 0 and choose N such that E(fk − fn) ≤ ε whenever k, n ≥ N . For n ≥ N and every
m, Proposition 2.12(1) gives

D(m)
(
(f − fn)|V m

)
≤ lim inf

k→∞
D(m)

(
(fk − fn)|V m

)
≤ ε.

Letting m→ ∞ yields E(f − fn) ≤ ε. Thus f − fn ∈ F for every n ≥ N ; since fn ∈ F , it follows
that f ∈ F . Moreover, fn → f in the energy seminorm, which proves (RF2)p.

We now prove (RF4)p together with (6.23). Let x, y ∈ G, and choose xn, yn ∈ V∗ such that
xn → x and yn → y. For each n, choose mn with xn, yn ∈ V mn . Then, for every f ∈ F ,

|f(xn)− f(yn)|p ≤ Rmn(xn, yn)D(mn)(f |V mn
)

≤ R̃(xn, yn)E(f)
≤ C1E(f)d(xn, yn)θp,r .

Letting n→ ∞ gives
|f(x)− f(y)|p ≤ C1E(f)d(x, y)θp,r .

Taking the supremum over nonconstant f ∈ F proves (6.23), and hence (RF4)p. Moreover,
Proposition 6.6 gives regularity.

It remains to identify the finite-level traces. If f ∈ F and f |V m
= g, then

D(m)(g) ≤ E(f),
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so E|V m
(g) ≥ D(m)(g). Conversely, for g ∈ F (m), successively apply the minimizing p-harmonic

extension at every higher level. This produces a function g̃ on V∗ such that

D(n)(g̃|V n
) = D(m)(g), n ≥ m.

By Proposition 6.4, g̃ extends continuously to G; the extension belongs to F and has energy
D(m)(g). Therefore E|V m

(g) ≤ D(m)(g), which proves (6.22).

We next establish the compatibility of the finite-level and global two-variable energies. This
will yield the two-variable self-similarity identity later in Theorem 6.9, which also establishes the
energy self-similarity and strong locality of the global form. For each m ≥ 0 and f, g ∈ F (m), we
use the two-variable notation D(m)(f ; g) from (2.5).

Theorem 6.8. For f ∈ F and m ≥ 0, let Hmf := hE
V m

[f |V m
] be the E-harmonic extension of

f |V m
. Then

E(Hmf − f) −→ 0. (6.24)

Consequently, for all f, g ∈ F ,

E(f ; g) = lim
m→∞

D(m)
(
f |V m

; g|V m

)
. (6.25)

Proof. By (6.22),
E(Hmf) = D(m)(f |V m

) ↑ E(f).

Moreover, for every x ∈ V∗, one has Hmf(x) = f(x) for all sufficiently large m. Since q0 ∈ V m for
every m, the uniform bound on E(Hmf), together with (6.23), shows that {Hmf}m is uniformly
bounded and equicontinuous on G. By the Arzelà–Ascoli theorem, every subsequence has a
uniformly convergent further subsequence. Any such limit agrees with f on the dense set V∗,
and hence equals f on G. Thus Hmf → f uniformly on G. Now Proposition 2.12(2) , together
with E(Hmf) ↑ E(f), implies (6.24).

Finally, (6.22) and (2.12) give D(m)(f |V m
; g|V m

) = E(Hmf ; g). Applying (2.9) and (6.24) to
the right-hand side proves (6.25).

Theorem 6.9. The global form (E ,F) satisfies the following self-similarity properties:

(a) F =

f ∈ C(G) : f ◦ Fw ∈ F ∀w ∈W1,
∑

w∈W1

γ−1
w E(f ◦ Fw) <∞

 .

(b) For every f ∈ F , E(f) =
∑

w∈W1
γ−1
w E(f ◦ Fw).

Moreover, for f, g ∈ F ,

E(f ; g) =
∑

w∈W1

γ−1
w E(f ◦ Fw; g ◦ Fw), (6.26)

and the series converges absolutely. The form is strongly local, in the sense that if f, g, h ∈ F
and (f − c1)(g − c2) = 0 on G for some c1, c2 ∈ R, then

E(f + g + h) + E(h) = E(f + h) + E(g + h). (6.27)

Proof. For m ≥ 0, the finite-level recursion can be written as

D(m+1)
(
f |V m+1

)
=
∑

w∈W1

γ−1
w D(m)

(
(f ◦ Fw)|V m

)
. (6.28)

If f ∈ F , then for each w ∈W1, (6.28) gives D(m)
(
(f ◦Fw)|V m

)
≤ γwD(m+1)(f |V m+1

) ≤ γwE(f),
so f ◦Fw ∈ F . Letting m→ ∞ in (6.28) and using monotone convergence then gives (b) and the
summability required in (a). Conversely, if f ∈ C(G) satisfies the conditions on the right-hand
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side of (a), then D(m+1)(f |V m+1
) ≤

∑
w∈W1

γ−1
w E(f ◦ Fw) for every m, by (6.28). Hence f ∈ F .

This proves (a)–(b).
We next prove the two-variable self-similarity identity (6.26). For every finite J ⊂W1 and

u ∈ F , set

TJ(u) :=

 ∑
w∈W1\J

γ−1
w E(u ◦ Fw)

1/p

.

By (a), TJ(u) → 0 as J ↑ W1. The p-triangle inequality, followed by the discrete Minkowski
inequality, gives

TJ(f + tg) ≤ TJ(f) + |t|TJ(g).

Moreover, the finite-level version of (2.8), discrete Hölder, and the trace formula (6.22), which
gives D(m)(h|V m

) ≤ E(h) for h ∈ F , imply that, for u, v ∈ F ,∑
w∈W1\J

γ−1
w

∣∣∣D(m)
(
(u ◦ Fw)|V m

; (v ◦ Fw)|V m

)∣∣∣
≤ TJ(u)

p−1TJ(v).

Substitute f + tg for f in (6.28). For each summand on the right-hand side, the limit in (2.5) at
t = 0 exists, and, after division by p, gives the corresponding two-variable energy. The preceding
estimate with u = f + tg and v = g has tails converging to zero uniformly for t in a neighborhood
of zero. Since the series itself converges at t = 0 by (6.28), we may pass to the limit in the
difference quotient term by term, obtaining

D(m+1)
(
f |V m+1

; g|V m+1

)
=
∑

w∈W1

γ−1
w D(m)

(
(f ◦ Fw)|V m

; (g ◦ Fw)|V m

)
. (6.29)

For each w ∈ W1, D(m)
(
(f ◦ Fw)|V m

; (g ◦ Fw)|V m

)
→ E(f ◦ Fw; g ◦ Fw) by Theorem 6.8. The

same tail estimate, now with u = f and v = g, is uniform in m and permits the limit m→ ∞ to
be taken term by term in (6.29), yielding (6.26). Fatou’s lemma applied to the same estimate
with J = ∅ gives absolute convergence of the series in (6.26).

Finally, we prove the strong locality of (E ,F). Since E is invariant under addition of constants,
it suffices to consider f, g, h ∈ F with fg = 0. For n ≥ 1, set φn(t) := t− (n−1 ∧ (t ∨ (−n−1))),
fn := φn ◦ f , and gn := φn ◦ g. These functions are 1-Lipschitz and converge pointwise to the
identity, so Proposition 2.13 gives E(f − fn) + E(g − gn) → 0.

Since f, g ∈ C(G) and fg = 0, for fixed n, the compact sets supp fn and supp gn are disjoint.
Since ρw ≤ ρm for w ∈Wm, every sufficiently fine level-m cell meets at most one of them. Hence,
for all sufficiently large m and every w ∈Wm, either fn or gn vanishes identically on FwG, and
hence

D((fn + gn + h) ◦ Fw|V0) +D(h ◦ Fw|V0) = D((fn + h) ◦ Fw|V0) +D((gn + h) ◦ Fw|V0).

Multiplying by γ−1
w , summing over Wm, and then letting m→ ∞, (6.4) and (6.21) give

E(fn + gn + h) + E(h) = E(fn + h) + E(gn + h).

Finally, letting n→ ∞ and using Proposition 2.13 proves (6.27).

6.3 Standard resistance estimates

We now specialize the preceding construction to the standard renormalization factor r = rp, for
which λ = λp(rp) = r2p. Choose a corresponding eigenform Dp ∈ Msym

p (V0), write (Ep,Fp) :=
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(Ep,rp,Dp ,Fp,rp,Dp), and set θp := log rp/ log ρ. For this choice, the elementary weights are γ0 = r2p
and γ1 = γ2 = rp. Hence, for every w ∈ W̃∗,

γw = ρ
θp
w . (6.30)

In particular, θp,rp = θp and, for w ∈W1, γw = r
|w|+1
p . By Theorems 6.7 and 6.9, (Ep,Fp) is a

regular, strongly local, self-similar p-resistance form, and satisfies

REp(x, y) ≤ Cd(x, y)θp , x, y ∈ G. (6.31)

Theorem 6.9 and (6.30) yield the following counterpart of [9, Theorem 6.6].

Corollary 6.10. The standard form (Ep,Fp) satisfies

Fp =

f ∈ C(G) : f ◦ Fw ∈ Fp ∀w ∈W1,
∑

w∈W1

ρ
−θp
w Ep(f ◦ Fw) <∞

 .

Moreover, for every f ∈ Fp, Ep(f) =
∑

w∈W1
ρ
−θp
w Ep(f ◦ Fw). For f, g ∈ Fp,

Ep(f ; g) =
∑

w∈W1

ρ
−θp
w Ep(f ◦ Fw; g ◦ Fw),

and the series converges absolutely.

Proof. The assertions follow from Theorem 6.9 and (6.30).

For a nonempty set A ⊂ G and x ∈ G \ A, we use the notation REp(x,A) introduced in
(2.13). For s > 0, write Bs(x) := {y ∈ G : d(x, y) < s} and Bc

s(x) := G \Bs(x).

For a nonempty word w ∈ W̃∗, let w
− denote the word obtained by deleting its last symbol.

For t ∈ (0, 1), define the family of cells stopped at scale t by

Ct := {FwG : w ∈ W̃∗ \ {∅}, ρw ≤ t < ρw−},

where repeated copies of the same cell are identified. Each FwG ∈ Ct is said to be a stopping
cell stopped at t. For U ⊂ G, let Ů and ∂GU denote its interior and boundary relative to G.

Lemma 6.11. For x ∈ G and s ∈ (0, 1), define

U0(x, s) :=
⋃

K∈Csρ2

x∈K

K, U1(x, s) :=
⋃

K∈Csρ2

K∩U0(x,s)̸=∅

K.

Then the following assertions hold.

(1) x ∈ U0(x, s) ⊂ Ů1(x, s) ⊂ U1(x, s) ⊂ Bs(x).

(2) There exists a finite family {(Ui,0, Ui,1)}Mi=1 such that for every x and s there are i ∈
{1, . . . ,M} and a cell- and boundary-preserving similitude

ψx,s : U1(x, s) −→ Ui,1, ψx,s(U0(x, s)) = Ui,0.

Each Ui,0, Ui,1 is said to be a model of U0(x, s), U1(x, s) respectively. Let ax,s denote the
similarity ratio of ψ−1

x,s. Then there exist constants c0, C0 > 0 such that

c0s ≤ ax,s ≤ C0s.
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Proof. Set t = sρ2. The stopping family Ct covers G, and every FwG ∈ Ct satisfies

tρ2 < ρw ≤ t.

Hence x ∈ U0(x, s). Since Ct is finite, the cells disjoint from U0(x, s) have positive distance
from U0(x, s), and therefore U0(x, s) ⊂ Ů1(x, s). If y ∈ U1(x, s), there are K,K0 ∈ Ct such that
y ∈ K, x ∈ K0, and K ∩K0 ̸= ∅. Thus

d(x, y) ≤ diamK0 + diamK ≤ 2sρ2 < s,

which proves (1).
For (2), if FwG,FvG ∈ Ct intersect, then

ρ2 <
ρv
ρw

< ρ−2,

so the finite-type property in Definition 3.1 gives only finitely many possible relative similitudes
F−1
w ◦ Fv. Fix K∗ ∈ Ct containing x. Every cell forming U1(x, s) is connected to K∗ by at most

two cell intersections, and every cell meeting U1(x, s) by at most three. Hence only finitely many
normalized cell- and boundary-configurations can occur, independently of x and s.

Choose one representative for each model. Writing K∗ = FuG, we have

sρ4 < ρu ≤ sρ2.

Since the scales of the cells corresponding to K∗ in the representative models form a fixed finite
set, the similarity ratio ax,s of ψ−1

x,s satisfies c0s ≤ ax,s ≤ C0s.

Recall that for each w ∈ W̃∗, ν(w) denotes the number of occurrences of 0 in w. For each
τ ∈W1, choose a representative vτ ∈Wν(w)+1 such that Fvτ = Fwτ , and set A := {vτ : τ ∈W1}.
Then we have the following Wν(w)+1-cell decomposition of FwG:

FwG =
⋃
v∈A

FvG.

Moreover, for each f ∈ Fp, it satisfies

ρ
−θp
w Ep(f ◦ Fw) = ρ

−θp
w

∑
τ∈W1

ρ
−θp
τ Ep(f ◦ Fw ◦ Fτ ) =

∑
v∈A

ρ
−θp
v Ep(f ◦ Fv). (6.32)

As a consequence, for each t > 0, since Ct is finite, there exists m ≥ 1 such that

Ep(f) =
∑

v∈Wm

ρ
−θp
v Ep(f ◦ Fv) =

∑
K∈Ct

∑
v∈AK

ρ
−θp
v Ep(f ◦ Fv) =

∑
K∈Ct

ρ
−θp
wK Ep(f ◦ FwK ), (6.33)

where wK ∈ W̃∗ such that FwKG = K, and AK is the Wm-cell decomposition of K as above
for each K ∈ Ct, which clearly satisfies AK ∩ AK′ = ∅ for all distinct K,K ′ ∈ Ct and Wm =⋃

K∈Ct
AK .

The proof of the next proposition adapts the argument in [9, Proposition 7.3] to the p-
resistance setting.

Proposition 6.12. There exist constants c1, c2 > 0 such that

c1d(x, y)
θp ≤ REp(x, y) ≤ c2d(x, y)

θp , x, y ∈ G. (6.34)

Moreover, there exist c3, c4 > 0 such that, for every x ∈ G and s ∈ (0, 1) with Bc
s(x) ̸= ∅,

c3s
θp ≤ REp

(
x,Bc

s(x)
)
≤ c4s

θp . (6.35)
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Proof. The upper bound follows from (6.31). To prove the lower bound, fix x ∈ G and s ∈ (0, 1),
and write Uj := Uj(x, s), j = 0, 1. Choose from Lemma 6.11 a corresponding model and a cell-
and boundary-preserving similitude

ψx,s : U1 −→ Ui,1, ψx,s(U0) = Ui,0,

and write a = ax,s. Then c0s ≤ a ≤ C0s, uniformly in x and s.
For each pair of Ui,0 and Ui,1, choose hi ∈ C(G) such that 0 ≤ hi ≤ 1, hi = 1 on Ui,0, and

hi = 0 on G \ Ůi,1. By regularity in Theorem 6.7 , take gi ∈ Fp with ∥gi − hi∥∞ < 1/4 and set a
cutoff function of Ui,0, Ui,1 by

φi :=
(
2(gi − 1/4)

)+ ∧ 1.

Indeed, the generalized contraction property in Theorem 6.7 gives φi ∈ Fp, 0 ≤ φi ≤ 1,
φi|Ui,0 = 1, and φi|G\Ůi,1

= 0. In fact, the strict approximation bound and compactness show

that suppφi is a compact subset of Ůi,1. Define

fx,s(z) :=

{
φi(ψx,s(z)), z ∈ U1,

0, z ∈ G \ U1.

Since ψx,s preserves the relative boundary, supp fx,s is a compact subset of Ů1. Hence fx,s ∈ C(G),
fx,s(x) = 1, and fx,s|Bc

s(x)
= 0.

It remains to estimate the energy upper bound of fx,s. Since supp fx,s is a compact subset of
Ů1 and the diameters of the cells in Wm tend uniformly to zero, for all sufficiently large m every
Wm-cell meeting ∂GU1 has zero energy contribution. Hence every cell contributing nontrivially
to D(m)(fx,s|V m

) is contained in a stopping cell forming U1.

Write Mφ := max1≤i≤M Ep(φi). For each K ∈ Csρ2 with K ∩ U0 ̸= ∅ take wK ∈ W̃∗ such
that FwKG = K and write A as the collection of such wK , which satisfies U1 =

⋃
wK∈A FwKG.

Since ψx,s is cell-preserving, each w ∈ A admits w′ ∈ W̃∗ such that ψx,s(FwG) = Fw′G, which

satisfies sρw′ ≤ Cρw for some constant C ≥ 1. Write A′ := {w′ ∈ W̃∗ : w ∈ A}. Since A′ is
finite, there is m ≥ 1 and A′′ ⊂Wm such that⋃

w′∈A′

Fw′G =
⋃

w′′∈A′′

Fw′′G.

Then we have

Ep(fx,s) =
∑

K∈Csρ2

ρ
−θp
wK Ep(fx,s ◦ FwK ) =

∑
w∈A

ρ
−θp
w Ep(fx,s ◦ Fw)

=
∑
w∈A

ρ
−θp
w Ep(φi ◦ ψx,s ◦ Fw)

≤ C
∑
w′∈A′

(sρw′)−θpEp(φi ◦ Fw′)

= Cs−θp
∑

w′′∈A′′

ρ
−θp
w′′ Ep(φi ◦ Fw′′)

≤ Cs−θpEp(φi) ≤ CMφs
−θp ,

where the first equation follows by (6.33), the last second and last line follow from (6.32). Thus
we obtain the desired lower bound

REp(x,B
c
s(x)) ≥

1

Ep(fx,s)
≥ c3s

θp .
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For each distinct x, y ∈ G, take s := d(x, y) and then

REp(x, y) ≥ REp(x,B
c
s(x)) ≥ c3d(x, y)

θp ,

which, together with the upper bound, proves (6.34).
Finally, suppose that Bc

s(x) ̸= ∅. Since G is connected, there exists y ∈ G with d(x, y) = s.
Hence

REp(x,B
c
s(x)) ≤ REp(x, y) ≤ c2s

θp ,

which proves (6.35).

7 Eigenform and global uniqueness

This section proves uniqueness for a fixed pair (p, r) by comparing the largest and smallest ratios
of two boundary eigenforms. Cellwise harmonicity from Lemma 7.1 handles the antisymmetric
extremal case, while the remaining case is reduced by Theorem 7.2 to a one-vertex Perron–
Frobenius asymptotic on the nested cells Fn

0 G. Its proof follows the scheme of [18, Theorem 3.20],
with the modifications needed for the countable level-one graph and the reflection fixing q0, and
is given in Appendix A. We then lift the uniqueness of the boundary eigenform, up to a positive
scalar, to the self-similar form on G in Theorem 7.5.

Fix p ∈ (1,∞), r ∈ (ρp−1, 1), and a symmetric p-resistance form D ∈ Msym
p (V0) satisfying

Rp,rD = λD. Let (E ,F) be the global p-resistance form constructed from D in Section 6, and
set κ := λ1/(p−1) ∈ (0, 1). The reflection in the vertical axis is denoted by σ. The following
lemma does not require symmetry of D.

Lemma 7.1. Let n ≥ 1. If h ∈ HE,V n
, then h ◦ Fw ∈ HE,V0 for every w ∈ Wn. In particular,

if h ∈ HE,V0, then this conclusion holds for every n ≥ 1 and w ∈Wn. Moreover, for h ∈ HE,V0

and x ∈ V1 \ {q0}, ∑
w∈W1
x∈FwV0

γ−1
w D

(
h ◦ Fw|V0 ;1

V0

F−1
w x

)
= 0, (7.1)

and the sum is finite.

Proof. Let h ∈ HE,V n
, and let g be obtained by replacing h ◦ Fw on each w ∈ Wn by the

E-harmonic extension of its restriction to V0. The pieces agree on their boundary intersections.
The resistance inequality (2.2) on each cell and γw → 0 outside finite subfamilies of Wn give
continuity at the accumulation points, so g ∈ F . Then g = h on V n, and Theorem 6.9 gives

E(h) ≤ E(g) =
∑

w∈Wn

γ−1
w D(h ◦ Fw|V0) ≤

∑
w∈Wn

γ−1
w E(h ◦ Fw) = E(h).

Hence equality holds throughout, and therefore E(h ◦ Fw) = D(h ◦ Fw|V0) for every w ∈ Wn.
Thus h ◦ Fw ∈ HE,V0 by Theorem 2.8. Since HE,V0 ⊂ HE,V n

, the particular assertion follows.

Now let h ∈ HE,V0 and fix x ∈ V1 \ {q0}. By Propositions 3.3 and 3.6, 1V1
x extends to

1V 1
x ∈ F (1). Set vx := hE

V 1
[1V 1

x ]. Since vx|V0 = 0, harmonicity of h and (2.12) yield

0 = E(h; vx) = E|V 1
(h|V 1

;1V 1
x ) = D(1)(h|V 1

;1V 1
x )

=
∑

w∈W1
x∈FwV0

γ−1
w D

(
h ◦ Fw|V0 ;1

V0

F−1
w x

)
.

The last sum is finite by Proposition 3.3(1).
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Define
hs := hEV0

[1V0
q1 + 1V0

q2 ], ha := hEV0
[1V0

q1 − 1V0
q2 ]. (7.2)

We call hs and ha the symmetric and antisymmetric harmonic coordinates, respectively. Thus
hs ◦ σ = hs and ha ◦ σ = −ha.

We will use the following one-vertex asymptotic. Its proof, together with the comparison
results for the countable level-one graph, is given in Appendix A.

Theorem 7.2. For h ∈ HE,V0, set

c0(h) := − sgnD(h|V0 ;1
V0
q0 )

∣∣∣∣∣ D(h|V0 ;1
V0
q0 )

D(hs|V0 ;1
V0
q0 )

∣∣∣∣∣
1/(p−1)

. (7.3)

Then
κ−n

(
h ◦ Fn

0 − h(q0)1G
)
−→ c0(h)hs (7.4)

uniformly on G and in the seminorm E1/p.

We now use the convergence in (7.4) to compare two eigenforms.
Let D̃ ∈ Mp(V0) satisfy Rp,rD̃ = λD̃, and let (Ẽ , F̃) be the global p-resistance form

constructed from D̃ in Section 6. Define Θ+ := maxu/∈R1V0

D(u)

D̃(u)
and Θ− := minu/∈R1V0

D(u)

D̃(u)
, and

A± := {u ∈ RV0 : D(u) = Θ±D̃(u)}.

We call A+ and A− the extremal cones which clearly contain all constant functions. They
are closed by continuity of D and D̃. The extrema are attained by nonconstant functions and
0 < Θ− ≤ Θ+ <∞. Since D and D̃ have the same eigenvalue, the finite-level constructions use
the same weights γw. The definition of Θ± therefore gives, for every m ≥ 0,

F (m) = F̃ (m), Θ−D̃(m)(u) ≤ D(m)(u) ≤ Θ+D̃(m)(u), u ∈ F (m).

Passing to the limits in (6.20) and (6.21) gives

F = F̃ , Θ−Ẽ(u) ≤ E(u) ≤ Θ+Ẽ(u), u ∈ F . (7.5)

Lemma 7.3. (1) For u ∈ RV0, D(u;1V0
q0 ) = 0 ⇐⇒ u ∈ R1V0 + Rha|V0 .

(2) If u ∈ A±, then its E- and Ẽ-harmonic extensions coincide; writing the common extension
as Hu, one has Hu ◦ Fw|V0 ∈ A±, w ∈W1.

Proof. For the implication from right to left in (1), translation invariance and (2.7) reduce the
claim to u = ha|V0 . Reflection invariance, σ(q0) = q0, and ha ◦ σ = −ha then give

D(ha|V0 ;1
V0
q0 ) = D(−ha|V0 ;1

V0
q0 ) = −D(ha|V0 ;1

V0
q0 ),

so D(ha|V0 ;1
V0
q0 ) = 0. Conversely, suppose that D(u;1V0

q0 ) = 0. If u(q1) ̸= u(q2), then, after

subtracting a constant, we can write u = a(ha|V0+t1
V0
q0 ) with a ̸= 0. By homogeneity, it is enough

to consider ha|V0 + t1V0
q0 . The quantity D(ha|V0 + t1V0

q0 ;1
V0
q0 ) is strictly monotone in t by (2.6),

and it vanishes at t = 0 by the reflection argument above. Hence t = 0, and u ∈ R1V0 + Rha|V0 .
If u(q1) = u(q2), subtracting a constant leaves a multiple of 1V0

q0 . By homogeneity, D(u;1V0
q0 ) = 0

can then hold only when that multiple is zero. Thus u is constant.
For (2), let H̃u be the Ẽ-harmonic extension of u and suppose first that u ∈ A+. By trace

minimality and (7.5),

D(u) ≤ E(H̃u) ≤ Θ+Ẽ(H̃u) = Θ+D̃(u) = D(u).
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Hence H̃u is also the E-harmonic extension of u; write the common extension as Hu. Applying
the self-similarity identity from Theorem 6.9 and Lemma 7.1 to both forms gives

D(u) = E(Hu) =
∑

w∈W1

γ−1
w D(Hu ◦ Fw|V0),

Θ+D̃(u) = Θ+Ẽ(Hu) = Θ+

∑
w∈W1

γ−1
w D̃(Hu ◦ Fw|V0).

The two left-hand sides are equal, while each summand in the first series is at most the
corresponding summand in the second. Since all weights are positive, equality holds termwise.
Therefore Hu ◦ Fw|V0 ∈ A+ for every w ∈ W1. The case u ∈ A− follows by interchanging the
two forms.

Theorem 7.4. For every p ∈ (1,∞) and r ∈ (ρp−1, 1), there exists a p-resistance form Dp,r ∈
Mp(V0), unique up to multiplication by a positive constant, such that

Rp,rDp,r = λp(r)Dp,r.

Every renormalization eigenform belongs to Msym
p (V0).

Proof. Existence of a symmetric eigenform D follows from Theorem 5.7. Let D̃ be any other
eigenform and use the notation introduced above. By Proposition 5.6, it has the same eigenvalue
λp(r). Suppose that it is not a positive multiple of D, so that Θ− < Θ+, and set La :=
R1V0 + Rha|V0 . We distinguish two cases.

Case 1: one extremal cone contains only antisymmetric functions modulo constants. Inter-
changing + and − if necessary, assume A+ ⊂ La. Since A+ contains a nonconstant element,
translation invariance and p-homogeneity imply ha|V0 ∈ A+. By Lemma 7.3(2),

ha ◦ Fw|V0 ∈ La, w ∈W1.

Set xn := Fn
1 q0. For n ≥ 1, the two level-one cells containing xn are F1n−10G and F1n0G. Hence,

for suitable an, bn, tn, sn ∈ R,

ha ◦ F1n−10|V0 = an1V0 + tnha|V0 , ha ◦ F1n0|V0 = bn1V0 + snha|V0 .

By Lemma 7.3(1),
D(ha|V0 ;1

V0
q0 ) = 0.

Together with reflection antisymmetry and D(ha|V0 ;ha|V0) = D(ha|V0), this gives

D(ha|V0 ;1
V0
q1 ) =

1

2
D(ha|V0) > 0. (7.6)

At xn, the cells F1n−10G and F1n0G correspond to the local vertices q1 and q0, respectively. Thus
the vertex equation (7.1) gives

0 = γ−1
1n−10

D
(
an1V0 + tnha|V0 ;1

V0
q1

)
+ γ−1

1n0D
(
bn1V0 + snha|V0 ;1

V0
q0

)
.

The second term vanishes by Lemma 7.3(1), while homogeneity in (2.7) and (7.6) show that the
first term can vanish only if tn = 0. Consequently, ha(xn) = ha(xn−1) for every n ≥ 1. Since
xn → q1, continuity gives ha(q1) = ha(q0) = 0, contrary to the boundary value ha(q1) = 1.

Case 2: both extremal cones contain functions that are not antisymmetric modulo constants.
Choose u± ∈ A± \ La. By Lemma 7.3(1), D(u±;1

V0
q0 ) ̸= 0. Let H± be their common harmonic

extensions. By Lemma 7.3(2), the boundary values of

κ−n
(
H± ◦ Fn

0 −H±(q0)1G
)
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remain in A±. By Theorem 7.2 and the formula (7.3), their limits are nonzero multiples of
hs|V0 . Since the extremal cones are closed and invariant under addition of constants and scalar
multiplication, hs|V0 ∈ A+ ∩ A−. As hs|V0 is nonconstant, this implies Θ+ = Θ−, again a
contradiction.

Both cases are impossible. Hence every eigenform is a positive multiple of D, and is therefore
symmetric.

We now lift the uniqueness of the eigenform on V0 to the associated global form.

Theorem 7.5. Fix p ∈ (1,∞) and r ∈ (ρp−1, 1), set λ = λp(r), γ0 = λ, γ1 = γ2 = r, and

γw =
∏|w|

j=1 γwj . Up to a positive scalar, there is a unique p-resistance form (E ,F) on G satisfying
the following properties:

(a) F =

f ∈ C(G) : f ◦ Fw ∈ F ∀w ∈W1,
∑

w∈W1

γ−1
w E(f ◦ Fw) <∞

 .

(b) For every f ∈ F , E(f) =
∑

w∈W1
γ−1
w E(f ◦ Fw).

Proof. By Theorem 6.9, the p-resistance form (E ,F) constructed in Section 6 satisfies (a)–(b).
It remains to prove uniqueness.

Let (Ẽ , F̃) be another p-resistance form satisfying (a)–(b), and denote the traces of E and Ẽ
to V0 by D and D̃, respectively. By (6.1) and (6.22), Rp,rD = λD. On the other hand, (a)–(b)

and the final assertion of Theorem 2.8 give Rp,rD̃ = λD̃. Hence Theorem 7.4 yields D̃ = cD for
some c > 0.

Following Definition 6.1, for m ≥ 0, let D̃(m) denote the compatible level-m energy obtained
from D̃ using the same weights γw. We show that F̃ and Ẽ are recovered from these finite-level
energies as follows:

F̃ =
{
f ∈ C(G) : lim

m→∞
D̃(m)(f |V m

) <∞
}
, (7.7)

and, for every f ∈ F̃ ,
Ẽ(f) = lim

m→∞
D̃(m)(f |V m

). (7.8)

We first identify D̃(m) with the trace of Ẽ on V m. Let f ∈ C(G) with D̃(m)(f |V m
) <∞, and

define H̃mf cellwise by requiring, for every w ∈Wm, that H̃mf ◦Fw be the Ẽ-harmonic extension
of f ◦Fw|V0 from V0. The boundary values agree on cell intersections. Writing Lm := D̃(m)(f |V m

),
the resistance inequality (2.2) gives

oscFwG(H̃mf)
p ≤ C1D̃(f ◦ Fw|V0) ≤ C1γwLm, w ∈Wm.

Since γw → 0 outside finite subfamilies of Wm, the cell oscillations tend uniformly to zero there,
and the pieces glue to a continuous function on G. Iterating (a)–(b) then shows that H̃mf ∈ F̃
and

D̃(m)(f |V m
) =

∑
w∈Wm

γ−1
w D̃(H̃mf ◦ Fw|V0) =

∑
w∈Wm

γ−1
w Ẽ(H̃mf ◦ Fw) = Ẽ(H̃mf). (7.9)

Conversely, if g ∈ F̃ agrees with f on V m, then the trace inequality in Theorem 2.8 on eachm-cell

and (b) give Ẽ(g) ≥ D̃(m)(f |V m
). Thus D̃(m) is the trace of Ẽ on V m, and H̃mf = hẼ

V m
[f |V m

].

If f ∈ F̃ , the trace inequality in Theorem 2.8 gives D̃(m)(f |V m
) ≤ Ẽ(f) for every m. Since

V m ⊂ V m+1, the final assertion of Theorem 2.8 shows that these trace energies are nondecreasing
in m; their limit is therefore finite.
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Conversely, let f ∈ C(G) and assume L := limm→∞ D̃(m)(f |V m
) <∞. Set Em := Ẽ(H̃mf).

By (7.9), Em ↑ L. If n ≥ m, then (H̃nf + H̃mf)/2 agrees with f on V m, and the minimizing
property of H̃mf gives

Ẽ

(
H̃nf + H̃mf

2

)
≥ Em. (7.10)

For 1 < p ≤ 2, applying (2.3) to the half-sum and half-difference yields

Ẽ

(
H̃nf − H̃mf

2

)1/(p−1)

≤
(
En + Em

2

)1/(p−1)

− E1/(p−1)
m −→ 0.

For p ≥ 2, applying (2.4) and (7.10) gives

Ẽ(H̃nf − H̃mf) ≤ 2
(
E1/(p−1)

n + E1/(p−1)
m

)p−1
− 2pEm −→ 0.

Thus {H̃mf}m is Ẽ1/p-Cauchy. Since all its members have the same value at q0, completeness
modulo constants in Definition 2.1 (RF2)p gives h ∈ F̃ such that Ẽ(H̃mf − h) → 0 and

h(q0) = f(q0). The resistance inequality (2.2) implies H̃mf → h pointwise, whereas on V∗ the
sequence is eventually equal to f . Hence h = f on the dense set V∗ and therefore on G, since
both h and f are continuous. Thus f ∈ F̃ and Ẽ(H̃mf − f) → 0. The triangle inequality for
Ẽ1/p now gives Ẽ(f) = limmEm = L. This proves (7.7)–(7.8).

Finally, D̃ = cD gives D̃(m) = cD(m) for every m ≥ 0. Comparing (7.7)–(7.8) with the
construction of (E ,F) in Section 6, we obtain F̃ = F and Ẽ = cE .

We are now in a position to complete the proofs of Theorems 1 and 2.

Proof of Theorem 1. For part (a), the existence of a boundary eigenform follows from The-
orem 5.7, while Proposition 5.6 shows that all eigenforms have the same eigenvalue. The
uniqueness and symmetry of the eigenform are given by Theorem 7.4.

For part (b), the compatible finite-level forms associated with the boundary eigenpair have a
global limit by Theorem 6.7. The resulting form is self-similar, regular, and strongly local by
Theorem 6.9, and its uniqueness up to a positive scalar follows from Theorem 7.5.

Proof of Theorem 2. The existence and uniqueness of rp satisfying λp(rp) = r2p follow from
Theorem 5.10. Let (Ep,Fp) be the global form associated with the corresponding boundary
eigenpair. For w ∈W1, the definition of the weights and the relation 1− ρ = ρ2 give

γw = r|w|+1
p = ρ

θp
w , θp =

log rp
log ρ

.

Finally, the two-sided resistance estimate is precisely Proposition 6.12.

8 Dependence on p

This section proves the monotonicity and continuity of the standard renormalization factor rp with
respect to p. The standard global forms (Ep,Fp) used below are characterized by Corollary 6.10,
and their resistance metrics REp satisfy the two-sided estimate in Proposition 6.12.
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8.1 Monotonicity

We adapt the argument of [16, Theorem 7.9], proved in the p.c.f. setting, to the present countable-
cell structure. For each p ∈ (1,∞), let rp ∈ (ρp−1, 1) satisfy λp(rp) = r2p, put λp = r2p, and fix a
corresponding eigenform Dp ∈ Msym

p (V0) and its associated global form (Ep,Fp). For n ≥ 1 and

τ ∈Wn, write γp,τ for the standard cell weight. Since Wn =Wn
1 , this weight is γp,τ = r

|τ |+n
p . In

particular, γp,w = r
|w|+1
p for w ∈W1.

Theorem 8.1. The map p 7−→ r
1/(p−1)
p is non-increasing on (1,∞). Equivalently, for 1 < p1 ≤

p2 <∞,
r1/(p2−1)
p2 ≤ r1/(p1−1)

p1 . (8.1)

Consequently, both p 7→ rp and p 7→ λp = r2p are strictly decreasing on (1,∞).

Proof. Fix 1 < p1 < p2 < ∞ and write ri := rpi , si := r
1/(pi−1)
i , Di := Dpi , and (Ei,Fi) :=

(Epi ,Fpi). Let B = {q1, q2} and let h1 be the p1-harmonic function on G \ B with h1(q1) = 0
and h1(q2) = 1. Every word in W1 ends in 0, so FwG∩B = ∅ for every w ∈W1. If h1 ◦Fw were
constant for every w ∈W1, the connected cell-incidence graph in Proposition 3.3 (1) would force
the same constant on all level-one cells; continuity at q1 and q2 would then give h1(q1) = h1(q2),
a contradiction. We may therefore choose w ∈ W1 such that h1,w := h1 ◦ Fw is nonconstant.
Regularity and the generalized contraction property in Theorem 6.7 give χw ∈ F1 such that
χw = 1 on FwG and χw = 0 on B. Hence, by (2.13),

C1 := inf
z∈FwG

RE1(z,B) ≥ E1(χw)
−1 > 0.

For x, y ∈ V0 and τ ∈Wn, apply the harmonic oscillation estimate Proposition 2.10 to h1 at the
points FwFτx, FwFτy. Since these points lie in FwG, (6.31) together with (6.30) and the lower
bound C1 > 0 give a constant C2 > 0 such that

RE1(FwFτx, FwFτy) ≤ C2γ1,wγ1,τ ,

The harmonic oscillation estimate consequently gives a constant C3 = C3(w) > 0, independent
of n, τ , x, and y, such that

oscV0(h1,w ◦ Fτ ) ≤ C3γ
1/(p1−1)
1,τ , τ ∈Wn. (8.2)

By homogeneity and compactness of the unit-oscillation sphere in RV0/R1V0 , there exists
C4 > 0 such that

D2(u) ≤ C4 oscV0(u)
p2−p1D1(u), u ∈ RV0 .

Using (8.2) in the level-n energy therefore gives a constant C5 = C4C3(w)
p2−p1 > 0 such that

D(n)
2 (h1,w|V n

) ≤ C5

∑
τ∈Wn

γ−1
2,τγ

(p2−1)/(p1−1)
1,τ γ−1

1,τD1(h1,w ◦ Fτ |V0). (8.3)

If s2 > s1, set q = (s1/s2)
p2−1 < 1. For τ ∈ Wn, put ℓn(τ) := |τ | + n. Since τ ∈ Wn, the

definition of the standard weights gives γi,τ = r
|τ |+n
i = r

ℓn(τ)
i , and ℓn(τ) ≥ n. Hence

γ−1
2,τγ

(p2−1)/(p1−1)
1,τ = qℓn(τ) ≤ qn.

Thus (8.3) yields a constant C6 > 0 satisfying

D(n)
2 (h1,w|V n

) ≤ C6q
nE1(h1,w) −→ 0.
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This contradicts (6.22), since h1,w|V0 is nonconstant and

0 < D2(h1,w|V0) ≤ D(n)
2 (h1,w|V n

).

Therefore s2 ≤ s1, proving (8.1).
Finally, 0 < s2 ≤ s1 < 1 and p2 > p1 give

rp2 = sp2−1
2 ≤ sp2−1

1 < sp1−1
1 = rp1 .

Hence both rp and λp = r2p are strictly decreasing.

8.2 Continuity

To prove continuity, we establish compactness of normalized pn-resistance forms on V0 as pn → p
and combine it with the continuity theorem for varying exponents in Theorem 4.4. It is convenient
to use the parameter s = r1/(p−1) ∈ (ρ, 1), so that r = sp−1.

Throughout this subsection, we identify L(V0) with R3 as in Definition 4.1 and interpret
convergence of resistance forms with varying exponent p as local uniform convergence on L(V0).
Recall from Section 5 that conductance is defined by CD(x, y) = RD(x, y)

−1. Thus, whenever
Dn ∈ Mpn(V0), we use

CDn(q0, q1) = RDn(q0, q1)
−1,

where RDn is the effective pn-resistance associated with Dn.

Lemma 8.2. Let pn → p ∈ (1,∞) and let Dn ∈ Msym
pn (V0) satisfy

Dn(u∗) = 1, inf
n
CDn(q0, q1) > 0,

where u∗ = (1/2, 0, 1) is as in equation (5.1). Then there exist a subsequence {Dnk
} and

D ∈ Msym
p (V0) such that Dnk

→ D locally uniformly on L(V0) and D(u∗) = 1.

Proof. Set Nn := D1/pn
n and C1 := infnCDn(q0, q1) > 0. By Lemma 5.4,

1

2
C

1/pn
1 oscV0(v) ≤ Nn(v) ≤ 2 oscV0(v), v ∈ L(V0).

Since pn → p, there exists C2 > 0 such that

C2 oscV0(v) ≤ Nn(v) ≤ 2 oscV0(v) (8.4)

for all sufficiently large n. Moreover,

|Nn(u)−Nn(v)| ≤ Nn(u− v) ≤ 2 oscV0(u− v).

Thus {Nn} is locally uniformly bounded and equicontinuous on L(V0) ≃ R3. By the local
Arzelà–Ascoli theorem, there are a subsequence {Nnk

} and a continuous seminorm N such that
Nnk

→ N locally uniformly on L(V0). Relabeling this subsequence as {Nn}, set D := N p. Since
pn → p along the relabeled subsequence, Dn = N pn

n → D locally uniformly on L(V0). The
reflection symmetry, and the normalization pass to the limit. Passing to the limit in (8.4) gives
C2 oscV0(v) ≤ N (v), so D is nondegenerate.

We next verify the generalized contraction property (RF5)p, and then complete the verification
of (RF1)p. Let q ∈ (0, p], t ∈ [p,∞], and let T = (T1, . . . , Tk) : Rm → Rk satisfy T (0) = 0 and

∥T (x)− T (y)∥ℓt ≤ ∥x− y∥ℓq , x, y ∈ Rm.
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Set qn := q ∧ pn and tn := t ∨ pn. Using the standard monotonicity of finite-dimensional ℓa

quasi-norms, ∥z∥ℓb ≤ ∥z∥ℓa for 0 < a ≤ b ≤ ∞,

∥T (x)− T (y)∥ℓtn ≤ ∥T (x)− T (y)∥ℓt ≤ ∥x− y∥ℓq ≤ ∥x− y∥ℓqn .

Thus T satisfies the contraction hypothesis for (RF5)pn . For u = (u1, . . . , um) ∈ L(V0)m, define
Tj(u) pointwise by

Tj(u)(x) := Tj(u1(x), . . . , um(x)), x ∈ V0, 1 ≤ j ≤ k.

Then ∥∥∥(Nn(Tj(u))
)k
j=1

∥∥∥
ℓtn

≤
∥∥(Nn(ui)

)m
i=1

∥∥
ℓqn

.

Passing to the limit, using qn → q, tn → t, and Nn(v) → N (v) for every fixed v ∈ L(V0), together
with continuity of finite-dimensional ℓa quasi-norms gives∥∥∥(D(Tj(u))

1/p
)k
j=1

∥∥∥
ℓt
≤
∥∥∥(D(ui)

1/p
)m
i=1

∥∥∥
ℓq
.

Hence D satisfies (RF5)p. Since N is a seminorm and the nondegeneracy of D was established
above, D also satisfies (RF1)p. By Remark 2.2, D ∈ Msym

p (V0).

Theorem 8.3. The maps p 7→ r
1/(p−1)
p , p 7→ rp, and p 7→ λp = r2p are continuous on (1,∞).

Proof. Set sp := r
1/(p−1)
p ∈ (ρ, 1). Let pn → p ∈ (1,∞) and write sn := spn and rn := rpn = spn−1

n .
Choose 1 < p− < p < p+ <∞. For all sufficiently large n, p− < pn < p+, and the monotonicity
in Theorem 8.1 gives sp+ ≤ sn ≤ sp− . Thus {sn} is contained in a compact subinterval of (ρ, 1).

It is enough to identify the limit of an arbitrary convergent subsequence. After relabeling,
suppose that sn → s ∈ (ρ, 1) and hence rn → r := sp−1.

For each n, choose a normalized standard eigenform Dn ∈ Msym
pn (V0) such that

Dn(u∗) = 1, Rpn,rnDn = r2nDn.

Recall that R̃p,r denotes the normalized renormalization operator defined in (5.2). Since

Dn(u∗) = 1, the preceding relation is equivalent to Dn = R̃pn,rnDn. Hence Proposition 5.3 gives
CDn(q0, q1) ≥ cpn,rn .

With rn = spn−1
n , the explicit bound in that proposition is

cpn,rn =
1

bpn
(1− sn)

pn−1 s
pn−1
n − ρpn−1

spn−1
n ρpn−1

.

Since bp = 2pcp1c2, this expression is continuous and strictly positive on compact subsets of
(1,∞)× (ρ, 1). Consequently, infnCDn(q0, q1) > 0.

By Lemma 8.2, after passing to a further subsequence, Dn → D uniformly on every compact
subset of R3 for some normalized D ∈ Msym

p (V0).
Applying Theorem 4.4 and passing to the limit in the standard eigenvalue equation, we obtain

Rp,rD = r2D. Thus r is a standard renormalization factor for exponent p. By the uniqueness in

Theorem 5.10, r = rp, and therefore s = r1/(p−1) = r
1/(p−1)
p = sp.

Every convergent subsequence of {sn} has the same limit sp; hence sn → sp. Finally,

rpn = spn−1
n → sp−1

p = rp, and the continuity of p 7→ λp = r2p follows immediately.

We now combine the results of Sections 8.1 and 8.2 to complete the proof of Theorem 3.

Proof of Theorem 3. The non-increasing property of p 7→ r
1/(p−1)
p , together with the strict

decrease of p 7→ rp and p 7→ λp = r2p, is exactly Theorem 8.1. The continuity of all three maps is
given by Theorem 8.3. These two results prove the theorem.
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Appendix A One-vertex Perron–Frobenius asymptotics

This appendix proves Theorem 7.2 by modifying Kajino and Shimizu’s Perron–Frobenius
argument in [18, Theorem 3.20] to accommodate the countable level-one graph and the reflection
fixing q0. We first establish the localized and strict comparison results and then derive the
top-cell estimates.

Throughout the first part of this appendix, fix p ∈ (1,∞), r ∈ (ρp−1, 1), and a p-resistance
form D ∈ Mp(V0) satisfying Rp,rD = λD. Let (E ,F) be the global p-resistance form on G
constructed from this eigenpair in Section 6. Recall that D(m) denotes the compatible level-m
form on V m defined in (6.4), obtained by summing the weighted copies of D over the cells in
Wm. Thus F = {f ∈ C(G) : limm→∞D(m)(f |V m

) < ∞} and E(f) = limm→∞D(m)(f |V m
) for

f ∈ F . The localized restriction and comparison results through Proposition A.3 require no
symmetry of D.

Lemma A.1. Let U ⊊ G be open and let f ∈ F satisfy f = 0 on ∂GU . Then f1U ∈ F .

Proof. For n ≥ 1, define φn(t) := t −
(
n−1 ∧ (t ∨ (−n−1))

)
for t ∈ R. Then φn is 1-Lipschitz,

φn(t) → t, and Proposition 2.13 gives

E
(
f − φn(f)

)
−→ 0. (A.1)

Because φn(f) vanishes where |f | ≤ n−1, continuity of f and the condition f = 0 on ∂GU
show that Kn := U ∩ suppφn(f) is a compact subset of U . By regularity and the generalized
contraction property in Theorem 6.7 , there is ηn ∈ F such that

0 ≤ ηn ≤ 1, ηn = 1 on Kn, ηn = 0 on G \ U.

Since Proposition 2.4 (2) shows that F is an algebra, gn := φn(f)ηn = φn(f)1U ∈ F .
For m,n ≥ 1, set dm,n := φn(f)− φm(f), am,n := gn − gm, and bm,n := dm,n − am,n. Since

gk = φk(f)1U for every k, one has am,n = dm,n1U and bm,n = dm,n1G\U , and hence am,nbm,n = 0
on G. Applying the strong-locality identity (6.27) with f = am,n, g = bm,n, and h = 0 gives

E(dm,n) = E(am,n + bm,n) = E(am,n) + E(bm,n).

Therefore
E(gn − gm) = E(am,n) ≤ E(dm,n).

Consequently,

E(gn − gm)1/p ≤ E
(
f − φn(f)

)1/p
+ E

(
f − φm(f)

)1/p −→ 0

by (A.1). Thus {gn} is Cauchy in the energy seminorm.
Fix x0 ∈ G \ U . Since gn(x0) = 0, completeness in Definition 2.1 (RF2)p and (6.23) give a

function g ∈ F such that gn → g pointwise on G. On the other hand, φn(f) → f , so gn → f1U
pointwise on G. Hence g = f1U , as required.

Proposition A.2. Let U ⊊ G be open and let f, g ∈ HE,G\U . If f ≤ g on ∂GU , then f ≤ g on
U .

Proof. Set w := (f − g)+. By the generalized contraction property in Theorem 6.7 , w ∈ F .
The boundary assumption gives w = 0 on ∂GU , so Lemma A.1 implies w1U ∈ F . Therefore
ψ := w1G\U = w − w1U ∈ F . Define f̂ := f − ψ and ĝ := g + ψ. These functions agree with f
and g, respectively, on U . We first check that they remain harmonic on U . Let ξ ∈ F satisfy
ξ|G\U = 0. Since ψξ = 0, the strong-locality identity (6.27) gives, for every t ∈ R,

E(f − ψ + tξ) + E(f) = E(f − ψ) + E(f + tξ).
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Subtracting the equality at t = 0, dividing by pt, and then letting t → 0, (2.5) and the
harmonicity of f yield

E(f̂ ; ξ) = E(f ; ξ) = 0.

The same argument with g + ψ gives E(ĝ; ξ) = 0. Hence f̂ , ĝ ∈ HE,G\U .
For x ∈ G\U , if f(x) ≤ g(x) then ψ(x) = 0, while if f(x) > g(x) then ψ(x) = f(x)−g(x). In

either case, f̂(x) ≤ ĝ(x). Applying the weak comparison principle Proposition 2.9 with boundary
set G \ U gives f̂ ≤ ĝ on G. Since f̂ = f and ĝ = g on U , the desired inequality follows.

Proposition A.3. Let f, g ∈ HE,V0 satisfy f |V0 ≤ g|V0 and f |V0 ̸= g|V0. Then

f(x) < g(x), x ∈ V1 \ {q0}.

Proof. By the weak comparison principle in Proposition 2.9, we have f ≤ g on G. Suppose that
equality holds at some x ∈ V1 \ {q0}. Choose w ∈W1 \ {0} such that x ∈ FwV0, which is possible
by Proposition 3.3 (1) .

We first prove a local equality statement. Set

U := f ◦ Fw|V0 , V := g ◦ Fw|V0 , B := {y ∈ V0 : U(y) < V (y)}.

Since U = V at F−1
w x, the set B is proper. Suppose that B ̸= ∅, and let a := miny∈B

(
V (y)−

U(y)
)
> 0 and u := U + a1V0

B .
Fix y ∈ V0 \B and set z := Fwy. For every τ ∈W1 such that z ∈ FτV0, Proposition 2.6 gives

D
(
f ◦ Fτ |V0 ;1

V0

F−1
τ z

)
≥ D

(
g ◦ Fτ |V0 ;1

V0

F−1
τ z

)
.

Applying (7.1) to f and g shows that the weighted sum of these nonnegative differences is zero;
hence each difference vanishes. In particular,

D(U ;1V0
y ) = D(V ;1V0

y ).

Since U ≤ u ≤ V and U(y) = u(y) = V (y), another application of Proposition 2.6 yields

D(U ;1V0
y ) = D(u;1V0

y ) = D(V ;1V0
y ), y ∈ V0 \B.

Summing over V0 \B and using D(U ;1V0) = D(u;1V0) = 0 gives

D(U ;1V0
B ) = D(u;1V0

B ).

On the other hand, since 1V0
B /∈ R1V0 and a > 0, the strict monotonicity in Theorem 2.5 gives

D(U ;1V0
B ) < D(u;1V0

B ),

a contradiction. Thus B = ∅, and equality holds at every vertex of FwV0.
Starting with FwV0 and repeating this local argument along finite cell-edge paths in the

connected graph from Proposition 3.3 (1) that avoid q0 gives f = g at every vertex of V1 \ {q0}.
In particular, equality holds at the two lower vertices of the top cell F0V0. If equality did not
hold at q0, the same local argument on F0V0, using the vertex equations at its two lower vertices,
would force equality at all three vertices. Hence equality also holds at q0, and f = g on V1. Since
V0 ⊂ V1 and f, g are continuous on G, it follows that f = g on V0, contradicting f |V0 ̸= g|V0 .

Thus f(x) < g(x) for every x ∈ V1 \ {q0}.

From now on, assume in addition that D ∈ Msym
p (V0). We use the functions hs and ha

defined in (7.2).
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Proposition A.4. There exists η ∈ R such that

hs ◦ F0 = λ1/(p−1)hs = κhs, ha ◦ F0 = ηha, |η| < κ. (A.2)

Proof. Lemma 7.1 and uniqueness of harmonic extensions in Theorem 2.8 , together with
reflection symmetry, give hs ◦ F0 = c hs and ha ◦ F0 = ηha for some c, η ∈ R. Since q0 belongs
only to Fn

0 G at level n, the final assertion of Theorem 2.8 gives, for every h ∈ HE,V0 and n ≥ 1,

D(h|V0 ;1
V0
q0 ) = λ−nD(h ◦ Fn

0 |V0 ;1
V0
q0 ). (A.3)

First, since hs|V0 + 1V0
q0 = 1V0 , the strict monotonicity in (2.6) gives

D(hs|V0 ;1
V0
q0 ) < D(1V0 ;1

V0
q0 ) = 0.

Applying (A.3) to hs with n = 1 and using the homogeneity in (2.7), we may cancel this nonzero
quantity and obtain

sgn(c)|c|p−1 = λ.

As λ > 0, we have c > 0, and hence

c = λ1/(p−1) = κ.

On V0, −hs ≤ ha ≤ hs, with equality in neither comparison, so the strong comparison principle
Proposition A.3 at F0q1 gives −κ < η < κ.

Proposition A.5. For every h ∈ HE,V0,

oscG(h ◦ F0) ≤ κ oscG(h). (A.4)

Equality holds when h(q1) = h(q2), and the inequality is strict otherwise.

Proof. Subtracting h(q0)1G, we may assume that h(q0) = 0. If h(q1) = h(q2), then h is a multiple
of hs, and the equality follows from the first identity in Proposition A.4, namely (A.2). Otherwise,
after changing the sign if necessary, write h(q1) = a < b = h(q2). The weak comparison principle
Proposition 2.9 and the strong comparison principle Proposition A.3 give

κa < h(F0qi) < κb, i = 1, 2.

Together with h(F0q0) = h(q0) = 0 and the boundary maximum principle from Proposition 2.9
for h ◦ F0, these strict inequalities yield oscG(h ◦ F0) < κ oscG(h). Together with the symmetric
case, this proves (A.4).

Proof of Theorem 7.2. After subtracting h(q0)1G, assume h(q0) = 0 and set

hn := κ−nh ◦ Fn
0 , an := hn(q1), bn := hn(q2).

After changing the sign of h, assume a0 ≤ b0. Suppose that an ≤ bn. Comparing anhs, hn, and
bnhs on V0 and applying Proposition 2.9 gives

an ≤ an+1, bn+1 ≤ bn.

Set U := {x ∈ G \ V0 : |x − q1| > |x − q2|}, the open half of G adjacent to q2. Reflection
symmetry and an ≤ bn give hn ◦ σ ≤ hn on ∂GU . Applying the localized weak comparison
principle Proposition A.2 on U and evaluating at F0q2 gives an+1 ≤ bn+1. Hence, by induction,
for some a, b ∈ R,

an ↑ a, bn ↓ b, a ≤ b.
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Let h∞ := hEV0
[(0, a, b)]. The weak comparison principle Proposition 2.9 gives the L∞-stability

estimate ∥∥hEV0
[u]− hEV0

[v]
∥∥
∞,G

≤ ∥u− v∥∞,V0 , u, v ∈ RV0 .

Since the boundary values (0, an, bn) converge to (0, a, b), this estimate gives hn → h∞ uniformly
on G. Passing to the limit in hn+1 = κ−1hn ◦ F0 gives

h∞ = κ−1h∞ ◦ F0.

The strict part of Proposition A.5 therefore forces a = b, so h∞ = ahs.
By (A.3) and κp−1 = λ,

D(hn|V0 ;1
V0
q0 ) = D(h|V0 ;1

V0
q0 ).

Passing to the limit in the preceding identity and using h∞ = ahs together with the homogeneity
relation in (2.7), we obtain a = c0(h) by (7.3). Finally, Lemma 7.1 shows that each hn ∈ HE,V0 ,
so (2.10) gives

E(hn) = D(hn|V0) −→ D(h∞|V0) = E(h∞).

Since hn → h∞ uniformly on G, Proposition 2.12(2) then yields E(hn − h∞) → 0.
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